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PROCEEDINGS 

07 THB 

LOM>ON MATHEMATICAL SOCIETY. 



VOL. XXIII. 



TWBNTY.EIGHTH SESSION, 1891-92. 
November 12th, 1891. 
Annual General Meeting, held at 22 Albemarle Street, W. 
Prof. GREBNHILL, F.R.S., President, in the Chair. 

The President announced the recent decease of Mr. H. M. Jeffery, 
F.R.S., who was elected a member January 14th, 1875. 

The Treasurer (Mr. A. B. Kempe) read his Report. Its reception 
was moved by Mr. S. Roberts, seconded by Lt.-Col. Cunningham, R.E., 
and carried unanimously. 

At the request of the Chairman, Mr. G. Heppel consented to act as 
Auditor. 

From the Report of the Secretaries, it appeared that the number 
of the members during the Session had been 208, now reduced to 
200, by the deaths of four members, and retirement of four others. 
The number of compounders is 87. 

The Society had to regret the loss by death of Sir Robert Nicholas 
Fowler, Bart., M.P., who was elected a member March 19th, 1866 ; 
of Dr. John Casey, F.R.S., who was elected a member November 
12th, 1874; of Mr. Henry Martyn Jeffery, F.R.S., who was elected a 
member January 14th, 1875 ; and of Mr. W. J. Curran Sharp, wh 
wajs elected a member December llth, 1879. 

VOL. XXIII. — NO. 430. B 
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The third presentation of the De Morgan Medal was made at the 
annual meeting, November 13th, 1890, to Lord Rayleigh. 

The following conimanications had been made or received : — 

The Frendential Address : On the Influence of Applied on the Progress of Pure 
Mathematics : Mr. J. J. Walker, 

Proofs of Steiner's Theorems relating to Circumscribed and Inscribed Conies : 
Prof. G. B. Mathews. 

On an Algebraical Integral of Two Differential Equations: Mr. R. A. Eoberts. 

Some Theorems in Elementary Geometry : Mr. Oscher Ber. 

On the Analytical Bepresentation of Heptagrams : Mr. L. J. Rogers. 

On the Stability of a Plane Plate under Thrusts in its own Plane, with applica- 
tions to the " Buckling *' of the Sides of a Ship : Mr. G. H. Bryan. 

On the Application to Matrices of any Order of the Quaternion Symbols 8 and Vi 
Dr. Henry Taber. 

On the Reversion of Partial Differential Expressions with two Independent and 

two Dependent Variables : Mr. E. B. Elliott. 
On Newton's Classification of Cubic Curves : Mr. W. W. Rouse Ball. 
On the ^-series derived from the Elliptic and Zeta Punctions of ^JTand^f : 

Dr. J. W. L. Glaisher. 
On a certain Class of Plane Quartics : Prof. G. B. Mathews. 
Two Notes on Isoscelians : Mr. R. Tucker. 

The Equation of the Bitangential of the Quintic : IMr. W. E. Heal. 
The Oscillations of a Spheroid in a Viscous Liquid : Mr. J. Buchanan. 
On Node- and Cusp-Loci, which are also Envelopes : Prof. M. J. M. Hill. 
On the Partitions of a Polygon : Prof. Cayley. 

Wave-Motion in a Hetereogeneous Heavy Fluid : Mr. A. E. H. Love. 

On the Disturbance produced by an Element of a Plane Wave of Sound or 

light : Mr. A. B. Basset. 
Yoke- Chains and Multipartite Compositions in connexion with the Analytical 

Forms called ** Trees " : Major P. A. MacMahon. 
On Functions determined from their Discontinuities, and a certain Form of 

Boundary Condition : Prof. W. Burnside. 
Relations between the Divisors of the First n Numbers : Dr. J. W. L. Glaisher. 
On a certain Riemann's Surface : Prof. W. Burnside. 
Quartic Equations interpreted by the Parabola: Mr. G. Heppel. 
Systems of Spherical Harmonics : Mr. E. W» Hobson. 

On certain Properties of Symmetric, Skew Symmetric, and Orthogonal 

Matrices : Dr. H. Taber. 
An application of the Method of Images to the Conduction of Heat : Mr. G. H. 

Bryan. 

A Property of the Circum-Circle : Mr. R. Tucker. 
Spherical Harmonics of Fractional Order : Mr. R. A. Sampson. 
Steiner's Poristic Systems of Spheres: Prof. G. B. Mathews. 
Geometrical Metamorphoses by Partition and Transformation : Mr. H. Perigal* 
Some Theorems concerning Groups of Totitives of ni Prof. H. W. Lloyd 
Tanner. 

Compounded Solutions in the Calculus of Variations : Mr. E. P. CulverwelL 
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The paper on " Stability of Orbits," by Prof. Greenliill (read May 
lOtb, 1888) was received during the Session, and has been printed 
in the Proceedings (Vol. xxii., pp. 264-306). 

The same Journals had been subscribed foi'iEtnd the same exchanges 
tixade as in the preceding Session. 

< Tlie meeting next proceeded to the election of the new Council. 
The scrutators (Professor W. H. H. Hudson and Mr. B* A. Sampson) 
Mving examined the balloting lists, declared the following gentlemen 
duly elected : — 

President, Professor Greenhill, P.R.S. ; Vice-Presidents, Dr. J. 
iiarmor, Major MacMahon, R.A., F.R.S., Mr. J. J. Walker, F.R.S. ; 
Xreasurer, Mr. A. B. Kempe, F.R.S. ; Secretaries, Messrs. M. Jenkins 
and R. Tucker. Other Members: Messrs. A. B. Basset, F.R.S., 
fe B. Elliott, F.R.S., Dr. Forsyth, F.R.S., Dr. Glaisher, F.R.S., 
Mr. J. Hammond, Dr. M. J. M. Hill, Messrs. C. Leudesdorf, A. E. H. 
l^je and S. Roberts, F.R.S. 

The Chairman announced that Mr. Sampson had kindly drawn up 
a Catalogue of the Books in the Library. A vote of thanks to Mr. 
Sampson was unanimously carried by acclamation. 
The following communications were made : — 

On Selective and Metallic Reflection : Mr. Basset. 
The Contacts of Systems of Circles: Mr. A. Larmor. (Com- 
municated by Dr. J. Larmor.) 
On a Class of Automorphic Functions : Professor W. Burnside. 
(Communicated by the President.) 
• ' Note on the Identity 4 (a?"- l)/(aj- 1) = ±pZ^ : Professor G. 
B. Mathews. (Communicated by the President.) 
On the Classification of Binodal Quartic Curves : The late Mr. 
H. M. Jeffery. 

Note on finding the G points of a given Circle with respect to a 
given Triangle of reference : Mr. J. Grifl&ths. 

Researches in the Calculus of Variations — (1) Discriminating 
Conditions in Isoperimetrical Problems : Mr. E. P. Culverwell. 

Note on Clifford's paper " On Syzygetic Relations among the 
powers of Linear Quartics": Professor Cayley. (The last 
four papers were communicated by Mr. Tucker.)* 

* Mr. Basset suggested that authors should furnish abstracts of their papers suit- 
al^le. for publication in Nature. These abstracts, he believed, would materially 
inSpiease the interest which the outside public, as well as the members of the Society, 
'lake in the printed record of Proceedings^ and so would advance the interests of the 

I Society. The meeting expressed their concurrence with his remarks. (Cf. a wish 
ezprewed by Professor Sylvester at the Society's meeting, February 10th, 1887.) J 
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The second hypothesis is, that the potential energy of the system 
contains a term, which depends npon the relative displacements of 
ether and matter. This portion of the potential energy, which we 
shall denote by TT,, represents the mntaal action of ether npon 
matter ; and if we suppose that the corresponding forces are linear 
functions of the relative displacements, will be of the form 

+ 2(7 (u-uO(v^vO] (3). 

The potential energy W of the system accordingly consists of 
three parts, and therefore 

Tr= TFi+TFj+TF, (4). 

If Tj, Po be the kinetic energy and density of the ether, an4 
Ts, Pi of the matter. 

The third hypothesis is, that the kinetic energy of the system con- 
tains a term, due to the mutual action of ether upon matter, whose 
effect is to cause the ether to behave as if its density were SBolotropic. 
This is the hypothesis introduced by Bankine and Lord Bayleigh;* 
and by employing Sir W. Thomson's subsidiary hypothesis,t that 
the ether behaves like an elastic solid, whose resistance to com- 
pression is a negative quantity, whose numerical value is slightly less 
than four-thirds of its rigidity, we can deduce Fresnel's formulsd for 
the intensity of light reflected at the surface of a transparent isotropic 
medium, and also obtain a satisfactory theory of double refraction.^ 
Accordingly, if T, denote this term, 

Ta = i (Pu + Qv^ + Bw + 2riw + 2Q!wu + 2Jffuv) (6). 

It thus appears that we have introduced eighteen additional con- 
stants into our equations. "We may, however, get rid of three of them 
by a proper choice of axes, leaving fifteen, which onght to be sufficient 
to construct a theory capable of explaining most optical phenomena. 



* Hon. J. W. Strutt, rhil. Mag., June, 1871. 
t FUL Mag,, (5) Vol. xxvi., p. 414. 
X Glazebrook, ibid,, p. 621. 



1891.3 Selective and Metallic Reflection, ? 

If we suppose the axes cliosen so as to get rid of the product terms 
in and write T[ = Ti + T„ we may pnt 

since Po may be supposed to be merged in P, Q, B. 

3. The equations of motion of the system may now be deduced by 
the Principle of Least Action, viz., 

WW ^ + ^f- ^1 - T^i- ^s) dxdydz dt = 0, 
and will be found to be 

^t="t+"''"-f' 

with two similar equations, and 

dW^ dW^ 

d^i: 

with two similar equations. 
We shall now confine onr attention to isotropic media. In this case 
P=Q = B = p, 

A = B=0 = a\ A' = B'=O' = 0, 
91 = as = S = /3', 91' = «'= S' = 0, 
mid the equations of motion accordingly become 

P ^ = +nV'M-a' («—«,) (9), 

P.^ = «'(«-«,) -iS"*! (10). 

^ith two similar equations. 

4. Von Helmholtz has introduced a viscous term into the equations 
motion of the matter, which has been objected to by Sir W. 

Thomson.* I think, however, that this term may be justified on 
"two independent grounds. It is an experimental fact, that when 
vibrations are excited in any material substance, the vibrations are 



* Lectures on Molecular Dynamics, p. 149. 
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gradnally damped by internal friction, and tlie motion nltimatelj 
dies away. This state of things may be represented mathematically 
by the introduction of a viscons term into the equations of motion of 
the matter. If, however, we do not wish to introduce the hypothesis 
of internal friction into our equations, the viscons term may still be 
accounted for. When a molecnle of matter is thrown into vibration 
by ethereal waves, the physical characteristics of the motion will be 
much the same as the motion of a sphere attached to a spring and 
vibrating in air under the influence of impinging waves of sonnd 
consequently the vibrations of the molecnles will generate secondary 
waves in the ether, which will travel away into space, carrying with 
them the energy which is commnnicated by the impinging waves, 
and the equations of motion of the matter will therefore contain a 
viscons term. In the place of (10), we shall therefore assume that 
the equations of motion of the matter are of the form 

p. ^ +2A^ = a' (11). 



5. Let us now consider the propagation of waves of light, which 
are travelling through the medium in the positive direction of the 
axis of and let the displacement be parallel to the axis of x. 

Equation (9) now becomes 

pg = «g+a'(«x-«) ...(12). 

Equations (11) and (12) are the same as those upon which von 
Helmholtz bases his theory of anomalous dispersion, but I wish to 
conduct the integration in a diifferent manner, in order to bring in the 
free period of the matter vibrations. 

Assume = -f/^-^), 

then (12) and (11) become 

{^+«(2-^)--'}^ = -«'A (13). 

J4^_^»_a^+4^|^j=_„M (14). 

* Lord Eayleigh, Theory of Sound, Vol. ii., § 334 ; Basset, Troc, Lond. Math, 
8oe,y Vol. XXII., pp. 328, 329. 
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The free period ic of the matter vibrations is obtained by patting 
« = in (11), and is determined by the equation 




(14a); 



whence (14) becomes 

A _. ^ (IK\ 

A 47rViC^-='-0--a'-^7Pi + 4iirVr ^ ^' 

. From- the problem of the sphere vibrating in air, we infer that the 
amplitudes of the vibrations of the molecules of matter are very much 
smaller than those of the ether ; accordingly, a' must be very small 
compared with pi, the density of the matter. If, however, 

1^1 

in which case the period of the waves would be sensibly equal to 
that of the matter, would be infinite in the absence of friction. 
This conclusion is contradicted by experience, and necessitates the 
introduction of the viscous term. 

Let D denote the real part of the denominator of (15) ; then, if we 
eliminate A, Ai from (13) and (14), and equate the real and 
imaginary parts, we shall obtain 

■ (^+«2"-^-«')l>+i^ = «* (16). 

= (17), 

Now q is the coefficient of absorption of the medium ; and, since the 
absorption is very slight in most transparent media, it follows that 
q, and therefore are very small. 

Let P denote the coefficient of h in (17) ; then, eliminating h be- 
tween (16) and (17), we obtain 

ps2,_„.p+ 16^^=0; 
whence P = . J„v(a«- «J^)'} /d, 



the positive sign being taken, because P = a^/D when 5 = 0. 
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Expanding the quantity nnder the radical, we obtain 

Let /u be idie index of refraction ; then n/V^ = Pofi', where is the 
density of the ether in vaeao ; whence (18) becomes 

\ a*) Ip, 4^p, 4^Pol- 4^l»i('-'-«-')-a'-A7ft-l3 

(19). 

If we suppose that the absorbing power of the medium is so small 
that q and h may be neglected, we obtain the more simple formula 

but it is worthy of note that, even when q and h are not neglected, it 
is possible for /x' to become a negative quantity. 

6. From (20) we obtain 

d (r^) 47r=^po {i^- - aVi^/47rVi) 

which shows that d/M^/dr^ is a negative quantity; accordingly fM 
decrecLses as T increases. 

Since p is the density of the ether when loaded with matter, 
p>pii] hence, when r = 0, fi>l. Asr increases, fi^ diminishes to 
unity, it then becomes less than unity, and then vanishes and changes 
sign. At this point an absorption band commences, and continues 
until = ic^ (l+aY^Trpj)"^, when /i* = — oo . As soon as r exceeds 
this critical value (which is nearly equal to the free period of the 
matter vibrations), fi^ becomes a large positive quantity ; and as r 
continues to increase, fj? proceeds to diminish, and again vanishes 
and changes sign, after which it always remains negative. 

Equation (20) accordingly represents a substance, which is abso- 
lutely opaque to all waves whose periods exceed a certain value ; it 
is transparent to waves whose periods lie between and a quantity 
which is very nearly equal to the free period of the matter ; it is 
opaque to waves whose periods lie between *: and a quantity r„ which 
is less than k and which corresponds to ^ = ; and transparent to 
waves whose periods are less than r,. 
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The dispersion above and below the absorption band, which lies 
between k and r„ is anomalous^ since the value of fi, when r is slightly 
greater than ic, is greater than when r is slightly less than r,. If we 
suppose that k corresponds to the line D, whilst r, corresponds to F, 
there will be an absorption band in the green, and the order of 
colours in the visible portion of the spectrum will be blue, indigo, 
violet, then an absorption band in the green, followed by red, orange, 
yellow. 

7. We must now consider the reflection of light at the surface of 
a medium which exhibits anomalous dispersion, and we shall suppose 
that the absorption band lies between D and F. 

In forming the equations of motion by means of the Principle of 
Least Action, we see that there are no surface integral terms which 
arise from W, and ; it therefore follows, that the boundary condi- 
tions at the surface of separation of two different media, are unaffected 
by the presence of the terms depending on the action of the matter. 
These conditions will therefore be, continuity of the displacements 
and stresses arising from the action of the ether. With regard to 
the physical properties of the ether, I shall provisionally adopt the 
hypothesis of Sir W, Thomson, that the latter is to be treated as an 
elastic medium, whose resistance to compression is a negative quantity, 
whose numerical value is slightly less than four- thirds of the rigidity. 

Under these circumstances, the intensities of the reflected and re- 
fracted light are given by Fresnel's f ormulsB ; and so long as /i > 1 the 
reflection takes place in the same manner as from glass. If, how- 
ever, the incident light is white, and k lies within the visible portion 
of the spectrum, say between D and F, it follows that for certain rays 
of the spectrum fi<l, in which case there will be a critical angle. 
Hence those rays for which fi < sin i, will be totally reflected with a 
change of phase; and, since the change of phase is different, according 
as the incident light is polarized in or perpendicularly to the plane of 
incidence, it follows that, when the plane of polarization is neither 
parallel nor perpendicular to the plane of incidence, the reflected 
light will be elliptically polarized. 

If e, Ci be the changes of phase, when fi< 1, corresponding to light 
polarized in and perpendicularly to the plane of incidence, 

tan^ = (tan*^— fi'^sec^i)* 



tan ^1 = fi'^ (t&n^ i^fi^ sec^ t)* 
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There will also be anotlier set of rays, for whicli /i' is a negative 
quantity, and we shall now show that these rays will also be totally 
reflected with a change of phase. 

Let /i' = — >^ ; then 

sin i = IV sin r, cos r = v'^ (v*4- sin' t)*. 

Now, if A' be the amplitude of the reflected light, when the inci« 
•dent light is polarized in the plane of incidence, 

A sin (i + r) 

cos t — I (y' 4- sin' t)* 

cos i + 1 (v* -f fiin' t)* 

— « , 

where tan ir//\ =(1^4- sin' t)*/cos t (22), 

which shows that the reflection is total, and is accompanied by a 
•change of phase whose value is determined by (22). 

When the light is polarized perpendicularly to the plane of 
incidence, 

^ ^ tan (t-r) 
B tan(tH-r) 

Where tfiu^^ = (j^J^^^ (23), 

X cos I 

which shows that the reflection is total and is accompanied by a 
change of phase. 

From (22) and (23) we see, that the change of phase is different 
according as the incident light is polarized in or perpendicularly to 
the plane of incidence ; whence in this case also it follows, that the 
reflected light is elliptically polarized. 

8. We must now enquire how far these results will explain the 
selective reflection which is produced by substances which exhibit 
anomalous dispersion. 

We shall suppose that there is a single absorption band, which 
begins at If, corresponding to /x' = — 00 , r = ic, and ends at F, corre- 
sponding to ft = 0, r = r, ; hence the substance will be opaque to 
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light whose periods lie between these limits, and will totally reflect 
it. Let r, be a quantity less than r„ and snch that the corresponding 
Talne of fi is equal to sin t, where i is the angle of incidence. Then 
all the rays whose periods lie between r, and r, will be totally 
reflected with k change of phase ; whilst light whose periods are less 
than r„ or which lie between and ic, will be reflected in the ordinary 
manner. If, therefore, sunlight be incident upon the substance, the 
rays which lie between B and a line a little beyond 2^, will be 
brilliantly reflected, and the reflected light will be of a greenish tint. 
The transmitted light, on the other hand, will be of a reddish blue 
colour, owing to the absence of the green rays. 

9. Let us next suppose, that the reflected light is passed through 
a Nicol's prism, whose principal section is parallel to the plane of 
incidence ; then the component vibrations perpendicular to the plane 
of incidence cannot get through the Nicol, and we have therefore 
only to deal with the vibrations in the plane of incidence. 

Now, if the angle of incidence is equal to the polarizing angle of 
any of the rays which are reflected in the ordinary manner, these 
rays will be absent ; and consequently the colour of the reflected 
light, when viewed through the Nicol, will be different from what it 
is when viewed by the naked eye. If, for example, the absorption 
band commenced a little above D and ended at the reflected light 
would be green ; but if the angle of incidence is equal to the 
polarizing angle of the D rays, these rays will be extinguished by 
the Nicol, and the reflected light will appear to be of a peacock blue, 
owing to the absence of yellow rays. 

The results of the last two sections, explain the selective reflection 
produced by f uchsine. 

Metallic Reflection, 

10. "We shall now enquire how far von Helmholtz' theory is capable 
of explaining metallic reflection. 

Let the metallic reflector be in contact with a transparent medium 
such as air ; let the axis of x be normal to the reflecting surface, and 
let the axis of z be parallel to the traces of the waves. Then the 
incident, reflected, and refracted waves may be written 

g2.ir/ rr.{lx-\-my- Vt) 
j^'g2»W Vr .{I'x* my - Vt) ^ 
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^here Z = — T = — oos *, = — cos r, 

m = sin i, = sin r. 

Since the coefficients of y must be tlie same in all tliree waves, we 
obtain 

Bill ^ y fQA\ 

-5— = = say (24). 

sm r K 1 

If the medinm were transparent, wonld be a real quantity, and 
would represent the velocity of propagation, and 11 wonld be this 
index of refraction ; but, since there is no regularly refracted wave 
when the second medium is a metal, cannot be a real quantity. 
We must therefore assume that is a complex quantity, in which 
case r and fi will also be complex. 

For these reasons it is often said that the index of refraction of 
metals is a complex quantity. The expression is not, however, very 
happily chosen, since there is no such thing as an index of refraction 
in the case of metals. If, however, we regard the index of refraction 
for metals as a convenient name for the mathematical quantity which 
is defined by (24), 'there will be no danger of any ambiguity. 

When the incidence is normal, we shall have Z = = — 1 ; if 
therefore we put* 

we shall have = VR-^ e"**, 

and the refracted wave becomes 

^jcxp I -^r-ajcos^ ^ — cos^+^j j ; 

the real part of which (supposing that J.^ is real) is 

Vt 

corresponding to the incident wave 

^ cos ^ (oj+Fi). 
Vt 

Since x is negative in the second medium, it follows that d must 
be positive ; and therefore fi is a complex quantity, whose imaginary- 
part is positive. 

* d is the quantity which Lord Eayleigh has denoted by —a. 
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Hence may have any value lying between and w ; and, since 
/i=^ = ii5^ (cob 20+1 sin 20), 
it follows ihat the real part of fi^ may be either positive or negative. 

11. Cauchy's formnlee for metallic reflection may be obtained by 
eliminating, r from Fresnel's forniulaB by means of (24), and then 
transforming them by assuming that is a complex quantity.* This 
tiwasformation introduces two new quantities B and 0, which can be 
determined by experiment. Now the experiments of Jamin,t and 
the calculations of Eisenlohr, both show that for a variety of metals 
$>^9 and consequently, for such metals, the real part of fi^ must be 
a negative quantity. Lord Rayleigh, on the other hand, has shown, 
that if we attempt to account for metallic reflection on the elastic 
solid theory, J by assuming that the effect of metallic reflection 
depends upon the existence of a viscous term ; or upon the electro- 
magnetic theory, § by taking into account the conductivity ; physical 
considerations require that the real part of /x^ should be positive. We 
are therefore unable to explain metallic reflection on either of these 
theoi*ies. 

The only other course open to us is to construct some theory, based 
upon the mutual reaction of ether and 'matter, which will furnish an 
expression for fi^, which is a complex quantity whose real part is 
negative ; and we shall now show that von Helmholtz* theory leads to 
such an expression. 

We shall still continue to suppose that the wave is propagated in 
the negative direction of the axis of x, and that the direction of vibra- 
tion is parallel to Zy in which case the equations of motion are 




(25). 



We shall find it convenient to integrate these equations in a some- 
what different manner, and shall put 




» Eisenlohr, Po^^. Ann., Yol. civ., p. 368. 

t Ann. de Chimie et de FhysiquBj Vol. xix., p. 296. 

X Fhil, Mag., May, 1872. 

§ lUd.y AuguBt, 1881. 
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also /ti, tlie pseado-index of refraction, will be defined by the equation 

f^ = TT/V=nyVpl (27), 

where U or (n/p^y is the velocity of light in vacno. Substituting from 
(26) in (25), and taking account of (14a), we obtain 

Let D = 4wV,(-i--^)-a'--^ (29); 

then, eliminating A and from (28), we obtain 

Po 47rVoV -DHieTT^^Vr*/ ^^""^^ 

In order to apply this result to metallic reflection, we shall suppose 
that ^ is a small quantity, whose square may be neglected ; under 
which circumstances, the real part of fi^ becomes equal to 

- ^ 1 1 + ] ran 

Po 4m^Pol ^47rVi(ic*-r^)-aW) ; 

Prom (20) we see that this expression is of the same form as the 
square of the refractive index of a substance, which produces 
anomalous dispersion, and has a single absorption band ; and it may 
be negative in two distinct ways. 

In the first place, if be the least value of r which makes (31) 
vanish, and / the value of t which makes the denominator of the 
third term of (31) zero, the real part of /i^ will be negative for all 
values of r lying between and t. In the second place, there is 
another value of r, which is greater than t\ which makes (31) 
vanish ; and for all values of t which are greater than (31) is 
negative. We may therefore account for metallic reflection in two 
ways. In the first place, we may suppose that the period of the free 
vibrations of the matter is such that throughout the luminous 
portion of the spectrum, and some distance on either side beyond it, 



... (28). 
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r lies between r, and / ; or, in the second place, we may suppose that 
thronghont this range r>ri. Now, metals reflect rays of dark heat 
m much the same way as they reflect light;* accordingly, if we 
adopted the flrst hypothesis, it would be necessary to snppose that ic, 
the free period of the matter vibrations, lies below the infra-red 
portion of the spectmm ; moreoyer, nnder these circnmstances, metals 
would be transparent to waves whose periods are greater than ic. If, 
on the other hand, we adopted the second hypothesis, it would be 
necessary to suppose that k corresponds to a point in or above the 
ultra-violet portion of the spectrum ; in which case metals would be 
transparent to waves of very short period. It is, however, necessary 
to point out, that the theory which has been developed, only applies 
to a medium having a single absorption band ; whereas there is no 
a priori reason why metals should not have several. A theory such 
as von Helmholtz' could be developed, so as to apply to a medium 
having a number of absorption bands ; and there can be little doubt 
that the real part of /n* would be given by an expression of much 
the same form as that furnished by Sir W. Thomson's molecular 
theory. 

12. The present theory, being an elastic solid theory, does not 
enable us to explain the experiments of Kerrf on reflection from a 
magnetized iron reflector, or those of Kundt^ on the transmission of 
light through thin metallic films which are normally magnetized. 
In order to do this, it would first be necessary to construct an electro- 
magnetic theory of metallic reflection, by assuming that the energy of 
the system contains a term in which the quantities by which the 
motion of the matter is specified, enter into combination with electro- 
magnetic quantities. A theory of this kind ought to lead to Cauchy's 
formulaB for metallic reflection, or formulee of a very similar character ; 
and, as soon as this has been done, an attempt might be made to 
explain the experiments of Kerr and Kundt by means of Hall's 
effect. It is by no means improbable that, when magnetic force acts 
upon a medium, such as iron, which is strongly susceptible to mag- 
netic influence, the periods of the free vibrations of the matter may 



• Magnus, Foffff. Ann., Vol. cxxxix. 

t Fhil. Mag., May, 1877, and March, 1878. 

X Berlin Sitzungsberichte, June 10th, 1884 ; translated Fhil. Mag. (5), Vol. xvin., 
p. 308. 

VOL. ran. — ^NO. 431. c . 
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be altered, and may nnder these circamstances contain a term 
depending on the magnetic force. 

[February Srd, 1892. 

Since this paper was read, a paper has been communicated to the 
Society by Mr. Larmor, on " Q-yrostatically Loaded Media," which, 
suggests a theory which might possibly explain Kerr's experi- 
ments.! 



On the Classification of Binodal Quartic Curves. By Henry 
M. Jefpbey, F.E.S. Eeceived June 18th, 1891. Bead 
November 12th, 1891.* 

1. The general form of their equation, if the nodes are real, is 

t*'(&+i7y-l) =aj'y2+t*«(/»»+2sfan/ + V) (A). 

The line u (=cx+dy — l) connects the nodes, at which the pairs of 
tangents are a?-j-hu*, y^+f^^ and may be real, coincident, or 
imaginary. Six cases occur, according as f are negative, zero, or 
positive. It is proposed to examine all possible forms of (A), which 
can arise from variations of the parameters 17. They are classified 
with reference (1) to their critical values, which yield a third double 
point, and (2) to those values of J, 17, which correspond to points of 
undulation or folium-points. 

2. Binodal quartics may be bipartite or unipartite, and have a 
maximum number of four inflexions. 

A very instructive figure of a trinodal quartic is drawn by Pliicker, 
and reproduced by Dr. Salyion with comments (^Higher Plane Curves^ 
p. 212). The two companion-figures are also drawn, the one uni- 
partite and external, and the other quadripartite and internal, for 
small variations of a given parameter. Two real inflexions are seen 
in the trinodal, eight in each of the non-singular, quartics. When- 
ever two branches unite to form a node, two inflexions are lost, even 
if one remains at the node, as is the case when three inflexions pre- 
existed. Hence it follows that a binodal quartic has at most four 
inflexions. 



* This paper, which has not been revised by the Author, is edited by the Secretaries. 
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Zenthen based his conclusions, respecting the maximnm number of 
eight inflexions, on Plucker's general form of a qnartic cnrve, 

in which (a;, u) denote bitangents (of the first species), whose 
points of contact lie on the same conic (0). If the qnartic be non- 
singnlar, each snch bitangent tenches a folium, or indentation in the 
cnrve circuit, characterized by two inflexions ; moreover, two points 
of contact may unite, and become folium-points, or points of undula- 
tion. 

The reader is also referred to a series of bicrunodal quartics, with 
their companion-curves, which illustrates the nodal forms, the four 
inflexions, and the conic complex of the qnartic 

(aj'-a»)»+(y»-fe»)» = c' 

(Higher Plane Curves j p. 43). 

3. The critical values will be first considered. 
For a third singularity, 

^ = 0, p = o, 

ax ay 
if denote the quartic system (A). 



Vt V, u u 



U tb U tb 

-1 = 4 A'+ A (f«^+2gxy + hf) (C). 



By the aid of (0), the parameters may be written 

(B). 



i = -^xf+o+^(fx+gy) 



ij = ■\ie'y+d+ — (gx+hy) 
u u 

Every point in (0) is a singular point in some curve in the (A) 
system, whose parameters are these functions of its coordinates : 
this subsidiary curve (C) is the locus of nodes in (A). 

The curve (B) may be considered as the envelop of the sate] 
line (£, ly), when aj, y are eliminated from (C) and (B). The 

C 2 
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(B), when drawn, not only exhibits critical values, but dMcrimdnates 
other values of 17 in their vicinity, which indicate either separate 
branches in the companion-curves (A), or the same circuits with 
inflexions. See below, §§45, 47, for illustrations of its use in a 
bicuspidal system. The satellite-line of m, viz., £a>+i|y— 1, has 
geometrical significance in bicuspidal quartics (A), when / = ^ = 0. 

4. A second subsidiary curve (D) is necessary to discriminate the 
points in (0) which denote crunodes, cusps, and acnodes in (^), the 
(A) system. (D) is the function 

\dxdyl da? ' dx^* 

By differentiating twice, 

W 12 12 , , , , 2f 4c , . , X 

2a5^ 12 . 2 _L 12 ^ J , , 2^ 4d , . ^ ^ 
17 " ^ 2/+ ^ ^^V + - - ;^ (gx+hy) 

•¥^d^U^'^2gxy^hf\ 
u 

^ a!y - ^ (ca + ) + ^ cdz'y* 

14f U I* 

+ ^ - ^ (f^'^9y) +c (gx+hy)] + cd 2(7*2/+ V)- 

When these values are substituted in (D), and reductions are made 
(most conveniently by separating the terms involving /, g, this 
function takes the simple form 

(g'-fh)u'^Sa^^'-u'(fx'^^gxy+hy') (D). 

Critical values in (A) will indicate crunodes, cusps, or acnodes, 
according as the function (D) >, ^, <, 0. 

5. Accordingly, in this investigation, the subsidiary quartics (C) 
and (D) are drawn so that, when they intersect each other, cusps 
are determined in (A), and acnodes and crunodes in points on (0) 
inside and outside the intersections respectively. Since (C) and (D) 
are also generally binodal — possessing generally the same nodes as 



d^<t> 
dx^ 



dxdy 
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(A), but of opposite species — they intersect in eight points besides 
the common nodes, and consequently there may be eight cusps in the 
(A) system for the same constants /, ^, h. 

6. If the curves (G) and (D) touch each other, the four points of 
quadruple contact are indicated by parameters £, % which resolve 
{our binodal quartics (A) into nodal cubics and straight lines. 

In such a complex the linear factor represents a tangent at the 
miBRing node, and touches the cubic in the given point of contact. 
Since this contact is imaginary when the (A) system is acnodal, 
:^write the subsidiary curves with the coefficients /, h negative. 

u'+Sa?y'^u'(fx'+2gxy + hy') = .....(C), 

(g'-fh) u*+3aj»y«+u« (Jx'-4gxy{-hy') = (D). 

By addition, two conies are seen to pass through their eighfc inter- 
sections (apart from the eight intersections of the two nodes) 

u* (l+gf«— /^)— 6flftt«ajy+6aj'y' = 0. 

These coincide in pairs, if gf* = 2—2/%, when gu^ = 2xy. 

By subtraction, (1 +/%) t*'— 2 (fx* + hy*) = 0, 

or (2fx'-gy)(2hy-gx) = 0, 

which denote two radii vectores through the four points of contact. 
The curves (C) and (D) may now be written, so as to exhibit quad- 
ruple contact, 

(gu*-2xy){2u*-Sgxy)+v*(2fx-gyX2hy-gx) = (C), 

{gu^-^xy) [(3sf*-2) u«-3flfajy] -n* (2fx^gy)(2hy^gx) = (D). 

For the first pair of points of contact ( — = = ^ V tl^© parameters 
<by§3).are 

{ = o-2a/», , = i-±(l+/A). 
The corresponding qnartic in (A) is the complex 

«' [«'- «y + V] -2?«'« (/'»-y)+«' = 0. 

The line (/'u = y) meets the nodal oabio 

«' -hy) -2gu*xW (J*u+y) = 



1 
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in the site of the node (y = 0, u = 0), and tonohes it in the above- 
named point of contact of (G) and (D). 

For the second pair of points of contact of (0) and (D) 

\2h g 
the corresponding complex is 

The line meets and touches this nodal onbic, similarly to the former. 
There are four such complexes found by giving both signs to /*, 

Cob. — ^If /, h are both or singly negative, the linear factors are 
imaginary, and no complexes occur. 

7. If the subsidiary curves (0) and (D) have double contact of the 
third order, the radii vectores through their points of contact 
coincide. 

When this occurs, gr* = |- = 4sfh, 

With these values, (C) and (D) may be written, to show double con- 
tact at the pair of points (/*» = h^y =f^hhi,)f 

S(xy-fWuy-u' (fh-h^yy = (C), 

3 (xyf^hMy+u* (f^X'-h^y = (D). 

The complex (A) has the parameters 

i=c-2gr/*, i7 = (i-2grW, 

and consists of two lines, which were tangents at the nodes, and a 
conic, in which those lines intersect each other. 

The quartic may take the two forms 

u'-'2gu'(fh+Vy)+u' (/a5»+2gra52/ + V)-«'V = (A), 

(x-h^uXy-fu) [ («- yt*)Cy-/*i*) + 2/*n (aj- hhi) + 2Vu(x-fu)'] = 

(A). 

Two complexes are found, by giving both signs to W . 

Cob. — Since the coordinates of every other point in (C), except 
the points of contact, render (D) positive, all other points in (0), 
(by § 4) are crunodes in the (A) system. 
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8. Two radii-vectores maj unite, without necessary contact of the 
subsidiary curves (C) and (D). 

In the equations of § 6, formed by addition and subtraction, 

(1 + f-fli) - ^gxyvf + 6««y' = 0, 
u«(l-(7»+y%)-2/aj*+2(7ajy-2V = 0, 

write 1*' = rary, so that 

r«(l + (7«-/A)-6r(7 + 6 = 0. 
The yeotors will coincide, if 

7* (l+/fe-(7«)'+4r(7 (l+/7^-(/*) +4 (5r'-4/?i) = 0. 
The elimination of r determines the condition of coincidence 
{((/'+5/?i)((7'-/^)-8(7'+14A+3}* 

= 12 (3/A-l) ^ (sf'-/?^-l)(^-/?i-6). 
There are therefore eight cases to be examined for given values of 

In general, cuspidal trinodal quartics (A) correspond ; but if (C) 
and (D) touch each other quadruply, or doubly as in § 7, the quartics 
(A) are resolved into complexes. 

9. This quartic in (gi*), when expanded, bears the form 
^-4(7/?i+l)/+2(39/W+78/A^l)/-4(19/»A»+3/*AH77/^-3)(/* 

+ (/^-3)' (5/%+l)' = 

The invariants of this quartic are 

i4 = ¥(81A'-9//i+l), 

= - 256 (81/V-46/W+9/»A'-/fe+f ). 
The discriminant (ij— 27 jj), after rejecting the factor 8', is 
(3/A-l)» (4/?i-l). 

10. When '^fh = 1, (^'-f)' (g^-^Y = ; two sets of values of gf*, 
and therefore of radii vectores, coincide. 

Case (1), when gf* = f , is considered in § 7. 

Case (2), when g* = ^: (C) and (D) may be written to show 
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double contact with each other, and with the conic (n* = J v^3 xy) ; 
(G) and (D) also intersect in fonr other points, 

(u'-W^^y) (n'-3v/3ajy)-^n« (x^f^yVhy = (0), 

(u>-Jv'3ajy)(5u*-3v/3icy)+n» {x^f-y^lCf = (D). 

The corresponding qnartics are resolved into two conies 

[d=2tt+«vy+yy^]'-(«y-«*V3)* = (A). 

11. When 4/% = 1, the qnartic of § 9 becomes 

(-/•-f)' [</'-a±/3)'] = o. 

Case (1), when gf* = f : two values of ^ coincide, as in § 10, and 
double contact takes place, from the forms of (G) and (D) ; the (A) 
quartics are resolved into conies, 

(i*«=Fajy) {y? =F 3ajy) - {x ^/T y = (0), 

(t*«=Fajt/)(2tt'=F3ajy) {x^f^y^Kf = (D), 

[u (^c^//±yv^/^)-i*V2]*-(^cy=Fn*)* = (A). 

Gase (2), when g = \/3— ^ : (G) and (D) may take the forms 

^3 xyy^u' {x^f--y^hy = (0), 

(u«-v/3a«/) [(3-^/3)n«-y3aJi/]+u»(aJy/-yyA)> = 0...(D). 

Two vectors coincide without contact, when (C) is resolved into two 
conies, and (D) passes through four double points, which are the 
mutual intersections of those conies (two of them being the given 
nodes), as well as through four other points in (G). There are in all 
six, not eight, intersections (other than the given nodes), which are 
cusps on the corresponding (A) trinodals. Thus, the point 
[ajv^/= y^/h = u (12)"*] is a cusp on 

n*-4v/2t*»(/*aj + Wi^)3-« = a;y-n^ [(/»« + AV)H»i/(2^/3-2)].^ 
or, as it may be written, to show the cusp, 

+ (/»ai-Wy)' V3) + i (/»'+6/»ya«, + V)] = 0. 

These examples will illustrate the three wajs in which union of the 
vectors takes place. 
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I. Bicrunodal Quartics, 

12. The constants / = 1 = A will be used in tbe main and snb- 
sidiary equations, to facilitate compntation, as also u^x-^y—l, 

t*'(J»+i?y-l) =»»y'-u«(«»+2gwjy+y») (A), 

t**+3»»y*-u*(aj» + 25ra!y+y») =0 (C), 

(</«-l) tt^+Saj'y'+t*' (aj»-47ajy+y») = (D). 

It is proposed to examine every case which occurs by varying (g)^ 
which is independent of the fixed nodes, by the methods already 
^explained. 



13. When g =^1: an ordinary case. 

By eliminating u from (G) (Fig. 1), and (D) (Fig. 2), we obtain 
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OPiP„ OQi Qfy the yectors through their four real intersections 

2aj»-(5+x/3)«y+2y» = 0, 
or («— 3087y)(y— 3087«) = 0. 




/I 



Fio. 2. 

These fonr points P^, ; P„ 0, are third (additional) cnsps in the- 
(A) system. All points on P^ ac Qj, P, ac Q, are third acnodes 
in (A) ; all other points on (C) are third cmnodes in (A). 

This is proved by the aid of (D), without determining, ae in §5^ 
the values of £, 17 for a given point in (G), and drawing the curve 
(A). Make x = y in (0) : 

(«-l)(8«-l)(aj»-4aj+l) =0. 

Of the apses thus found, the coordinates (2±a/3, 2±\/3), when 
substituted in the function (D), render it negative, 

3(2d=V'3)^-2(3d=2>v/3y or -3(2±a/3)». 

These apses are therefore acnodes. Similarly, the other apses are 
crunodes. And, since no alteration occurs in a locus of acnodes or of' 
cmnodes, except at the points of junction which are cusps, P^ ac Qi,. 
P, ac Q, are loci of acnodes. 



14. Quadruple contact occurs between (C) and (D), when g = 0^ 
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(§ 6), on the veotors x =^0,y = 0; the qnartics (A) become complexes 
of lines and nodal oubics. 
The fonr points of contact of 

(«*-««)(t*'-y')+2a?2/' = (0), 

(u«-aj«)(u*-2/»)-2ar«2/»= (D), 

are u±x = 0, with y = 0; u±y = 0, with ar=0. 

With the first pair (§ 2), J = 1 ± 2, n = 1, (A) is resolved into the 
complex 

(t*±aj) [n'(i*d=aj) + 2/'(t*=F«)] = 0; 
or, in full, (a!+y-l)'(2«+y-l)+2/'(y-l) =0, 
(t/-l)(aj+y-l)«+2/« (2aj+y-l) = 0. 
With the second pair of values, (A) is resolved into the complex 

The detached lines were tangents at nodes, and touch the 
associated nodal cnbics in the four assigned points. 

15. Double contact of the third order cannot exist between (G) and 
(D) when/ = ^ = 1, but takes place when / = A = J = "I". See § 7. 

16. Next consider the values of g which cause two radii vectores to 
unite when (C) and (D) intersect each other. (§ 8.) 

When / = ^ = 1, ^ has eight values in the equation 

((7*- = 2%« (<7*-8(7'+12), 

or (^«-6(7+6)(^+65r+6)(sf'-2(/-2)(5r« + 25r-2) = 0. 

When ± gf = 3 ± ^3, the curves (C) and (D) touch each other, and 
iha corresponding (A) quartics are resolved into conies; when 
rbgf = v^3±l, (C) is resolved into conies, and (D) intersects it in 
six points, which are cusps in the (A) system. See § 11. 

17. When = 3 + -/3, and (gr— 1)(5 - gr) = 1. In this case 

[t*« (g^l)--xy] [u' (^-g)-Sxy] -u' {x^yY = (0), 

[n« (g-^^xy] [u' (g^l)^Sxy] +u\x-yy = (D). 

They are seen to have double contact with each other, and with the 
intermediate ellipse [n* (gr — I)— ajy], at the points 

[aj = y = ±n^/(gr— 1)]. 
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The bicrunodal (C) consists of two circnits, which intersect in the 
common nodes ; the biacnodal (D) of two elongated circnits, one of 
which is nnifolium, and each tenches a separate circnit of (C). 

The parameters (§2) which correspond to these points of contact 

are ^ = = 1 =F4y(flr-l). 

The corresponding (A) qnartics are resolved into conies : 

[n=F4(a; + y) ^(g-l)] = aj»i/«-t*« (aj'+2(jfajy + 

or [xy-u' (^-1)]' = [a:+t/=F2n v/(gr-l)]'. 

The first consists of two ellipses, the second of an ellipse and 
hyperbola. All pass throngh the common nodes, and each pair 
tenches each other in the points [» = y = ± m -v/(gr— 1)]. 

The carves (0) and (D) intersect each other in fonr real points, in 
which the conic (u^ = xy) is met by the vectors 

[a^+y« + (2(7-4)ajy=0]. 

There are therefore acnodes, cusps, and crnnodes in (A). 

18. When gr = 3- ^/S, and (5r-l)(5-gr) = 1. The results of § 17 
are equally trne, with a modified interpretation. 

The curve (C) consists of two intersecting circuits, each of which 
tenches a separate circuit of (D) ; these last are short and long, 
withont asymptotes. The two pairs of conic complexes (A) ai*e an 
ellipse and hyperbola, which pass throngh the nodes and touch each 
other in pairs, as in § 17. Bat the vectors [a5'H-y'+(2gr— 4) ajy] are 
imaginary, so that (G) and (D) do not intersect ; all points in (C) are 
therefore crnnodes in (A), except the points [» = 2/= =t -v/Cs'— 1)]- 

19. When —g = S+v'S, the forms of the equations to the sub- 
sidiary cnrves may be derived from § 17, by changing the sign of xy^ 
and leaving (g) unaltered : 

[u' (g^l)^xy] [n» {b^g) + Sxy] {x+yf = (0), 

[u^ (gr-l)+ajy] [u« (gf+l)+3a52/] H-u* {x+yY = (D). 

' They have donble contact at the points [aj = — y = it* v^(gf— 1)], 

The corresponding qnartics (A) may be resolved into pairs of 
conies 

[u« (gr- 1) +xyy = n« [2t* ^(g-l) =F (a^-y)]'. 

Oor, — When — gf=3— -v/3, the results of §19 are applicable, 
with the altered valne of {g). 
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20. When g = v^3+l, the subsidiary curves only meet in the given 
nodes ; all points in (C) are (third) crunodes in the (A) system. In 
this case 

(t*«- VSxyy^u' (x-^yY = (C), 

v/3 (t*»~ y3«y)[(2+ yS) u'-xy] (x+yY = (D). 

The contact is imaginary, as well as the intersections. 
Cor, — These results are applicable when — = ^/S + l, by changing 
the sign of xy, and leaving g unaltered. 

21. When g = ^3—1, (C) and (D) meet in six points, besides the 
given nodes : 

(u^-^Sxyy-u' (x--yy = (C), 

V^S y3aJ2/) [(2- ^3) u'+a^] (x-yy = (D). 

(D) consists of a single circuit, and each hyperbolic branch meets 
(C) in three points, of which one is double, without contact at any, 
as in § 11 (2). There are six points of intersection on (C), which are 
cusps on (A) ; and internal points on (C) between two cusps are 
Sicnodes on (A) ; the rest are crunodes. Thus, for the pair of points 

£ = ,, = l=F4(3-«) 
in (B). The corresponding quartics (A), have (third) cusps 

tt* =F 4 (aj+y) w»3-* = ajV-i*» [(«+t/)'+2a«/ (-v/3-2)] ; 
or, as it may be written, 

[i*=Fi3*(aj+t/)]»[t*d=i3H»+2/)] 

These trinodal quartics have cusps on one of the two intersecting 
circuits, of which they are composed, situated on the coincident radii 
vectores. 

22. Let — gr = ^^3—1. Mutatis mutandis, as in § 19, 

(u' + ^3xyy = u'(x+yy (C), 

73 («'+ ^3xy)[u' (2- ^3)-xy] = {x+yY (D). 

The curve (D) has a single bifolium circuit, which intersects (C) in 
four single points, and two double points, besides the acnodes. There 



80 



Mr. Henry M. Jeffery on the [Nov. 12, 



are, therefore, six cusps in the (A) binodal system ; of which two 

are [«=Fi3* (a'-y)]" [«±i3»(»+y)] 

+ («+y)'[«»(l-|y3)+TV(a^+6a!y+y')] =0. 

23. More generally, the number of cusps can be determined for an 
assigned value of (g). 

The equations (C) and (D) may be combined into the forms 

2? (<i?+y') + (1 =F ^/W ± 2 ^3) = 0. 

It is thus found that, if numerically ±jf>3+\/3, or < ^^3—1, 
(C) and (D) intersect in eight points ; if ± ^<3+ -v/3 and > ^3—1, 
they meet in four, unless ± = -y/^ + l, when they meet in no point 
but the nodes. In these several cases, there are eight, four, and no 
(third) cusp in the (A) binodal system. 

II. Biacnodal Quartics, 

24. In this system /, h are negative, and assumed to be unity in 
the main and subsidiary equations ; = aj+y — 1. 

u\^ + vy-l)=a?f+u'(a?^2gxy+f) (A), 

u'+Sa?y'+u'(x' + 2gxy+y') = (0), 

(g^^l)u'+Sxy-u'(x'-4^gxy+y')=zO (D). 

It is seen that any value of zkg, numerically < \/3 + l, reduces (0) 
to the acnodes (1, 0), (0, 1), when it is written 

(u'+ VSxyf+u' [{x+yy+2 (g^ x/3-l)iM^] = 0, 

Consequently there are no trinodal quartics in the (A) system. 

26. When g =^^3 + 1, (C) consists of the given acnodes and two 
others [aj= — y=±3"*t4]. For this last pair the corresponding 
(A) quartics 

[i*=Fi3* (x-y)Y [u±^S^ (aj-2/)] 

+ (x+yy[--u'(i-\-W^)-^^(^'+^^y+y')']^o 

exhibit (third) cusps in the second and fourth quadrants. 

The values of the parameters i, ri in these (A) quartics are, by § 3, 
i = l=F4(3-5), i? = l±4(3-5). 
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26. When —g=^Z-\-\, the onsped trinodal (A) qnartios are 

These fonr are tbe only trinodal qnartics when =^ \/3+l. 

27. The biacnodal qnartics (A) can never degenerate into com- 
plexes, since the subsidiary curves (G) and (D) cannot touch each 
other. 

Ill §§ 6, 7 it was shown that (C) and (D) cannot have quadruple 
contact, or double contact of the third order. They can only have 
double contact when zhg =\/3+3, and it will be proved that this 
•contact is imaginary. 

28. Let ^ =. 3+ x/3, (^-l)(5^gr) = 1. As in § 17, (0) and (D) 
may be written, to exhibit imaginary contact, 

[t*»(i7-l)+^] [t*'(5-i/)+3ajy]+«'(aj-y)«=0 (0), 

[u«((7-l)+ajt/] [t*'G/+l)+3a5y]-u«(aj-y)» = (D). 

They intersect in four real points, in which the vectors 
aj* + (231-4)3^+2^ = 

intersect the conic w'+ajy = 0. 

When — = 3 + a/3, like results are obtained by writing — ajy for ary, 
:aiid leaving {g) unaltered. 

29. Pot all values of (±gr) numerically >^/3+l, (C) and (D) 
intersect in four real points, which are cusps in the corresponding 
(A) qnartics. (C) is therefore a locus of crunodes, cusps, and 
acnodesin (A). 

Let gf = 3. (Pig. 3.) The locus of nodes (C) consists of two uni- 
folium circuits besides the acnodes A, B ; and each circuit is divided 
into two portions by branches of the bicrunodal quartic (D). P ac Q 
is the locus of acnodes, P cr Q of crunodes, while P, Q are cusps in 
the corresponding (A) qnartics. 

Ex. — The point (1, —1) lies in P ac Q; the corresponding para- 
meters (§ 3) are 3,-1; the corresponding (A) quartic has (1, —1) 
for a third acnode 

w»(3a;-y + l) = ajy+t*2 (»H6an/+y^) (A), 
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Ex.— The point (i\/3, — J\/3) lies on P or Q, and is a cronode on 
t**+10t*» (aj-y) 3-* = aj*y«+t*« («»+6ajy+y*) (A). 




Fig. 8. 



III. Qua/rtiea with one crunode cmd one acnode, 

30. In fcHis system / is positive, h negative, and assnmed to b& 
xinity. 

u'(i» + Tiy-l)=a?y'+u'(ix?+2gxy^y^) (A), 

u'-\-Sa?y'+u'(a?-h2ga^--f)=0 (0), 

(^+l)t**+3aj^y^-i*^ {^-^gxy-f) = (D). 

u = oj+y— 1, 

as before. 

The subsidiary curves (C) and (D) cannot have double contact of 
the third order (§ 7), but they have quadruple contact (§ 6), when 
= 4. The points of contact are thus defined : 

2u'+gxy=^0, x'-y^^O. 

31. Let g = 2. The bisector (aj+y = 0) passes through P, 

( — 1, 1), (1, —1), in which (C) and (D) touch each other ; the other 
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points of contact are imaginary. The cnrve (G) cousiBtB of a cm- 
Bodal circuit with an acnode at B. (Pig. 4.) The curve (D) has its 
crunode at and acnode at A. 
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To the point P (— 1, 1) the parameters are J = 1, 17 = 5 ; and the 
(A) quartic 

n»(»+5y-l) = xY+u^ (x^+4ay-f) 

is resolved into an acnodal cuhic, and a line (y = 1) which touches 
it at P. 

(t*'+2/")(^'-«')H-4t*V = 0. 

For Q (1, —1), the corresponding complex is 

32. Let = — 2. The internal bisector (x = y) passes through 
the points of real contact of (C) and (D), (1, 1), (J, J). 

The corresponding (A) complexes are 

[(t*H-»)(w2+2/*)-4wV] =0, 
(u + x) [(t*-aj)(t*«+y') + 4t**2/] = 0. 

Each acnodal cubic is touched by a linear factor, which represents a 
tangent at a node, in one of the specified points. 

33. Every point on (0), besides P and Q, is a second crunode int^ 
VOL. xxui. — NO. 432. D -^M 
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(A) system. For, if the coordinates of two assigned points on (0), 
(aj* = = i), be substituted in (D), that function is positive (§ 4). 

34. If gf'<4, the curves fC) and (D) do not meet. Every point 
on (C) is therefore a second crunode on (A), for the reasoning of 
§ 33 is applicable to the modified forms. 

35. If gf'>4, (C) and (D) intersect in four real points. Let g = S . 



Through the real intersections of the curves 

u*+3«y+n« (gf + exy^y") = (C), 

10tt*+3ajV-t*« (a^~12ajy-y«) = (D), 

the two vectors (aj+2*645y)(aj + *6465y) = pass. 



These vectors intercept in (0) (see Fig. 4, modified) on AP, that 
part of the loop which is remote from 0, and on Q, two series of 
points which are acnodes in (A) ; all other points are crunodes, 
except the four points of intersection, which are cusps in (A). 

36. In this system, two radii vectores cannot unite (§ 8), unless 
(C) and (D) touch each other. 

For the values of gf' necessary for such union, when f = — A = 1, 
are (by § 9) given by the quartic 

/H-24^«-80^*+384^«+266 = ; 

but this has no positive value. 

Moreover, no lower value of (—fh) will give positive values of in 
the corresponding quartic. 

This result is confirmed by the discriminant of the quartic in 
(§9), which only yields two positive limiting values oifh. 

IV. Quartics with a crunode and a cusp, 

37. In this system one of the constants is zero, and the other nega- 
tive, and here assumed to be unity. The quartics (A), (C), (D) are 



(i» + »7y— 1) = ajy-w' {x^+2gxy) (A), 

u'+Sxy-u' {x^ + 2gxy) = (C), 

l^V+3a;y+w2(^_4^^y) ^ (j))^ 
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Tlie curves (C) and (D) toticli at their common tacnode (0, 1), 
which is always real in (D), hut imaginary in (C), if gr'< 3. 

By comhining (G) and (D) in the forms 

eix?y'-6gxyv!'+(g'+l) = 0, 

(^-l)t*«+2»'-2gfajy = 0, 

we see that (0) and (D) intersect in four points, if ff^>2, and touch 
in four points at the tacnode, if ^ = 2 (see § 6). If gr* = 3, two of 
the four points are merged in the tacnode (Fig. 7). 

38. Let gr' = 2 ; then = gxi/, and gsx? = xy. (Figs. 5 and 6.) 
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Fig. 6. 



Fig. 5. 



The curves (C) and (D) have double contact at the points P, Q 

The four corresponding (A) quartics 

[(1-2^) = xy-u' {x'+2gxy), 

[(l + 2^)a5+22/-l] = o^f-u' (x' + 'lgxy), 
d2 
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are resolyed into complexes of lines and cnbics 

(x- 1) [u*-2gxu'+z' = 0, 

(u+y) [u*-\-2gxu'+x'(x-l)] = 0. 
The cnbics are cnsped at A, and toncbed by the lines in P, Q. 

39. When gf* = 3, (C) and (D) intersect in two points only, besides 
the common nodes A, B. (Fig. 7.) Two radii vectores do not Tinite», 




Fig. 7. 



as it might be inferred from fche formula of § 9, 

(9'+l)»(^-3)' = 0. 

That formula is inapplicable, since it was obtained on the hypothesis 
that (h) was constant. 

In this case (u^ — gxyY — v?a? = (C), 

(u^-gxy)(Su^'-gxy)+u^x^ = (D). 

By combining, (u^ — gxy) {2u^ — gxy) = 0, 

{u^—gxy-\-3^) = 0, 

and the vectors are x^ = 0, a? — 2gxy = 0. [? 2x^—gxy = 0.] 

The conies have a contact of five points with (D) at the tacnode, and 
meet (D) in the points {gy = 2£C = ± 2w). 

These points are cusps in the corresponding (A) trinodal quartics 
u'^lu' + = ^y'-^' (x' + 2gxy) (A). 
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These may be nvritten to show botli cnsps as well as the crnnode, and 
the bitangent, which tenches a folinm at points situated on the axes 

There are fonr bicnspidal and singly cmnodal qnartics, since (g) has 
two signs. Only one figure of (C) and (D) is drawn in illustration. 
The portion of the ellipse, intercepted by the upper lobe of (D), and 
the portion of the hyperbola, intercepted by the lower lobe of (D), 
yield 'aciiodes oti (A). 

40. For all values of g^>2j (C) is a locus of acnodes, cusps, and 
•<5runodes on the corresponding (A) trinodal quartics. 

Y. Quartics tvith an acnode and a cusp, 

41. In this system / is positive, and here taken to be unity; 

tt = aj+y — 1, 

u* - 1) = aj*y»+t*' (a?-\-2gxy) (A), 

u'+Sxy+u'(a?-\-2g^) = (C), 

(^t**+3A'-t*'(a^-W) = (D). 

If g* = or < 3, (C) is reduced to the node and tacnode. There are 
'tx)nsequently no critical values of the parameters £,17 (§3), and no 
trinodal quartics in the system (A). The curves (0) and (D) touch 
at their common real tacnode, when gf* = or >3. 

42. If gf'>3, (C) and (D) intersect each other in four points, two 
-of lirhich are imaginary. All points on (C) which lie between the 

(y) axis and these points of intersection, are acnodes on the corre- 
sponding (A) quartics, and are thus separated by cusps from the 
other points, which are crunodes. 

Ex. flf = 3. The curves (C), (D) meet in two of the points in 
which the conies 

+ -44170?^) + VS5Sxy) = 
. are intersected by the conies 

4t4*^-jB»+3ajy = 0, 

-or by the vectors 

X (» -l-233y) = 0, x(x + 2-4332/) = 0. 
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The last pair only gives real intersections, which discriminate the 
nodes on (C). Both (0) and (D) have real tacnodes ; the acnodal 
curve (0) has two asymptotes, the omnodal (D) has fonr. 



VI. Bicuspidal Quartics, 
43. The general system is 

tt»(6c+iyy-l) =a?y*'{-2g!tyu^ (A). 

The locns of nodes u^-\-2u^gxy-\-Sa?y^ = (C). 

The subsidiary curve (gu* + xy) (gu^ + 3«y) = (D) . 



The parameters 17, and the discriminating curve (B), which is their 
envelop, are thus determined. 

By §3, 1 =1 = + ^^aa+g), 

since, by (C), xy = Jw* [ — fl'i y/i'f" 3)] = Otf^ suppose. 
Eliminate y from these equations. 

(£-c)(i,-(i)=4G((?+^)« (B). 



44. The line (£aj-|-iyy = 1) intersects each curve (A) in the coordi- 
nate axes, and may be regarded as a satellite of the line of nodes 
{u^cx-\-dy—\\ of which (B) is the envelop. All conjoint values of 
{, ly, which satisfy (B), determine a third node in the quartios (A) ; 
all slightly varying values of 17, which denote lines external to (B), 
or intersecting it, denote quartics in (A), which are companion-curves 
to the preceding, but not trinodal. See below, § 47, with Figs. 9, 10. 

When gr'<3, the locus (0) is resolved into two imaginary conies ; 
there are therefore no trinodal values in the (A) system. 

45. When g^ = 3, (C) becomes two coincident conies 

(i*«+5raj2/)* = 0; 

(D) two distinct conies 

(w* + gxy) (gu^ + xy) = 0. 

Every point in (C) is also on (D), and is therefore a cusp in a 
corresponding curve in (A) . For a point in the locus (TP+ g^Y= 0) , 
the parameters {, ly are (if c = d = l) 

5-1 :iy-l:4:: YiXigU. 
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The corresponding qnartio (A) is tricnspidal, 

4f (xY+yX) -2srt*'«y-»y = 0, 
9^ 

and may be written, to exhibit the third cusp (X, Y, IT), 

[uU+ -| (xY+yX)]' ^uU^f(xY+yX)] 

-\-^(xY^yXy(a?T-\-esn,XY-\-y*X}^8u*lP) = 0. 

Ex. — ^Let ^ = — \/3, and let the points in (G) be the^apses 

±t* = «t/3 = yt/3 = y3 (2t yS)-^ 

The corresponding coordinates in the discriminating carve (B) are 

{-l = i?-l= =Fl755. 

With these parameters, the corresponding tricnspidal qnartios 
(A) are 

tt*=Fl'755t*» (x+y) = xy-2 y/S u'xy. 

For oonyenient calcalation these may be written 

(«y-v/3wV = 2-245w*-l-765w» or 5-756u*+l-755u». 

The former is drawn in Fig. 8, with two companion-cnrves, which 
are obtained by slightly differing parameters 17. 
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46. When £ = ly = 1, the qaariic (A) is resolved into two conies. 
In this case (s^-^-gv^ = 0) is a necessary condition, and mnst be a 

factor of (C). This is only possible when g*+l = 0. See §8, 
where the condition [(s^'+l)(^*— 3) = O]' is shown to be necessary 
for the imaginary contact of (C) and (D), when fh =^ 0, 

The terminal bicnspidal qnartic (A), 

aj^y'— 4aJi^t*»+t*» = 0, 

has two asymptotes parallel to the axes. 

47. For values of gr'>3, (0) and (D) are resolved into two real 
conies ; all points on that portion of (C) which lies between the two 
portions of (D) are acnodes in (A) ; and all points in the external 
portion of (C) are crnnodes in (A). 

Let = — 2. The subsidiary curves (C), (D) are 

(t*«~a5y)(t.«-ac2/)=0 (0), 

(2tt«-ajy)(2t*«~3ajy)=0 (D). 

The (B) curves for the portions of (C) are severally 
(£-l)(,7-l)=4 and 

Ex. 1. — To the point (a? = y = w = 1) the line (£ = jy = — 1) corre- 
sponds. 

The point is an acnode on the corresponding (A) quartic 

w*+2t*»-4aw/t*'+aj*y* = 0. 

The companion-curves are unipartite, no trace of a separate circuit 
being found. 

Ex. 2. — To the point (x = y=-u = i) the line (£ = i| = 3) 
[corresponds], and [the point is on] the acnodal (A) quartic 

Ex. 3. { = i; = 1 -^^3. The point (« = y = ^f/S w = 2+ ^S) 
is a crunode on the quartic (A), Fig. 9, 

f**-Yv/3(aj+y) n« = ajy-4t*%, 

or 30755tt*-l-9245t*» = (ajy-2w»)*. 

The companion-curves are drawn for slightly differing values of the 
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conjoint-parameters, i.e., as the line n) does or does not intersect 
the discriminating (B) carve. Thej are both nnipartite. 
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Fig. 9. 



Ex. 4. 5 = i| = 1 +^y3. The point (« = y = 2 - ^/S) is a 
tnronode on 

(a^-2t*«)' = l-9245t*»+6-9245tA* (A). 

(Fig, 10.) The nnipartite and bipartite companion-curves are also 
-drawn. 




Fig. 10. 
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Bicuapidal Quartics, when both cusps are imaginary, 

48, The general system of such quartics, and their subsidiary^ 
curves, may be thus denoted : 

==(ma?+ny*)*+25rw*(maj'+V) (A),. 

tt*+2wV (wwj'+wy*) + 3 {mix?-\-ny^y = (C), 

{gu'+rn^+ny'X^gu^+Tn^^+ny') = (D). 

The discriminating curve is fonnd, as in § 43, to consist of two conies 

^ ({-c)»+ - (v-dy = 160 (0+g) (B), 

m n 

where ZOf+^gQ-^-l = 0. 

When gr'<3, the locus of nodes (C) is resolved into two imaginary^ 
conies, and the system (A) has no trinodal quartics. 

49. When gf^ = 3, the subsidiary curves are 

[v?+g{m^+ny')Y^O (0), 

\u^^-g (maj^+nt/*)] [^wHw^+ny«] = (D). 

Every point in (C) is also in (D), and therefore is a cusp in (A). 
The parameters 

Tig Tig 
correspond to a point (X, Y, If) on the conic 
JP^g(mX'-\-nY^)^0, 

and i.(4-c)»+^(iy-c«)H^ = (B). 

m n g 

The corresponding tricuspidal quartic (A), 

^ 8w» {mxX+nyY)-2gu^ (w^+nt/')-(maj»+ny*)*= 0, 

may be written, to show the third cusp (X, Y, U), 

\uU-\-g (mojX+ny 30]' [^^^- ^ (mxX-\-nyY)]^ 

-g'mn {xY-yXf [(maj2+ny*)(mX'+nY') + (ma5X+nyr)»-r2w»17»] 

= 0. 
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Ex. gr = — v/3, m=n=l = c = c^. The qnartic 

t**-8 (108)-* t*» (aj+y) = (aj»+t/»)»-2y3 1*» ipf^-y') 
is tricuspidal, whose real cusp is 17 : X : Y :: t/(12) : 1 : 1. 

60. For higher values of gr', (0) and (D) are resolved into pairs of 
conies. 

Ex. gr = — 2. Of the pairs of conies 

(a?+J^-«')(«'+»'-K) =0 (0), 

the hyperbola is interior, the ellipse exterior, to the pair 

(aj»+y»-2i*«)(aj«+y«-it*») = (D). 

All points in the former conic are acnodes, in the latter crunodes,. 
in (A). 

51. If (u) is constant, the (A) system consists of Cartesians. Tho 
locus of nodes (C) takes the modified form 

tt» = 3 (waj»+ny')*H-2grt*' (wiaj'-fny*). 

The subsidiary curve (D) is unaltered. 

52. Binodal quartics, when both nodes are imaginary, are noi 
adapted for this process of classification. In order to classify 
bicircular quartics with coUinear foci, I selected different parameters 
(Proceedings of Lond, Math. 8oc.j Vol. xiv.). 

53. Binodal quartics, when both nodes are real, and one of them ia 
at infinity, are classified, as in the preceding paragraphs, by writing 
dy—l for (w), and equating (0) to zero; but the forms must be 
modified when both nodes are at infinity. 

Binodal Quartics^ with two nodes at infinity. 

64. If the same form, as in § 1, [be taken] when (u) is constant, 
for such a system 

u'(&x^-\'Vy'-l)=^y'-u'(fx'' + 2gxy+hf) (A). 

For critical values = 2a!y^ — 2u^ (fx i-gy)^ 

[ i^Jr 

v!'ri = 2x'y--2u'(gx + hy)) 

u» = 3a?t/*-i*«(/a» + 2^aj2/ + V) (0), 

•and; without alteration , 

f^*(9'-fh)+u'U^'-4gxy + hy')+Sa?y' = 
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TThese last intersect in the hyperbola 

(2xy-u'gy = ^u* [u (g'+2fh) +2]. 

55. If these hyperbolsB coincide, (C) and (D) have qnadmple eon- 
tact, and the corresponding (A) qnartic is resolved into a straight 
line and cnbic. 

In this case 2xy=u^g, u(g^+2fh) + 2 =iO, 

and the four points of contact 

x:y:u::g:2f:2p, x : y : u :: 2h: g :2hK 

For the first pair of points the corresponding complexes are 

2u*xf^g+u'y(ufh^l)f-^+u'^u' (fa? + 2gxy+hy')-\-a?y' = 0...iA)i: 

or • (y-up) [afy+ux'f^-^u' (2gx+hy)-uy'^] = 0. 

The lines touch the cubios in the given points of contact. 

For the second pair of points the complexes are 

(x-uV) [xy^-\-wy'V-v?(Jx+2gy)-u^h'^] = 0. 

Cor. — Acnodal quartics cannot be resolved into complexes. 

56. Double contact of the third order occurs between {G) and (D), 
when points of contact unite. When this happens 

g* = 4ifh, Sufh+i=0. 

The preceding quartics unite to form the complexes 

(x-uh^Xy-ufi) [a«/+tt(ajf*-f yW)-3uyW] = 0. 

The lines do not touch the hyperbola, but their point of intersection 
is on it. 

With these constants (G) and (D) assume the same forms as in § 7. 
All other points in (G), except the points of contact with (D), are 
crunodes in (A). 

67. Two vectors may unite, without necessary contact of (C) 
and (D). 

The quartics (G) and (D) may be combined into the forms 

6a?y'-egxyu'+u' (g^^fh)^u* = (1), 

2 (Jix?-gxy+hyy+u'(f--fh)+u = u,..(2% 

Make (2) homogeneous in (x : y) by the aid of (I) ; the conditioii 
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that this qnadratic has eqnal roots is foniid to be 
{-uy+2V (Bufh-l)-\-S-l4Mfh-6u'fh'y 

= 16uy//i (ug'+6^fhy. 
This quartic in (ug^), when expanded, takes the form fonnd in § 8, 

-4m^ (l9ufh'''-3u'fh'-\-77ufh + 3)-\-(S-ufhy (l + 5t*/%)« = 0. 

58. The discriminant of this quartic is (3m/A + 1)* (4w/^+1). 
When Sufh+l = 0, (g'-4ifhy (g^-l6fhy = 0. 

Case 1, when g^ = 4/%, is considered in § 56. 

Case 2, when 5f« = 16/A, and 3t*/%+l = 0, (C) and (D) take the 
forms 

(ajy-3i*yW)(3a;y-wyW) -t** (ajf^-yW^ = (C), 

(xy'-SufWXdxy-5uf^V)W (xf^-yh^y = (D). 

They tonch in the points 

a,/* = yA* = ±tt(3/fe)*. 

The corresponding qnartics are resolved into conies 

{aj/*+yW=F2i* (3fhyY^ixy-3v^f^h^y = (A). 

59. When 4rt*/A + l = 0, the qnartic of § 57 becomes 

(^-9^)»[g^-(2v/3±l)»/;^]. 

Case 1, when g^ = and 4M//iH-l = : (C) and (D) tonch each 
other in the points 

ajf»=yy = ±i.(2//i)*, 

[and take the forms] 

{xy^2u^fW){3xy^2uJ^U)-u' (xf^yli^y = (0), 

(ajt/-2«y*A0(3a;t/-4t*y*A*)+t^' (xf^-yh^y = (D). 

The corresponding qnartics (A) intersect in the given points of 

contact 

tt* (af*+y^*-2 y/2ufh^y-(xy-2u^f^h^y = (A). 

Case 2. The other values of g^, viz., (2 -/3 ± 1)*)%, not being 
coincident, indicate six points of intersection of (C) and (D), which 
are cusps in the corresponding (A) quartics. See § 11. 

60. The preceding theorems must be modified to suit the six species 
of binodal quartics ; but as they have been examined at length when 
the nodes are at finite distances, it is not thought necessary to discuss 
thf^.when the nodes are at infinity. 'i4^it. 
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On the conditions for FoUum^oints in Binodal Quartics. 

61. It has been stated (§ 2), that the maximnin number of inflexions 
in a binodal qnartic is four, and that there may be two folia, contain- 
ing two inflexions each. It is proposed to find the conditions when 
two inflexions of a folium unite at a folium-point, or point of un- 
dulation. 

At such a point both ^=0 and 0, if p = ^. 

dx oar dx 

62. By taking the previous binodal quartic system, wherein 

and £, ri are parameters, 

(x+ny^l = - L(f^^2gxy-\-hf)+ \xy (A) ; 

and, differentiating thrice, 
?+>?p = - I" [/«+? (y +83') + (/<e'+2ja!y+Ay»)(c+ip) 

+ 4.a«,(y+ay)_l.a»y'(c+dp) (2); 

u u 

= - - (f+2gp+hf)+-^ Ifx+g (,y+xp) + hyp](c+dp) 

- |, (fMgxy+hy'Kc+dpy+ A ['ixyp + iy+xpY] 

(y+xpXc+dp)+ ^>?y'ic+dpy (3); 

= ^(f+^9P+f>'P'Kc+dp)-^[fx+g (y+<ip)+hyp]ic+dpy 
+ ^ (f^+2gxy+hy'Xc+dpr+ ^p (y+^) 
-^[2a!yp + (y+ti^y]{e+dp)+'^a>y(,y+xp)(c+dpy 

-^«y(c+rfp)' (4). 

u 

3 

Multiply equation (3) by — (c+dp), and add to (4) ; the terms in- 

u 

volving /, g, h disappear, and the residue is the product. 

t ["^ ~ V "^^1 1 ^ " ^ cip)] = 0. 

The two first factors give by-solutions, the third factor the main 
solution. 

63. When the two first factors are substituted in (3) and (4), we 
obtain {y—^vYiy^—f'^^) and (y—xpy{x^—hu^). 
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ISow (y— ajp = 0) is Dot a condition ; for, if it be coupled with either 
of these two factors, u = cx+dy, which is a false conclusion. The 
conditions f^—fu* = 0, a?*— At*' = 0, are true conditions, and imply 
that the qnartics degenerate into fonr complexes, of which the tangents 
tkt the nodes are factors. 

Thej are inapplicable to biacnodal qnartics. 

64. Ex. a5 = f*W, c+dp=— ; whence d(y^px) = 1. 

X 

The parameters are found from 

= - ^(Jx-^2gy) = (Jx-\-2gy) (A), 

and after reducing from 

= - ^ (J^2gp) = (J+2gp). 

Hence 5 = c-(l+/A) A"*, v=^d-2g7iK 

The corresponding quartic (A), 

u*-t*» [x (l+fh) h'^+2gVy] = afy'^u' (fa?+2gxy+hy'), 
becomes the complex 

(a;-a*)[tt»A-»-i*^ (fx+2gy)-\-i^ (x+uh^)]=: 0. 

The line does not touch the nodal cubic, unless g^ = 2—2/%, when 
the subsidiary curves (C) and (D) have quadruple contact with each 
other (§ 6). 

The equations to three other complexes are similarly found. 

65. The last factor of § 62 contains the main solution 

2 

y-^-xp xy {c-\-dp) = 0. 

ti 

When this condition is substituted in (3) and (4) of § 62, we obtain 
the locus of all folium-points in the binodal system (A), 

2a?y'+u' (J^-2gxy + hy') = (E), 

whether (u) be at a finite distance, or at infinity. 

Ex. — Itet u = x+y—l and / = — gr = A = — 2. 
Assume the folium-point in the locus x^y^ = u^(x-\-y)\ (E), to be 
« = y = 2t4 = J, so that2>H-l = 0. 

By the aid of (E), (A) becomes ^+17 = ^ ; also f— = 0. 

The correspondiug quartic hyperbola 

(x-\-y)-l] =xy + 2u' {x-y)\ 
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when written in the form 

shows the tangent at the folium-point {u = and a eonjngate 
or acn-bitangent, representing together four inflexions. 

66. In the case of bicnspidal qnartics / = % = ; and the locos of 
folinm-points (E) degenerates into the coordinate axes and the conic 

xy-^-gu'^zO (E). 

The equation to the discriminatiDg curve is readily obtained 

1 2 

^-\-riy — l = — ipy— --gxy =^g^u (A), 

i +W =- ^9 (y+^P) = (o+dp) (2). 

We have to eliminate x, y from the three equations 
(i+fc)x+(v'\-g'd)y = l + f, 
[a-2gcd)i+2g(^V+cf]x--[(l-2gcd)fi+2gd:'i+^^ 

xy = g(cx-\-dy—iy. 
The eliminant is the class-quartic 
[i+2g (^-cXd^-cri)+g'{i+c)-^g*c] 

X[ri + 2g (r,-d)(cr,-di)-^g'(v-\-d)+g'd] 

= g [25r^cd+(l-^)((K+ci,)-2{„]«. 

For values of f, ly, thus correlated, bicuspidal quartics with folium- 
points correspond ; and for values of f , i;, external to, or intersecting 
this discriminating quartic, bicuspidal quartics, with or without folia, 
correspond. 

Ex. gr = 4; tt=a;H-y— 1. Ass nme the folium-point (x=y=^ 2u= J) 
in the locus xy = 4it' (E). 

The parameters are found from the* equations f-fiy -|--^=0, ^— 1|=0. 
The corresponding bicuspidal quartic, 

is bipartite; and its folium-point lies on the detached unifolium 
circuit. 

67. This classification is equally applicable to spherical binodal 
curves of the fourth order, and to doubly bitangential class- quartics, 
both plane and spherical. 
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On a Class of Automorphic Functions. By W. Burnside. Ke- 
ceived and Commnnicated November 12th, 1891. 

1. Introductory, 

In a series of memoirs published in the first, third, fourth and fifth 
yolnmes of the Acta Mathematica, M. Poincare has developed the 
theory of discontinuous fi^ups of linear substitutions and of the 
one-valned functions which are unaltered hj the substitutions of such 
a group. 

In this paper I shall adhere as closely as possible to the notation 
and nomenclature used by M. Poincare, and it will be convenient to 
state these at once as regards the substitutions. 

A substitution which changes z into written (z^ is 

yz-\-c \ yz + c/ 

in its normal form when a^— )8y = l, and the real part of a is 

positive. 

Two points will always be unchanged by the substitution. If 
these are different, it can be written in the form 

t—a _ z—a 

where a, h are the unchanged (or double) points of the substitution. 

When K is real, the substitution is called hyperbolic ; when mod K 
is equal to 1, it is called elliptic, and in all other cases loxodromic. 
If the double points coincide, the substitution is called parabolic, and 
can be written in the form 

.-=-+^- 

I— a z—a 

Ifa~l, j3, 7, ^—1 are all infinitesimal, the substitution is called an 
infinitesimal substitution ; and a group of substitutions is called 
discontinuous when it contains no infinitesimal substitution. The 
theory of groups of a finite number of different substitutions has been 
completely dealt with by, among others, Prof. Cayley and Prof. F. 
Klein, the most detailed accounts of it being contained in the 
memoir *'0n the Schwarzian Derivative and the Polyhedral 
Functions" by the former, and the "Vorlesungen liber das Ikosaeder " 
of the latter. These groups M. Poincare leaves on one side, as also 
those groups the substitutions of which cannot all be derived from a 
finite number of fundamental substitutions. 
If all the substitutions of a group preserve one circle unchanged 
VOL. XXIII. — NO. 433. E ^^^^ 
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(for simplicity this circle can always be taken to be the axis of a?), 
and transform the regions inside and ontside this circle each into itself, 
M. Poincar6 speaks of it as a fuchsian group ; in the other case the 
group is called kleinian. His method of dealing with groups of 
substitutions is a geometrical one. He shows that, corresponding 
to a discontinuons group, a division of the 2?-plane, or part of 
the plane, into an infinite number of regions can be made, with 

the following properties. To each substitution ^z, of the 

group will correspond a particular region Bi of the plane, in such 

a way that when z is within will be within E<. The regions 

Bi fill either the whole plane or the particular part of it exactly 
once, i.e., they neither overlap each other nor leave uncovered 
portions. The region B^ (called the generating polygon), and 
therefore also the other regions, can always be chosen so that 
their boundaries are arcs of circles, which, if the group is fuchsian, 
intersect the unchanged circle at right angles. The question as to 
whether the regions Bi will cover the whole plane or only a portion 
of it (it being understood that B^ does not consist of two or more 
detached areas) will depend upon the nature of the fundamental 
substitutions of the group, and this difference leads to a division of 
the groups, and of the functions which are unchanged^by them, into 
two classes* ; namely, a first class, in which the regions Bi cover the 
whole plane, and the corresponding functions exist in the whole plane, 
and a second class, in which the functions have what is called a 
natural limit." M. Poincare considers cases of both these classes 
in his memoirs, but deals at considerably the greater length with the 
second class. Prof. Klein, in his investigations on the subject, which 
are contained in most detailed form in a memoir entitled '^Neue 
Beitrage zur Eiemann'schen Functionentheorie," {Math. Ann,^ 
Band 21), limits himself expressly to the second class of groups. 

The analytical expressions of the functions which are unaltered by 
the substitutions of a group are obtained in the following way by M. 

Poincare. He first shows that if (z, be any substitution of 

the group in its normal form, then the series 

Smod (ri^^+a.)"'^ 



* M. Poincare distinguishes seven families of groups ; of these the first, second, 
and sixth form what I have ventured to call the second class, while the xest make 
up the first cla,ss. 
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where m is a positive integer greater than unity, is an absolutely 
convergent series, except for values of z which make one or more terms 
of the series infinite. 

It follows that the series 

where H{z) represents a rational integral function, is nniformly con- 
vergent, except for particular values of z, wad therefore that it defines 
a one-valued continuous function of z. Such a function M. Poincar6 
calls a theta-fuchsian or theta-kleinian function. Its fundamental 
property is shown to be the following, viz. : if 

then e = (yz+Sy G {z), 

) being any substitution of the group. 

If now 9 (z), 01 {z) are two such functions, formed with the same m 
but different functions H{z), H^{z\ then their ratio, if it is not a 
coDstant, will be a function which is unaltered by the substitutions of 
the group. 

As regards the theorem that 2 mod (y,«4-^,)~^"* is a convergent 

series for integral values of m greater than unity, M. Poincare does 
not, in his memoir on fuchsian functions, give any reasons for not 
dealing with the case m = 1 ; but in a later memoir Sur les 
Groupes des Equations Lineaires," Acta Math., Vol. iv., p. 308), he 
says : '* Toujours dans le cas d'un groupe f uchsien, la s6rie 

2 mod (y.iz?+^.)""' 

n'est pas convergent." 

That this statement is not universally true, may be seen at once 
by considering the group arising from the repetition of a single 
hyperbolic or loxodromic substitution. This may be written in the 
form 

*=^=^~: (inodZ>l), 

t — Z — 
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so that y.Z'\-di=^^ — - -, 

— a 

and the series in this case is 

which certainly is convergent. 

M. Poincare's statement with respect to the divergency of 

2 mod (y.^-h^,)"', 
« 

then, clearly requires some limitation. I have endeavonred to show 
that, in the case of the first class of groups, this series is convergent, 
hut at present I have not obtained a general proof. I shall offer two 
partial proofs of the convergency ; one of which applies only to the 
case of fachsian groups, and for that case is general, while the other 
will also apply to kleinian groups, but only when certain relations of 
inequality are satisfied. It follows, from the convergency of 

2mod(y..ir4-c^)-^ 

that for the first class of groups, to which all my results are limited, 
functions of the form 

2F(^^«)(y,. + ^,)-^ 

exist ; and the existence of these functions is shown to lead to a mode 
of formation of fuchsian* and kleinian functions (i.e., functions which 
are unaltered by the substitutions of the groups) which is in a certain 
way simpler than M. Poincare's, and which moreover directly connects 
these functions with an already well-explored branch of analysis. 

I shall best explain the nature of the method aimed at, and the 
point of view taken, by means of a particular case, which is also the 
one I have treated in greatest detail. Suppose, then, that the generating 
polygon of the group is the space outside 2n circles, each of which is 
external to all the others. The n fundamental substitutions of the 
group, which must be hyperbolic or loxodromic if the group is dis- 
continuous, will make these circles correspond in pairs ; and if, by 
bending and stretching, without tearing, the corresponding points on 
the pairs of circles are brought to coincidence, the polygon will be 

* I have used the phrase ** automorphic function," as introduced hy Professor 
Klein, to denote generally any functidn which is unchanged hy the suhstitutions of 
a discontinuous group, whatever he the nature of the group. 
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turned into a closed (7i-hl)-ply connected surface. On such a surface 
n everywhere-finite complex functions of position must exist, such 
that when a variable point describes any path on the sarface, and 
returns to its original position, any one of these functions will only be 
altered by the addition of integral multiples of certain definite periods. 
[Considering the closed surface as a Riemann's surface extended in 
space, these functions are the n integrals of the first species upon it.] 
Also, in terms of w-ple 0-f unctions, with these n functions as their 
arguments, any rational algebraical function on the surface can be 
expressed. 

Corresponding to these n integrals of the first species on the 
surface, there must be, on the 2;-plane, n independent functions 
which are everywhere finite (except at the singular points of thie 
group, i.e., the double points of its substitutions), and which 
increase by integral multiples of certain constant quantities 'when a 
variable point passes from a position z to any one of the correspond- 
ing positions ; or when it describes a closed path surrounding 

one or more of the circles. When once these functions are found, it 
must follow, from the correspondence between the 2^-plane and the 
before- constructed Biemann's surface, that any functions which are 
unaltered by the substitutions of the group must be capable of repre- 
sentation by means of multiple 0-f unctions, with these particular 
functions for their arguments. Following M. Poincare's method, I 
form the everywhere-finite theta-fuchsian or theta-kleinian functions 
of the form 

\yiZ-\-Ci I 

i.e., the functions which are only infinite at the singular points of 
the group ; and it appears that there are n such functions, and that 
their integrals are the n required functions which on the is-plane 
have properties analogous to the n integrals of the first species on 
the Riemann's sui'face. I then show how to form functions which 
bear exactly the same relations to normal integrals of the second and 
third kinds, on the Riemann's surface, that the n functions just 
referred to bear to the integrals of the first kind. All the methods, 
then, by which uniform functions of position on the Riemann's sur. 
face are expressed in terms of the Abelian integrals on it, may be 
applied at once to the expression of automorphic functions by means 
of the three classes of functions which are the analogues of the 
integrals of the first, second, and third kinds. _ 
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2. On the Convergency of 5 mod (y.-^-h^i)"* in certain cases. 

i 

First Proof. — The following proof, which is modelled on the lines of 
M. Poincare's first proof of the convergency of 2 mod (y,i»-h^.)"*, 

applies only .to the case of fuchsian groups of the first class. I 
suppose that the real axis is taken for the unchanged circle, and that 
the point = oo is not a singular point of the group. These suppo- 
sitions involve no real loss of generality. Since, by supposition, the 
group is of the first class, the generating polygon may be taken to 
enclose that part of the real axis which includes the point at infinity. 
Describe any circle PQAB, such that the area bounded by it lies 
entirely within the generating polygon, and suppose that it meets the 
real axis in the points A and B, Let PiQ^AiBi be the circle into 



AiBi being the segment of the real axis corresponding to AB, and 
Pi Qi the circular arc corresponding to PQ. 

Then it follows that : — 

(i.) ^AiBi is finite, for it is less than that part of the real axis 
which lies outside the generating polygon ; 

(ii.) that therefore the sum of the circumferences of all the circles 
is finite, for they all cut the real axis at the same angle ; 

(iii.) and therefore that SP<Qi is finite. 

The point — being the homologue of the point at infinity in 



the substitution f z, — j j , is a point /<, within the polygon and 



lying on the real axis. When z lies on the arc PQ, the ratio of the 
greatest to the least value of mod (yf^ + ^i)"* is the square of the ratio 
of the distances between and the furthest and nearest points from 
it on PQ, Now the points /, all lie on a finite portion of the axis of 
X ; and therefore, if di and c?, be respectively the absolutely greatest 
and least distances of any of the points Ji from the arc PQ, the ratio 
of the greatest to the least value of mod (y,^?-!-^,)^^, when z lies on 
the arc PQ, is less than (dJd^Y, whatever i may be. 

If z is the point P, mod (y,2-h^,)~^ is the ratio of an infinitesimal 
linear element at P, to the corresponding element at P, and hence, 
when z is any point on the arc PQ, 




transforms -the circle PQAB^ 
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or, since SPjQ^ is finite, th6 series is absolutely convergent. 

Second Proof. — The proof just given applies only to fnchsian 
groups ; depending directly, as it does, on the fact that there is a 
circle (or straight line) which remains unchanged by all the substi- 
tutions. I now go on to give a proof which will apply, when certain 
relations of inequality are satisfied, to kleinian groups similar to 
the one referred to in the introduction. 

Suppose, then, that the generating polygon is the space outside 2n 
given circles, each of which is external to all the others. The funda- 
mental substitutions of the group will be n substitutions, which make 
the circles correspond in pairs, and which, since the circles are 
external to each other, and the group is discontinuous, are necessarily 
either hyperbolic or loxodromic. The various points — ^,/y< are all 
inside the given circles, and when z does not coincide with one of 
these points, a quantity M may be found which is less than 



and therefore that it is sufficient to consider the series 2 mod y,"^. 

«' 

For shortness of statement I deal with the case n = 2, but it will 
be clear that the same reasoning will apply, whatever be the value 
of n. 

Let the 8, 8' be the two fundamental substitutions of the group. 

All the substitutions of the group may then be arranged in the 
.following way, viz. : — 

8, S\ 8~^, S'~^j 4s substitutions involving one operation ; 



then 4x3' substitutions involving three operations ; and so on. 
Now, since the fundamental substitutions are necessarily either 




It follows that 



2 mod (yiZ + a,) 2 M'^ mod yf' ; 
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hyperbolic or loxodromic, they will be of the forms 

S =(z, , Z j, 7 =—77 r~» c= -7 ; 

\ y z-^-c I —a —a 

Where mod K and mod K' are both greater than unity. 

If 8.^(z,"^) 
is any substitution of the set, then 

where a„+i = aa„ + /3y„, = a/3„+/35«, 

and = y = i:* — — 

y„ y„ 6— a 6— a 

If Sj8^„ is a substitution of the w + set, the last substitution in 
S,^ must not be 5"^ ; and I shall now show that this involves that 

— and a are not within the same one of the four circles bounding 

the generating polygon. 

Call the circles A, B, A\ B\ the four points a, 6, a', b' being 
supposed inside the circles with the same letters. Then S changes 
the outside of A into the inside of JB ; 8' changes the outside of A' 
into the inside of B' ; and S'~^ changes the outside of into the 
inside of A'. Hence, if a„/y„ is inside A, S must be the last substi- 
tution of Sn, and (writing S„ = SS„^i) a„.i/y„_i must be inside A, 
The same reasoning may be repeated continually ; but the point a/y 
is inside B, and therefore the point a«/y„ cannot be inside -4, and 
must be inside either B, A' or B'. A lower limit, independent of 
can therefore be found for the modulus of each of the fractions 

— — a 
b — a 



which occur in the various ratios y„+i/y„; and, therefore, if mod 
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and mod K' are sufficiently great as compared with these limits, the 
inequality 

mod > 

yn 

where k is an arbitrarily chosen quantity, can be satisfied, whichever 
of the TTfV^ set of the substitutions S^+i may be, and also whatever 
n may be. 

Hence, if y be the greater of the two quantities y and y', 
or the series is convergent if 

When the double points of the fundamental substitutions are given, 
the series in question can clearly be made convergent by taking the 
moduli of the multipliers sufficiently great ; but, again, when the 
moduli of the multipliers are sufficiently great, the group given by 
the substitutions is certainly a discontinuous one. Hence this second 
proof certainly establishes the existence of kleinian groups of the 
kind considered, foi" which 2 mod (y^^-h^t)"* is a convergent series, 

though it does not prove that the series is convergent for every such 
kleinian group. 

If one or more of the fundamental substitutions become parabolic, 
in such a way that the corresponding pairs of circles touch each other 
externally, the preceding proof may very simply be modified to show 
again that there exist, in such a case, kleinian groups for which the 
series in question is convergent ; but it does not seem to me to be 
possible to apply it to the cases in which the groups contain elliptic 
substitutions. Since, however, the first proof applies to the case of 
fuchsian groups containing elliptic substitutions, and, by a suitable 
infinitesimal change of the parameters of the fundamental substitu- 
tions, such -a group will become kleinian, it would appear very 
probable that there must also be kleinian groups of the first class 
containing elliptic substitutions for which 2 mod (yj5?+^j)"^ is con- 
vergent. By limiting the investigation of this section to the series 
2 mod (yi«-h^<)~'*j I do not intend to imply that the series 
5 mod (y<« + ^,)~^ is necessarily divergent. Indeed, for the group 



58 



Mr. W. Bumside on a Glass of 



[Nov. 12, 



formed by a single hyperbolic or loxodromic snbstitntion, it is clearly 
convergent ; and the second proof just given, for the convergency of 
2 mod (yiZ-^^i)'~\ may evidently be altered to show the convergence 

of 2 mod (yi^-h^<)"^ for certain groups derived from more than one 

fundamental substitution. It is not necessary, however, in the 
sequel, to consider functions whose existence depends on the con- 
vergency of this latter series. 



3. On the Functions 6 (z, a) for Groups of the First Glass. 

Having established the convergency of the series S mod (y.is-h^,)"'* 

«' 

for all fuchsian and certain kleinian groups of the first class, I now 
propose to consider the properties of the corresponding theta- fuchsian 
and theta-kleinian series. In the first place, I deal with such a 
group as that described in the introduction ; that is to say, a group 
derived from n fundamental, hyperbolic or loxodromic, substitutions. 
For such a group it follows that the series 



is a uniformly convergent series, except for certain particular values 
of z, and therefore that it defines a one- valued continuous function. 

It will be convenient to use a special symbol for this series in the 
case when S{z) is a function of the first degree, and for this purpose 
I define (», a) by the equation 

e(r,a)=si2ii±^. 

ST* 

ViZ-i-Ci 

is any particular substitution of the group. 
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(A) 



where 

























are again the coefficients of any substitntion of the group. 
Therefore ["^^^ «) = (y^+^)' « a), 

which is M. Poincar6's general property of all such functions. 

. The function (z, a) has two simple infinities inside any one of the 
regions E,-, namely, the homolognes of a and oo that lie inside E,-. 

The same statement is true oi 6 ^z, °^^^ )> (^» °^^^ ) b®^^^ again 

any particular substitution of the group. It follows that constant 
multiples of the two functions can be chosen such that their difference 
shall be independent of a. 

Now (z = S (ya+i)( y^z +S,)-' 

\ ' ya+BJ f (a,^+A)(ya^-^)-(y.^ + ^0(««+/J)' 
put Joj— = o,, ayi—ya, = y,, 

BO tliat a,, fij, yj, ij are the coefficients of any substitntion of the 
group, and 

a< = aaj+^j, = yoj + Sy^, 

Then e (z, '^-^^ ) = 2 (y"+^) [r (yj^+h)]-' 

\yjZ+Sj J\yjZ + Sj yj 

eiz,a)-e(zr^) = o(z,-Ly 

where the right-hand side is independent of a. 
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The function ^ — thus introduced, has no poles, its only 
lingular points being the singular points of the group. For 

e (z, ^t) = 2 = ^ = 

_ 2 r yaj+hi 7i " I . 

and in this form it is clear that the residue of the function for 
^ = — S/y is zero. 

The point — ^/y is one of the homologues of infinity. Denoting 
any one, aj/y^, of these by /„ the function (z, Ji) is finite everywhere, 
except at the singular points of the group. There are clearly an 
infinite number of such functions, but, as I shall next show, only n of 
them are linearly independent. Thus 



e(z,j,)^eiz,j,)^d(z, ^)^o(z, ^) 



[yp (a<^+pO-a/» (y<«+^.)][y«(ai^+A)— a«.(y<5?-f^<)] ' 

and writing, as before, 

K^i—l^pyi — a^yi— ypOi = y^, 
^A-I^P^i = lij, a,a,-y,/3,= a,, 

o(z,j,)-eiz,j,) 

= 5 ^pyQ-a,yn 

' (y.-^ + ^i) [(apy,-«,y^)(o,i5+/3,) + (/3py,-a,a,)(y,-;? + aO] 



(y.^+^i)- 



yjZ-^Bj — y^a^+a^y. 
The same process will give 

e(z,j^)=^-o(z,j^.{). 

Hence, if 8p, 8g are two of the fundamental substitutions, and / the 
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homologae of infinity formed by any combination of these two, then 
d /) can be expressed in the form 

mO («, Jp)+n0 (2,/,), 

where m and n are positive or negative integers. 

It follows from this at once that if Si, 8^, ... S„ are the n funda- 
mental substitutions, then, whatever homologue of infinity / may be^ 
(zy J) can always be expressed in the form 

m^e (Zy Ji) -hm,0 («, Jj) + ... (z, /„), 

where w^, m„ ... are positive or negative integers. 

Thus, as stated, not more than n of these functions are linearly 
independent. That the n functions written above are really inde- 
pendent will be proved later on. 

4. On the Integrals of the Functions 6(z, J). 

The functions d (z, /), being everywhere finite and continuous, 
except at the singular points of the group, can be integrated along 
any path which avoids these singular points, and their integrals 
along any such paths of finite length will be finite. 

Thus I /) dig = Slog yi^-^\ — 

= iogn2:i£±4 — 

will represent, when the path from z^^ to z is assigned (keeping clear 
of the singular points ), a definite finite quantity, and the given path 
will determine the branch of the logarithm that is to be taken. 

I first consider the integral when the path is confined to the 
generating polygon ; the relation between which and the fundamental 
substitutions is to be taken as follows. 

The generating polygon consists of the space outside n pairs of 
circles 6\ and G[, and 0^, ... (7„ and each external to all the 
others. The substitution 8j, transforms the circle into the circle 
(7p, and the space outside the circle Cp into the space inside the 
circle (7p, so that the point Jp is inside Op, and the point e7^_i is in- 
side Gp. ^^^^ 
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An element of the integral of (e, J^) may be expressed as follows t 

e(../,).. = 5d.iog(^-j,) 

= 2i.log 

When Si is the identical substitution (iS, «), the corresponding term 
on the right-hand side is of a slightly different form, namely, 
d . log (z—Jp) ; hence 



e (z, /p) dz = d. log («— Jp) + 2 d . log 



where now the identical substitution is not included under the sign 
of summation. 

Now, as before stated, Jp is inside Cp, and it is easy to see that J^^i 
and «71-.i^ are either both inside or both outside 0.; hence 

[ d(z,Jp)dz = 2Tri, 
jOp 

where the integral is taken in the positive direction round a closed 
curve within the generating polygon surrounding Op once, and sur- 
rounding no other circle. 

Again, /p is outside Op, and J^_i, J^.i^ are either both inside or both 

outside 0^ except when i = jj, and then J^.i is inside and tT^-i^ is 
outside ; hence 

f ,6(^,Jp)=~27rt, 
J Cp 

where the integral is taken positively round Op. 

For any other circle (7, or (7^, /p is outside and J^.i and /^-i^ are 
always either both inside or both outside. 

Hence { d(z,Jp) = { d (z, Jp) = 0. 

J c, J c; 

These results prove incidentally that the n functions 
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are linearly independent of each other, and that thej are not mere 
constants. 

If -4p, Ap be two corresponding points on Op and (7^, and Bp, Bp any 
other pair of corresponding points on the same two circles, and if 
ApA^ BpB'p be joined by paths ApMAp, BpNBp, which do not enclose 
any of the circles, then 

ronnd ApMApBpNBpAp, vanishes, since the integrand is finite and 
continuous at all points within the contour. Therefore 

( j^pJIf^; ^BpNBp \ap£'p " \apBp) ^ ^* 

Now, if aTj, are corresponding points on the circular arcs A'pB^ 
A^B„ 

therefore 6 (z^, J) = (ypi^i + ^p)' (z^, /), 

and = (yp2?i + ^p) ~^ dz^ ; 

therefore B (z^, J)dz^ = Q (z^, J) dz^. 
It follows that 

f e(z,J)dz=[ e(z,J)dz, 

the integrals being taken along the circular arcs, and therefore 

[ e{z,j)dz = \ e{z,j)dz. 
Jb^nb; J^p^^; 

Hence the integral 

f.[apZ + Pp)l(ypZo+9p) 

e {z, J) dz, 



f 



where is any point on the circle Gp, is independent of the particular 
position of the point, the path varying continuously without passing 
outside the fundamental polygon. 

Now let the points A^A^, A^A^, &c. ... be joined by lines of any 
form, which neither cut themselves nor each other, and which do not 
leave the generating polygons ; and regard these lines, as well as the 
circles, as part of the boundary of the polygon. In the figure c 
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the integral of d (z, /), when the lower limit has an assigned value, is 
a one- valued finite continuous function. 



Let 



e (z, J^) dz = a,p, 

J A' A 
p 

and \ (z, X) dz = a--, 

so that the quantitiei^ ^pp, cbpq^ <%;c., are the constant values of the 
integrals just discussed. When the variable paths between the 
corresponding points are chosen so as to be reconcilable with the 
barriers A^A[^ A^A^ I shall show that 

For this purpose, let definite lower limits be chosen for the integrals 
(they need not yet be expressed), and write 

<i^p^^e{z,J,)dz. 
Then, as stated, within the polygon with the barriers, 

are everywhere one- valued, finite and continuous. 

If the positive side of the barrier ApA^ is that which one would 
first reach by starting from any point of the circle Op and moving 
round it in the direction opposite to that of the hands of a watch, then 
the value of 0p at any point on the positive side of ApAp is greater by 
liri than its value at the corresponding point on the left-hand side ; 
while the values of at corresponding points on the right and left- 
hand sides are the same. 

Since ^p, 0^ are finite and continuous every where inside the polygon 
with barriers, it follows that 



extended round the complete boundary, is zero. 

The complete boundary consists of the n contours made up of the n 
pairs of circles and the two sides of the barrier connecting each pair. 
The values 0p, at corresponding points on 0^, Or, are given by 
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and, at corresponding points on either side of A^Ar, and d^^ have the 
same valnes. Hence the integral round the contour formed of these 



lines is 




The contour formed by 0,, Gp and ApAp gives 

—2x1 1 (^0, = --27ria^ 
^ApAp 

and the contour O^, G\ and A'^A^ gives 




Hence, finally, adding the various parts of the integral, 

dpq — dgp = 0. 

This proof will be seen to be the same as Prof. C. Neumann's proof 
of the corresponding property of Abelian integrals of the first species. 

Suppose, now, that the path of integration passes outside the gener- 
ating polygon, and let the homologues of the barriers be drawn for all 
the polygons. Then it is at once obvious that, inside any polygon 
with its barriers, the integrals are one- valued, finite and continuous, 
and also that they are continuous in crossing from one polygon to 
another. They are therefore one-valued and finite in the infinite 
plane, and continuous except at the barriers, and at corresponding 
points on the opposite sides of the barriers they have constant differ* 
ences =fc 2iri or zero. The value of the integrals at any point in the 
infinite plane, with the barriers as boundaries, may be determined as 
follows : — 

Let be any point in the generating polygon and 0,- its homo- 
logue in It has just been shown that 

^pW'-i^piO), 

is independent of the shape of the path between and 0,-, so long as 
it does not cut the^hfcrriers. Join 00,- by any path whatever satisfying 
this condition, and SDppose that it passes successively through the 
polygons i^Q, i^^ ... i^i, JJ,. Let 0^ be the point where it meets the 
boundary between and ; find 0^ on the boundary between Ba 
and so that 0. is a homologue of Oq ; then 0^ on the boundary 
between and Be so that it is a homologue of 0. ; and so on. Take 
VOL. XXIII. — NO. 434. F J 
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now OOfflaOb ... OiOi for the path of integration. The points and 0<, 
Oq and 0, are respectively homologues, and the paths OOq, OiOi lie each 
entirely within one polygon. Therefore 

00^ J OiOi 

and the contributions to the whole value of the integral from 00© 
and OiOi destroy each other. Each of the portions OqOo, OaOi, ... is 
reconcilable with the homologue of one of the original barriers A{Ai, 
A2A2 . . . , taken either positively or negatively. Hence, finally, if among 
these homologues that of A{A^ occurs Ui times, that of A2A2 ti^ times, 
and so on, 

the positive or negative integers here are definite, depending only on 
the particular polygon jB, ; the suffix p may have any value from 1 
to n. 

When, finally, the barriers are dispensed with, and the now many- 
valaed integrals are considered in the infinite plane bounded only by 
the singular points, any path of integration whatever can be made 
up by combining the path just considered with a number of closed 
loops. Each time such a loop cuts a barrier, ± 27rt or zero will be 
added to the value of the integral. Hence, finally, whatever be the 
path of integration, 

(pp -i>p W = 2mp7ri+Wiapi + W8ap2 + ...+n„ap,», 

where = 1, 2, ... n. 

It is now clear that the functions ^ are the analogues in the infinite 
plane of the integrals of the first species on the n + l-ply connected 
Riemann's surface into which the generating (or any one) polygon 
can be deformed by bending and stretching till corresponding points 
on its surface are brought to coincide. Also, if each of the ^'s is 
multiplied by — ^, they will directly represent the n independent 
normal integrals of the first species ; the 2n sections on the surface 
being the n curves obtained by bringing the pairs of corresponding 
circles to coincidence and the n closed curves into which this process 
transforms the barriers. 
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To complete the analogy, and make the introduction of the ^-functions 
possible, it must still be shown that the real part of 

is essentially positive. 

The proof of this, again^ is essentially the same as that of the corre- 
sponding theorem with respect to Abelian integrals, and may be 
stated shortly. 

If ^p = t*p+ti;p, 

then, since Snp^p is finite, continuous, and one-valued in the generating 
polygon with barriers. 



1 



taken in the positive direction round its boundary, is necessarily 
positive. The separate terms give at once 

I UpdVq = I u^dvp — 27rap„ 

where a^p and a^^ are the real parts of a^p and ttp, ; and from these 
equations the result follows at once. 

5. On the analogues of the Abelian integrals of the second and third hinds. 
The function -S (y^^+^')"' . 

has a double infinity at the point a and its homologues ; while the 
homologues of 2 = oo are not infinities of the function. Its integral 
will therefore be a one-valued function, finite and continuous every- 
where except at the point a and its homologues, and at these points 
it will have a simple infinity. This function will be denoted by 
(^)j so tbat 

where represents the origin of the integration, which can be chosen 

P 2 ^ 
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at convemence. The expression in brackets can be transformed as 
follows : — 

\— y.a + a, /\— y.a + a, / 

= (o, (a, z). 

n follows at once (hat 

= -0(a./,) 



=-(' 



^1 ; 



and also that 



*.(^)=*-«-?".(^L' 

where the integers Up are the same as in the general formula for 

^l^iii^y The functions \l/(z, o) are thus the exact analognes of 
Ny<2^+^</ 

the normal integrals of the second kind on the Biemann's snrface 
corresponding to the division of the 2-plane ; namely, they have one 
infinity inside each region, they are one-valned (i.e., they do not 
change when the variable describes a closed path which cats the 
barriers), and, when one of the substitutions of the group is performed 
on the variable, they increase by integral multiples of definite constants, 
which bear the same relation to the quasi-periods of the ^*s that the 
periods of the normal integrals of the second kind bear to those of 
the first. 

Again, the function 

2(y,«+a,)-Y— —TO 

is- finite everywhere except at a and h and their homologues, which 
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points are simple infinities. It may be supposed, without loss of 
generality for what follows, that a and h are both within the generat- 
ing polygon* 

If a and b be joined by a barrier, and the homologues of this 
barrier be drawn, it is easy to see that the integral of the function in 
question will be one-valued, finite, and continuous, except at these 
new barriers, having values differing by 2wi at corresponding points 
on opposite sides of the new barriers, and, in particular, being con- 
tinuous at the original barriers. If the integral from an arbitrary 
origin be written Xa,6 («)» then, in the infinite plane, as bounded by the 
new barriers and the singular points of the group, 

X.., (.) = 5 log 
where the branch of the logarithm is that which makes 

Xa^bM =0. 

The expression on the right-hand side can be transformed, as in the 
case of yp {z, a), so as to give 

and, for any substitution, 

X".' (^^') = * («) (6)-*, (a)]. 

It is also clear, by comparing the two expressions for Xa, & (z), that, 
if the points z^, z^ be inside the same polygon, then 

Xa.b M-Xa,b (z^) = X«a,«x (a)--X»a.«x(2>)» 

which is the equivalent of the interchange of argument and para- 
meter for integrals of the third kind. 

Just, then, as the functions i// (z, a) answer in all respects to the 
normal Abelian integrals of the second kind, so the functions Xa,* 00 
are the exact analogues of the normal integrals of the third kind. 



Xa.6W =5]og 
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6k On the Functions which are unchanged hy the substitutions of a group. 

It has now been shown that the functions <l>p(z), ^aip)^ XA,b{ss) 
Behave, on the 2J-plane, with respect to closed paths surrounding 
singular points of the groups and open paths passing from any point 
to anyone of its homologues, in exactly the same way that the normal 
integrals of the first, second and third species on a Biemann's surface 
lehave when the variable desciibes closed curves reconcilable with 
the o-sections and the ^-sections on the surface ; when the 

variable describes any closed curve whatever on the surface. It 
follows therefore that the different methods of representing algebraic 
functions on the Riemann's surface, in terms of the normal integrals, 
nay be applied at once to form automorphic functions on the 2;-plane, 
in terms of the functions ^, i//, and 

Thus, if jjj, ^2 ... 2f« are m points, such that no one is a homologue of 
any of the others (or, more simply, m different points in the same 
polygon), the function 

Oo+ia4'.,(*) 

will be unchanged by all the substitutions of the group if the n 
equations 

lGre{Zr,J,)=0 (^> = l,2...n) 

i^re satisfied. When the positions of the m given points are arbitrary, 
these n equations will, in general, be independent, and can therefore 
only be satisfied if m is equal to, or greater than, w-fl. Hence, in 
general, a function which is unaltered by the substitutions of the 
group must take every value w + 1 times at least in each polygon. 

Again, if / (z) be a function which is unaltered by the substitutions 
of the group, and a^, ... a„^ its zeros, 6i, 6, ... its infinities inside 
the generating polygon, it can be shown that 

2 Up (ar)-^P (^r)] = 2r^^irt+ 5 <a^, (i? = 1, 2 ... n), 

1 *- qml 

where m^, n^ are integers. 
For consider the integral 




extended round the boundary of the generating polygon, including the 
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barriers. It is equal to 

or, since / (A^) = / (^;), 

and the path of the second integral is closed, the result is 

2iri [2m^irt+Snjap,], 
where nj are positive or negative integers. 

In the generating polygon with barriers, 9^ is everywhere finite, one- 
valned, and continuous, and also, except at the points a^, cu , 

... hm, and these points are simple infinities with residues +1 
and —1 respectively. The integral in question, then, may be 
evaluated again by taking it round infinitely small contours surround- 
ing these points in the positive direction, which gives for its value 

and, on equating the two values and dividing by 27rt, the given result 
follows. 

From this, the expression of an automorphic function, in terms of 
the functions x> ™»y be at once deduced. For suppose that a^, ... 
hi, &2 2m points satisfying the n conditions jnst investigated. 

Then exp [Sx^^, 5^ (z) + S J , 

is a function which in the generating polygon has the simple zeros 
ill, ^3 — ^m> aiid the simple infinities hi, 63 ... 6,„ ; it is everywhere one- 
valued, and, when ig written for z, it becomes multiplied by 
the factor 

exp |^S[0p(6,)-0,(a,)]+Sn;a^|, 

which is the same as exp [— 2mp7ri], or unity. It is, therefore, un- 
changed by all the substitutions of the group. 

Finally, writing, for convenience. 
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and forming the ^-function 

B ajj, ... Xn) 

~ (H,) ®3cp [6iinj + 26ij7iinjH-...H-6,^n^+2a;iniH-...+2ar„ri„], 

the previous resnlts show that the conditions are satisfied for its con- 
vergence so long as the arguments Xp are finite ; and if now these ard 
replaced by the functions Mp— Cp, where the Cp's are any constants, the 
behaviour of the 6-f unction, when any substitution of the group is 
performed on the variable, will be exactly the same as that of ^. 
9-function, whose arguments are the integrals of the first kind, on a 
Niemann's surface when the variable describes any closed path on the 
s.urface. 

• It follows that all the various known theorems, with respect to the 
representation of uniform functions of position on a Biemann's surface 
by means of ^-functions, may be now directly applied to the formation 
of automorphic functions in terms of the 0-functions just constructed, 
with the tip's as their arguments. 

7. On the Symmetrical Oase, 

When each of the n pairs of circles G{ and Gi, Ci and Oj, &c., 
which form the boundary of the generating polygon, are inverses of 
each other with respect to another circle G^, and the fundamental 
substitutions which interchange 0{ and 0^, Gi and (7„ <&c., are all 
hyperbolic, M. Poincare calls the group symmetrical. In^ this case 
the substitution 8p, which changes Gp into Op, is equivalent to a pair 
of inversions performed successively at Op and Oq, and any substitution 
of the group is equivalent to an even number of inversions with 
respect to the w + 1 circles O©, 0^ Oi ... On (or (7o, Oi, Oj ... 0„). Con- 
versely, an even number of inversions with respect to any of the 
circles Oq, 0{ ... On (or 0^, 0^ ... On), is equivalent to some substi- 
tution of the group. 

I shall suppose at first that the circle Oq coincides with the real 
axis, and shall show further on that the results so obtained may be 
applied to any symmetrical group whatever. 

If (7o coincides with the axis of the fundamental substitutions of 
the group can be put in the form 
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where is real, and Op, are conjugate imaginaries ; and it there- 
fore follows that the substitutions of the group may be taken in pairs 



--^) and 



such that a„ /3<, y„ ^< and a-, i3,', yj, ^\ are respectively conjugate 
imaginaries. 

If %' and a, a are conjugate imaginaries, so also are 

^y^^ and -WfWl, 

y<«+^< y<«H-^< 
and therefore also 6 («, o) and 6 (2;', a). 

Now Jp and J^_i are in this case conjugate imaginaries, and it has 
been shown that in any case 

<'(«.^,-i) = -e(«'..^p). 

whence it follows that 

Q{z,j;) and Jp), 

are conjugate imaginaries. 

Hence, when z is real, 6 («, is a pure imaginary. 

Now suppose that 2' is any point on 0^, so that z is the correspond- 
ing point on ; then 

mod dz = mod dz\ 
and arg = — arg dz' = ^, 

where is the angle that the tangent at 2; to the circle (7, makes 
with the axis of x ; but 

and therefore — 



and (y/+5,)» = e->'*. 

Also, in consequence of the relation between » and /, 
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or arg 6 (z, Jp) = - 2^ + arg ^ 7^) ; 

bat, since B (z^ Jp) and —0 (/, Jp) are conjugate imaginaries, 
arg e (z, Jp) = TT-arg 6 (z, Jp) ; 

therefore arg 6 (z, Jp) = — ^. 

The ratio of any two of the ftinctions (z, J) is therefore real at each 
of the circles 0{, Oi, &c., as well as at Cq. 

The barriers in this case may be taken as straight lines perpen- 
dicul^u: to the axis of x ; and since it has been shown that, when z 
and z' are conjugate imaginaries, so also are 6 {z, Jp) and —0{z\ Jp% 
it follows at once that 

{ , e(z,Jp)dz{=ap,) 

is real, where Opj is any one of the n (n — 1) constants. 

Finally, since for points on any one of the bounding circles, in- 
cluding Af^y 

arg (z, Jp) = ^ —<{>, 
and arg dz = 0, 

the variable part oi ^0 (z, Jp) dz, or of tpp, is a pure imaginary at all 
the circles. 

To extend these results to the case of any symmetrical group what- 
ever, a slight digression is necessary, on the connexion between the 
functions of a group Si and those of the group 2"^iS.S, where 2 is 
any arbitrary substitution. 

a. ^IX^ be any substitution not contained in the group 

?!i£i^\ then the various substitutions given by 
yiZ-\-6i I 

Az±B "'G^^'^' 

will also form a discontinuous group, that may be represented by the 
accented symbols 
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A division of the infinite plane into polygons, for this latter group, is 
obtained by transforming the polygons of the first gronp by the sub- 
stitntion 

/ Az±B\ 

By an algebraical process very similar to that ased already in dealing 
with the function 6 (z, a), the result of making linear substitutions 
for z and a in 6 a) is easily obtained. Thus, if 

_ Az-^B __Aa_±B 
^ Oz-^D' Ca+D' 

then, with the notation just given, 
e (z, a) = (0/+D)'S iyW+Sd-' ( , ,,l 

= iGz'+Dy a')-ff [z', - 1 )], 

where 6' is a function formed with the substitutions of the new 
group. 

To the infinities and of (z, a), correspond ^f,*^^/ 

and y*2)— ^(7 ' while the homologues of infinity in the new group 
are not infinities of the right-hand side. 
It follows that 

e(z,j,) = (Cz'+Dye'(z,r,); 

and, since • dz = (Gz'+D)-^dz', 

%{z)=^',{z'), 

the integrals being taken along homologous paths. In particular, the 
constants o^p, for the two groups are identical. 

In precisely the same way it may be shown that 

and Xa,6 W =X^,6'(0- 

If the generating polygon of the group in which 0© is the axis of 
be transformed by any linear substitution, the new polygon |^ 
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formed will be the generating polygon of a symmetrical gronp, the 
sabs tit ntions of which can be formed from those of the original one 
by the process just investigated ; and in this manner any symmetrical 
polygon, and therefore the corresponding gronp, can be formed. 

Hence for any symmetric group the constants a^p, are real, the 
functions <pp have their real parts constant at the circumferences of 
the rir 4-1 circles, and the ratio of any two of the functions d (z, J) is 
real at the circumferences of the circles. 

When the symmetrical group is also fuchsian, the n pairs of circles 
are all cut at right angles by one circle, viz., the circle which is un- 
changed by the substitutions of the group. 

The simplest form in which to consider the symmetrical fuchsian 
group is that in which the unchanged circle and A^^ are taken as two 
straight lines at right angles ; in particular, as the axes Ox and Oy, 

If 8 be any substitution of the group, and A represent an inversion 
with respect to Oy, then ASA will also be a substitution, and these, 
two will be of the forms 



yz+S/ \ —yz + B' 

where a, j3, y, B are all- real ; hence, pairing the substitutions in this 
way, 

"—a i I a,g-f Pj OiZ " ' 



\: — — 



yiZ+Bi —yiZ-^-Bi 



6 



yiZ—li yiZ-\-Bi 
whence ^ ( — ^, —a) = — (2, a). 

Now jr^_i = -jr^ 

and d(^,/^.0 =-^(«>«^p); 

therefore B ( -2?, Jp) = Q (z, Jp). 

Also, since Jp is real, 6 (z, Jp) and {z\ /p) are conjugate imaginaries, 
z and z being conjugate imaginaries themselves. 

Hence, if 6 (2;, J^) vanishes when z = a+t6, it vanishes for the four 
values 2? = ± a ± ^6. 

Again, in this case, the function 
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which is olearlj not identically zero, is a fnclisian function ; for 

*-(SfTf)-*-(i^?t)-»-<'>-*-<'>] 

= e(a, J,)-e(-a, J,) 
= 0. 

Hence, in the case of symmetrical fnchsian gronps, antomorphic 
functions exist which take every value twice only in the generating 
polygon. It follows that the corresponding Abelian integrals are of 
the hyper-elliptic class. 

8. On the Zeros of $ {z, J). 
The functions Q (z, J) have no infinities, except at the singular 
points of the group, and hence the integral 

taken in the positive direction round the generating polygon, is equal 
to the number of simple zeros of 6 {z^ J) therein contained. 

The barriers clearly give nothing towards the value of the integral; 
also, if « is a point of 0,, and Zp the corresponding point of Cp, 

0(Zp,J) = (ypZ+Bpye(z,J); 

and, therefore, when the integrals are taken round the circles in the 
directions of watch-hands, so as to make a positive circuit of the 
generating polygon, 

f d\oge(z,J)+ f d\ogd(z,J) 

icp ]c; 




[dioge(z,j)^dioge(zp,j)] 



= —2 J log (tp^+^p) = 47n. 

A similar result holds for each pair of circles, and the total number 
of zeros in the generating polygon is therefore 2n. Of these zeros the 
form of the function shows that two are at infinity ; for 

,1 1 ( y,^H-^.)-' . 
yp yp y.^+^< y. 
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and the terms which would give a simple zero at a = oo , obviously 
cancel each other. 



The relation 



shows that generally, if 2; is a zero of 6 (z, J), so also are its homo- 
logues ; but that this is not true for 2? = cx) . Hence the functions (z,J) 
have, in any region 5„ 2n— 2 simple zeros, while in the generating 
polygon there is, in addition to these, a double zero at 2? = 00 . 

The ratio of any two linear homogeneous functions of the (j?, jy& 
will be an automorphic function, which generally will take every value 
2n — 2 times in the generating or any other polygon. By a proper 
choice of the constants it is clearly possible always to form in this 
way a function which will take every valueless than w-f 1 times, and 
on the other hand, the known theory of uniform functions, on a . 
multiply-connected surface, indicates that any function which takes 
every value less than n-j-l times should be capable of being repre- 
sented in the way considered. , 

It is easy to verify that, in the case of the symmetrical fuchsian 
group, functions taking every value twice may be found in this way ; 
for consider the function 

aj (z, /a) + <9 (z, J,) -h ... +a« (z, Jn) 
0(z,J,) 

The double zeros of the numerator and denominator, at z = co , 
destroy each other. The 2n—2 finite zeros of the numerator depend 
on the 7?. — 2 ratios of the constants, i.e., on 2w— 4 real constants. 
J£ ZqIs a zero of the denominator, two linear relations between the 
2»— 4 real constants must be satisfied in order that may also be a 
zero of the numerator, and, since 

these two relations ensure that the numerator and denominator shall 
have two zeros in common. Hence the available constants will enable 
2w — 4 zeros of the numerator to become coincident with zeros of the 
denominator, so that when the constants are thus chosen, the function 
is one which becomes infinite (and therefore has every other value) 
twice only in any polygon. 

The calculation that has been applied to (z, J) will hold similarly 
with any function of the form 
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where / (z) is a rational function of z; so that the number of zeros of 
any snch function in the generating polygon exceeds the nnmber of 
infinities by 2n. 

9. On Groups of the First Glass which contain Elliptic Substitutions, 

I now go on to consider shortly the case in which a group contains 
elliptic substitutions, so that throughout this section it will be 
implied that the group is fuchsian, as the convergence of 

Smod (yi«H-^.)"^ 

for kleinian groups, with elliptic substitutions, has not been proved. 

The essential point in which this case differs from that hitherto 
treated, lies in the fact that now some of the quantities 

0(z, J,) (p = 1, 2 ... n) 

will vanish identically. 

That this must be so, if the previously given theory be correct, is 
obvious at once from geometrical considerations ; for it is clear that 
the closed surface formed by bending and deforming the generating 
polygon till corresponding points of the boundary are brought to coin- 
cidence will no longer be w + l-ply connected, when some of the n 
fundamental substitutions are elliptic. There will, therefore, be less 
than n everywhere-finite integrals upon it, and, therefore, less than n 
0-f unctions in connexion with the group. 

Suppose, now, that an felliptic substitution 8 is one of the fundamental 
substitutions of the group ; and consider the corresponding 6 (z, J), 
defined by / , s\-2 

The term written on the right-hand side has a simple infinity at 
--i-, and, if . ._L^^-2 

yjz + Sj 

is the term that cancels this, then 
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or 8r'8j = 8; 

8j=8i8. 

If, again, the term with suffix k is that which destroys the simple 

infinity ^, introduced hy the term with suffix j, then 

8, = 8j8 = 8^8". 
Now, if w is the period of the elliptic substitution 8, 

fif-=l; 

and therefore the terms in (z, /), corresponding to the substitutions 
S,, 8,8, 8,8", „. 8,8--\ 

are such that at any point where one of the terms becomes infinite 
another takes an equal and opposite infinite value. 

Hence the sum of these terms, being a rational function of z which 
is nowhere infinite, must be a constant, and this constant is zero, as 
may be seen by making z infinite. It follows at once that, since 6 (z, J) 
is in any case a uniformly convergent series, it is in this case 
identically zero. 

[It may be interesting to give the result of a similar grouping of 
the terms of a (z, J), which corresponds to a hyperbolic substitution. 
The series of terms 

... SfiS-^ iS.-, 8i8,...8i8'^,... 

is then infinite, and their sum is easily shown to be equal to 

1 1_ 

z-8ia z-8il¥ 

where a and (3 are the double points of the hyperbolic substitution.] 

Not only will all the functions 6 («, /) which correspond to elliptic 
substitutions, vanish identically, but it will generally happen that some 
of those corresponding to hyperbolic substitutions, will also do so. 
For when some of the fundamental substitutions are elliptic, there 
will generally be certain identical relations, of the form 

1 = 8:8;..., 

connecting them ; and when these are used in the equations of the 
form 

$ (z, J,)^e(z, J^.^noiz, = 0, 

established in Section 3, it will be found that the result stated will 
follow. 
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Owing to the infinite variety of cases that can occur, it seems 
almost impossible to consider this matter generally, but the following 
simple example will illustrate the property in question. 

Consider the fuchsian group formed from a single hyperbolic sub- 
stitution 8 and a single elliptic substitution E of period 3. Taking 
the generating polygon B^, as previously, to contain the point at infinity 
(and for simplicity assuming the unchanged circle to be the real axis), 
the division of the 2^plane into regions by the group is given by the 
accompanying figure (the upper half only being drawn). 




An inspection of the figure shows at once that SE^ must be an 
elliptic substitution of period 2, or that 

(SE'y = 1. 

Now e (z, Js-d + O ^seO = 0, 

by the previously quoted equation ; but, since E~^ and SE^ are elliptic 
substitutions, the two latter terms of the equation are identically zero ; 
hence, also, the first term must be. In this case, then, both the 
functions $ (z, /), corresponding to the fundamental substitutions, 
vanish ; and this is in proper correspondence with the fact that the 
closed surface, formed by bringing corresponding points of the boundary 
of to coincidence, is simply -connected. 

Instead of attempting to treat generally the case of a group with 
elliptic substitutions, I propose to continue the discussion of the special 
case in which all the 6 (z, t7")'s vanish identically. 

The 0-f unctions, being integrals of the d {z, /)'s, vanish identically, 
or rather, do not exist. 

The integrals of the second kind, (z), become in this case auto- 
morphic functions, which take every value once in each polygon ; and 
hence it immediately follows that they can all be expressed as linear 
functions of any one of them. It is both interesting, and will serve 

VOL. XXIII. — NO. 435. G ^ 
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as some verification of the general accuracy of the preceding investi- 
gation, to prove this result by direct calculation. 

For this purpose I transform the product (a, z) (a\ z) in the 
following manner : — 

e{a, z)6{a:,z) = ss (y<'^+^0-'(y,«;+^.)-' 
(y«a+8<)-' (y,« +^,)- 



Now S eU-^a+0A 

i aia+Pi Oja +ft \ yja-\-rij/ 

= e (a, a), 

since ^ (a, /) = ; 

hence (a, 0) (a', z) =0 (a, a ) ^ (a, 2?) +0 (a, a) ^ (a, 2). 

In reference to this formula it is to be noticed that the zero of (a, z) 
in the generating polygon is at infinity, and therefore independent 
of a. 

It has already been shown, in Section 6, that 

il,„(z)^e(a,z,)--e(a,z), 

and therefore the formula just obtained is equivalent to a lineo- linear 
relation between any two ;//-functions. If the zero of the function be 
represented in the symbol by writing 4f„ {z^ Zq), instead of xf/a (z), the 
explicit relation required will be 

.0 = Ma, zd 

The ?/r-f unction in this case corresponds to what Prof. Klein calls a 
fundamental function on a simply-connected Biemann's surface ; in 
terms of it any automorphic function, with a finite number of infinities, 
may be expressed rationally. Its analytical form is that of an infinite 
series. 

But a function with precisely the same properties may be formed at 
once from the integrals of the third kind, t.e., from the functions 
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X»»b For, since the ^-f mictions are non-existent, it follows at once, 
from their previously proved properties, that 

is an antomorphic function with the single zero a and the single 
infinity h in the generating polygon. The expressions here quoted 
are convergent infinite products, whatever the value of the point 
z = being that at which the function takes the value unity. If then 
is taken infinite, the function 



= n 



is the general expression for an automorphic function, which takes 
every value once in the generating polygon, in the form of an infinite 
product. 

The passage from the infinite series to the infinite product form 
may be carried out as follows : — 

Let x=:\pa(z,h); 
then jg-K (y>^+^>) 



-2 

V 



and ^8*8 simple infinities at a and &, and a zero of the 

second order at oo , these being its only zeros and infinities in the 
generating polygon ; while also 



o 2 
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Hence it at once follows that 



1 dx / I 1 \ 

= lr[x».-(^)]; 



or, on integration, 



; = const. X e^*. « 

= (7n^^*^±^^ 



Returning for a moment to the more general case, if the closed surface 
formed as before by deforming the generating polygon is w'+l-ply 
connected, it is to be expected that n—nf of the 6 (z, /)'s will vanish 
identically, and" that, from the remaining n\ a theory can be constructed 
in all respects similar to that of Section 4. That this is so in the case 
of any given group may be verified directly. If, among the funda- 
mental substitutions of the group, there are one or more parabolic 
substitutions, then, in order that the group may be discontinuous, the 
double points of these substitutions, which are singular points of the 
group, must be vertices of the generating polygon. It may be shown, 
in a manner similar to that used for the elliptic substitutions, that the 
functions 6 {z, J), corresponding to a parabolic substitution, vanish 
identically, and the preceding theory is generally applicable ; except 
that the vertices themselves, which are the double points of the para- 
bolic substitutions, must be reckoned as not belonging to the polygons, 
for, being singular points of the group, they are essentially singular 
joints of all the functions considered. 



10. Oonclusion, 

The investigations of this paper arose in an attempt to extend to 
the case of three or more circles the problems solved in a previous 
paper " On Functions determined by their Discontinuities and by a 
certain form of Boundary Condition," which was printed in Vol. xxii. 
of the Society's Proceedings. By using the method and notation of 
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that paper, a series, defined by tlie eqnation 



09 



z — a z — z — Oi z — a„ z — z — a^^ 

may be formed, which, if convergent, will represent in the space 
external to circles, each of which is external to all the others, a 
function with a single infinity at a, and whose imagioary part has 
constant values at the circles. 

If (z, ^hllt§l\ ... ( z °»*^"^/^n \ ^jjg ^ linear substitutions equi- 

valent to pairs of inversions at the circles and 1, and 2, ... Oandn, 

respectively, and ^z, -^-^y ) ^^J substitution of the group formed 

from these as fundamental substitutions, it may be directly verified 
that the above series is 



and that it is therefore a convergent seiies, and does in fact represent 
the function in question. An indirect proof of the accuracy of this 
statement will be now given, so that the direct one, which, though 
simple, cannot be made very short, may be omitted. 

Consider, in the first case of the symmetrical group, namely, that 
for which the (n-f-l)*^ circle is taken as the real axis, the function 

A^|^a(z)+A'^P,,{z\ 

where A, A\ and a, a are conjugate imaginaries. 

Regarded as a function z, this expression has entirely real 
coefficients, and therefore will take conjugate imaginary values when 
z does. 

Now let z be any point on the circle Op, so that / is the correspond- 
ing point on Then, if 

Axl^, (i.)-h^V„,(;5)=P+iG, 
AM^')+^'^n' (z)=P^iQ; 

but -=^^^» 



86 Mr. W. Bamside on a Glass of [Nov. 12, 

and therefore 

Axl^, (Z) ^A^yPar W - [^^a +^'^a' (O ] = ^p) + ^'^ K •^p)» 

or iQ = iiie (a, Jp) ^j.). 

It follows that, at each separate circular bounding curve of the gener- 
ating polygon, the imaginary part of 

has constant values. 

If, now, the transformation described in ISection 7 be applied to this 
function, it becomes 

where the j/r-ftinctions are formed with the substitutions of the new 
group, while 6, are inverse points with respect to the (»+ 1)*^ circle, 
which itself is the result of transforming the real axis by the sub- 
stitution (z, of the transformation. 

The relations between 6, and a, a are 

yb + i yb^+S 

or, since a, a are conjugate imaginaries, 

ah+13 a'b'+^ , 
yb,+S y'b'+S" 

and therefore __dbs_ _ — 



{y'b'+!fr' 

Finally, if A(yb +Sy -B, 

and therefore, for any symmetric group, 

is a function whose imaginary part has constant values at »+l given 
circles (each external to all the others) and which has a single infinity, 
with given residue B, in the space bounded by them. 
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On substituting for the ^-functions by means of tbe equation 

and re- writing a and a© for b and 60, the expression just obtained is 
at once seen to differ only by a constant from the previous function 
A reference to p. 352 of my former paper, already quoted, will show 

eld 

that Aq = J.'— 7, which is the necessary relation between the coefficients. 

da 

If the point a is at infinity, so that is the centre of the (n-hl)*^ 
circle, w = A\p^ (z) +^'rji/r„^ (z), 

or, written at length. 



ViZo-^-^i 



and the real and imaginary parts of w will be respectively the velocity- 
potential and stream-function for a uniform streaming motion past 
the n-f 1 circles, the speed of the stream at an infinite distance, and 
the angle it makes with the real axis, being mod. A and arg. A. 

The n functions 0i, ... ^1,, group being still considered sym- 
metrical, are the functions of z whose imaginary and real parts give 
the velocity-potentials and the stream-functions for the n independent 
circulating motions that can take place about the n+1 circles, on the 
supposition that the circulation in any circuit enclosing all the n+1 
circles is zero. 

For, if iTj, If, ... ic„+i are the circulation constants for the nH-1 circles, 
connected by the relation 

then the function «f 1 0i -f 0a + • • • + '^n ^ n 

is everywhere finite in the space external to the n-f 1 circles, while 
its real part is constant at each circle, and increases by when the 
variable describes a closed path which surrounds the r*** circle once. 
But these are the conditions that u-^-iv should satisfy if u is the 
stream- function and — v the velocity-potential of the proposed circu- 
lating motion. 

The two examples just given will serve to show that the theory of 
automorphic functions of the first class may serve to elucidate con- 
siderably many two-dimensional physical problems. With resp< 
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the general problem dealt with in the previously quoted paper, viz., 
the formation of a function w with given infinities, such that the 
imaginary part of we^^ is constant at the circumference of the circle 
Or (r = 1, 2, ... w+1), it will be found that, even when the differences 
6, are commensurable with tt, the terms in the infinite series iovw 
which contain tbe same exponential do not arise from one of them by 
the operations of any sub-gronp of the original group ; and therefore, 
that w cannot be represented as the sum of a finite number of i/^-f unctions 
formed from the substitutions of sub-groups in a manner analogous to 
that proved to be possible when the group arose from a single funda- 
mental substitution. 



Note on the Motion of a Fluid Ellipsoid under its own Attraction. 
By M. J. M. Hill, M.A., Sc.D., Professor of Mathematics at 
University College, London. Communicated in Abstract, 
June 11th, 1891. Eeceived January 27th, 1892. 

1. In regard to this case of Fluid Motion, it was shown by 
Dirichlet that the particles which, at any instant, lie on an ellipsoid 
concentric, similar, and similarly situated to the external free surface, 
always do so ; or, one family of surfaces, which always contain the same 
particles, is a family of ellipsoids which move so as always to be 
similar and similarly situated to the boundary. 

The following additional results regarding this case of Fluid Motion 
were recently communicated to me by Mr. A. E. H. Love. 

2. The particles which, at any instant, lie on a tangent plane to one 
of the ellipsoids concentric, similar, and similarly situated to the free 
surface, always lie on a tangent plane to this moving ellipsoid, and the 
same particle is always at the point of contact. 

3. The enveloping cylinders of the ellipsoids mentioned above, 
whose generators are parallel to the vortex lines, always contain the 
same particles. Hence there are two families of surfaces, viz., the 
ellipsoids and the enveloping cylinders, which move so as to contain 
the same particles, and are such that one particular member of one 
always touches one particular member of the other. 
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4. The planes which are conjugate to the directions of the vortex 
lines with regard to the ellipsoids always contain the same particles. 

I. — The object of this note is to express the component velocities 
in Clebsch's forms, viz. : 

|t+x|^:, ^+xp, ^+\^, 

OX Ox Oy Oy Oz Oz 

where X = const., \p = const, are vortex sheets ; and to determine 
Xi K ^ AS far as possible. 

The following equations are taken from Basset's Hydrodynamics^ 
Vol. II., pages 96, 97. 

= ilj+i, w, = 0,-|-iy, Wj = Oj+f. 

The kinematical condition at the surface is 

ot ax Oy Oz 
where F = i^ja)* + (y/6)' + (»/c)»- 1 = 0, 

TJ = u+u>^y — <!>,«, 
V = v + <i>,a!, 
W = w+<i>jie— wjy ; 

The condition of continuity requires that 

a/a+6/2>+c/c = 0. 
Also the following equations hold : — 

|(f/a)-f-^,(./6)+^Wc)=0. 
|(./6)-^Wc) + ^^(£/a)=0. 
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Then I find, by means of a somewliat complicated analysis, the 
following values of x> X, : — 

-h an arbitrary function of the time ; 



^ \ar Ir / \ a h h a I ^ 



It is interesting to observe 

(a) that the surfaces ij/ — const, are a family of planes ; 

(j3) that X is the velocity-potential of the motion due to the motions 
of the enveloping case (supposed to be annihilated after the motion is 
set up), which have been described by Professor Greenhill in the 
Proceedings of the Cambridge Philosophical Society, Vol. iv., p. 4, so 
that 

ox oy oz 

The arbitrary function of the time is determined when the pressure 
is known at a given instant. 

The values of x> ^» ^ fnlly known until (, ii, ( have been 

determined as functions of the time. 

This has been accomplished in the cases mentioned in Basset's 
Hydrodynamics, Vol. ii., Cap. xv., and also 

(a) when the ellipsoid becomes an elliptic cylinder, the solution 
being due to Lipschitz (see Grelle-Borchardt, lxxviii., pp. 245-272) ; 
and 

(/J) when Oj = Oj = O3 = 0, and ^ = = 0, but f is a function of 
the time, the solution being due to Padova (see Annali delta JK. 
Sctwla Normale Superiore di Pisa — Scienze Fisiche e Mathemaiiche^ 
Vol. I., Pisa, 1871). 
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n. — It does not seem worth while to give the analysis by which 
the valnes of x> ^> ^ were originally obtained, as it is so mnoh 
simpler to verify them as follows : — 

Putting J=9 +Z7|+F|- + Tr|-; 

dt ot Ox dy oz 

then, since 
it follows that 

J)x jj a , 2a'na 2a'n, 

therefo £ W " f-?^, (./^) + ^ = 0. 

with two similar equations. 

Now, pntting = 26cni/(6'+c»), 

JNr3 = 2can2/(cHa'), 

the above equations are 

I («/a) -2^, (y/6) +2?. (»/c) = (A), 

and two similar equations. 

It may be observed that S/a, f/c, also satisfy the eqnations (A). 
Equations of the form (A) have been discussed by Riemann (see his 
Mathematische Werke, pp. 175-176). 

They possess the property that, if Xj, T^, and Xg, Yj, be two 
systems of integrals (not necessarily distinct), then 



|(x,z.+r.r.+^.^,) = o. 



Further 



I (T,Z,-Y,Z,)-N, (Z,X,-Z,X,)+N, (z,r,-z,r.) = 0, 
and two similar equations. 
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Hence YjZ,— Yj^Tj, Z^X^—Z^X^, XiY^—X^Ti are also integrals of 
the equations (A). 

Hence (1) ^ = ; for, 

cLt 

x/a, y/h, z/c, 
i/a, i?/6, f/c 
being two systems of integrals of equations (A), 

|[W+(y/6)'+(^/c)']=0, 
|[(£/«)'+(V6)'+(f/c)']=0, 
I [(»5/a») + (y,/5') + K/c')] = 0. 

Now X = [(*/a)'+(y/6)' + (^/c)'] [(Va)'+(V6)'+(f/cy] 

-[(a^J/aO + Cy^O + W)]'. 

Hence = 0. 
dt 

(2) Putting 3, = (yi:-zv)Khc), 

g, = iii-zOKca), 

3» = (ii>i}—yi)/(ab), 
it follows that g„ g„ are integrals of the equations (A). 
The following algebraic identity is useful : — 

for ^ = abe^(N^^/a+N,f,/b) {(£/»)'+ "Mi 

-dbc[i^/ay+(r,/by+((/cyy* 

X tan-' {(g,l/a-3. / [s. C(i/«)'-l- (#)'+ (f/c)']'] }• 
Putting Qj = qin/b-q,(/c, 
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and nsing two similar expressions for Q,, then Qi^ Qt» Q% 
integrals of the equations (A) ; therefore 

Also ^»=N,q,-N,q,. 
Then ^ = ahc(N,ila+N,r,/b) [ (f/a)' + (1/6)'] 

?: {m'+(v/br + m*]+iq,i/a-q^',|by' 

The denominator of the last fraction is (s'+gj+gj) {(5/a)'+ 
The numerator is 

= 3. iNtqtV/b-Niqt(/e—Niq^(/c+Niq,i/a) 

= -J^i (-3ig»^'c+2j^/a+3^i/a-g,gf,»j/6) 
(q'tVlb-q^qti/e-qiqii/a+^^ri/b) 

because ffi^/a+Ss'j/^+Ss^/c = 0. 

Substituting these values, it follows that 

^ = 0. 

dt 

4. The expressions for the component velocities may be verified. 

a^fe^ c^ + a' 

daj a^ + fe^ c^+a^ 
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therefore 

+ {(c'-a')(«-,-0,) + 2a',} 

= - [ { (yC-zv)]/[(q\-\'ql + ql) { m'Hv/by] ] 

= (zri-yOKq'.+^.'^q'^ 

therefore — ^ = \ ^ . 

do; o« 

Hence % = |x 

daj ox 

And two similar equations. 

III. To obtain demonstrations of the results which stand at the 
head of, this note, the properties of the equations (A) must be 
employed. 

(i.) Observing that these equations are satisfied by x/a, y/b, z/cy it 
follows that 

(x/ay+ (ylhy^- (z/cy = const. 
•(This is Dirichlet's theorem.) 

(ii.) If »!, yi, Zi be the coordinates of a particle on the surface 

(y/6)'+Wc)'=0, 

and if aj, y, z be the coordinates of a particle on the tangent plane to 
this snrface, then x/a, y/b, z/c, and also xja, y^b, zjc satisfy the 
equations (A) ; therefore 



I [xx,/a'-\-yyJb'^zzJc'] = 0. 
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Hence the particle x, y, z always remains on the tangent plane to 
the sarface 

This is theorem (2). 

(iii.) The cylinder, whose generators are parallel to the vortex 
lines, enveloping the ellipsoid 

ix/ay+iy/by+i'/cy = 0, 

i8 [ W+ a/cy] [ («/«)•+ 0] 

-[xi/a'+y,/b'+«f/c']'=0, 

i.e., k-G [ii/ay+iv/by+ii/cy] = 0. 

But ^ = 0, I [(£/«)'+ (#)'+Wc)']=0; 
therefore 

^^[[m'-^(v/hy+((/cy] {(x/ay-^iy/hy'^iz/cy^o] 

Hence the cylinders, whose generators are parallel to the vortex 
lines, and which envelope the ellipsoids 

(x/ay + (y/hy-^-(z/cy = const., 

contain the same particles of fluid. 
This is theorem (3). 

(iv.) The planes conjugate to the direction of the vortex lines are 
aj£/a^+yi?/6 -i-zi/c? = const. 

ut £ [xl/a'+yv/b'+zi:/(^'] = 0. 

Hence these planes contain the same particles of fluid. 
This is theorem (4). 
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Note on Finding the points of a given Circle with respect to a 
given Triangle of Reference. By John Geifpiths, M.A. 
Received November 11th, 1891. Bead November 12th, 
1891. 

The problem of finding the G points of a given circle, with regard 
to a given triangle, may be solved by means of the results obtained in 
Section 11 of my " Notes on the Recent Geometry of the Triangle." 

If the given triangle ABC, whose sides are a, h, c, be taken as the 
triangle of reference, and x, y, z satisfy the relation 

ax-\-hy-\-cz = ayz+hzx+cxy, 

the equation of a circle can be written in the form 

Xx-^fjiy-\-vz = 1. 

Again, a point of a circle is a focus, say G, of a conic which 
touches the sides of the given triangle of reference, and has double 
contact with the circle, the chord of contact being parallel to the 

line joining G (x, y, z) to the inverse point (—, — ). 

\ X y z / 

This being so, it will be seen that for a given triangle a given circle 
has, in general, four pairs of G points, since four conies can be drawn 
to satisfy the conditions in question. In other words, a given circle 
belongs to four different sys^tems of G circles, if a system of circles 
be defined to be one in which every circle of the system has double 
contact with a conic touching the sides of the triangle of reference. 

If, then, we take Xx-\-iLiy-\-vz= 1 

for the equation of the given circle, and write 

g = v(c\-]-ay—by—4iCay\, 

h = v^{a^-\-bX—cf—4iab\fji, 
^onal coordinates ic, y, z of the four pairs of G points of the 
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circle are 



a/1— 6X+c + ^ ' 



_ h\'-afjL-\-c-\-h ' 

^ a/i— 6X+C + A' 
by—cfM-\-a+f ' 



together with the three other pairs obtained by changing the sign of 
one of the quantities/, g, and leaving the other two unaltered. 

For example, let X = 0, = 0, and v = 0; then, taking /= a, = 6, 
and h = Cj we have 



and 



X = 



b 
c 



y 



y = 



a 

a 
b 



or, in other words, the Brocard points are a pair of G points of the 
circumcircle ABG. Similarly, by taking f = — a, g= b, and h = c, 



we have 



y = 0, « = oo; 



aj = — , y = (x>, z = 0; 
c 

i.e., G, B are a pair of O points. 

The formulae are much simplified when the given circle is a pedal 
circle, say the pedal of (a;, y, z), with regard to the triangle of refer- 
ence. In this case, the isogonal coordinates of the O points are 



yy 



y cos + g 
y + 2 cos J.' 

y+gcos J. 
yGo^A-\-z^ 



Z-\-X C08B X COS (7 + 1/ 

z COS 5 + a? ' x-\-y cos G ' 

yy 



x-\'y cos G 
xoos G-^y ' 



zcosB-\-x 

+ £BCOs5' 



together with the four inverse points obtained by writing — 
for a;, z in the above. ^ 
VOL. XXIII. — NO. 436. H 



1^ 

y 
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For example, let the given circle be the nine-point circle of the 
triangle of reference. This is known to be the pedal of the point 
(2 cos A, 2 cos B, 2 cos G) ; so that we have for the other points 

(2cos^ -^), (A,2cos5, A), (A, 2 cos C), together 

with the inverse points (| sec-4, J seoB, i secG*), sec-4, ~> 

It is easily seen that these two sets of four points are respectively 
concyclic, the first set being on the Brocard circle 

and the second on the orthocentroidal circle 

2 X cos -4 = f . 

This result can be generalized as follows, viz., — Let 0, P denote 
the centre of the circumcircle and orthocentre, respectively, of the 
triangle of reference ABC ; H the point on the line PO produced, so 
that OH—PO, Then, if (a?, y, z) be a point such that the line joining 

it to its inverse ^— , — , — j passes through H, the points of 

the pedal circle of (x, y, z), with regard to the triangle ABC, can be 
divided into two sets of four concyclic points, which lie, respectively, 
on the circles 

, y+z ooB A ,y X , zoosB-\-x / \ i -l /y \ A 
xcoaG+y x + ycosG 

, y'^-hz'^ COS A _ix , z'^oobB+x'^^ _iv , , / v _ix ^ 
« * cos (7+2/ x^ + y^coaG 

where f, ij, i denote the current isogonal coordinates of a point, or 

2a(i~i,0 = 0. 

For example, the point H satisfies the required condition, viz., that 
the line joining it to its inverse passes through ET, whose coordinates 
are 

^ 2 cos J.— 008 B cos , cos ^— cos G cos A 

* cos -4 cos ^ cos ' ^ cos J. cos jB cos G * 
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The G points of the pedal of H are H and the points 
cos^— cosE cosC cosO cosB\ 
\ cos -4 cos 5 cos C ' cosil' cos-4/ 
/ cos (7 1 cos -B— cos cos J. cos J. \ ^ 
\cosB' ^ cos J. cos J? cos C ' cobB/ 

Four of these G points lie on the circumference of the circle 

S { sin -4 = f tan A tan B tan G ; 
i.e., the circle described upon the segment FH as diameter. 

The four inverse G points of the pedal in question lie on the circle 
S£ tan J. (cos^— cosB cosO) = 2 8in-4 sinJ? sinO, 

i.e., the circle described upon OH' as diameter, where and H' are 
the isogonals of P and H. 

The above results lead to various theorems, among which the 
following may be noticed, viz. : — 

(1) Let A'RG' be a triangle which has the same circumcircle and 
Brocard ellipse as a fixed triangle ABG ; then the locus of one set of 
four G points of the nine-point circle of A'B'G' is a fixed circle, 
viz., the Brocard circle of the triangle ABG.* 

(2) Let A'B^G' be a triangle which has the same circumcircle and 
self -polar circle as a fixed triangle ABG ; then the locus of one set of 
four G points of the pedal of the fixed point H, with regard to the 
triangle A'BG\ is a fixed circle, viz., the circle described upon the 
segment FK as diameter. 



On Clifford's pap&r On Syzygetic Relations among the Powers 
of Linear Quantics" By Prof. Cayley. Received and 
Kead November 12th, 1891. 

The paper in question, originally printed. Free. Land. Math. /Soc, 
t. in. (1869), pp. 9-12, is reproduced No. xiv., pp. 119-122, of the 
Mathematical Fapers (8vo, Lond., 1882), where it is immediately 
followed by the paper No. xv., " On Syzygetic Relations connecting 

* With regard to this theorem, it should be observed that the Brocard circle of a 
triangle AJBCia the locus of a point G whose pedal triangle has the same Bro card 
angle as ABC. {April, 1892.] 

h2 
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the Powers of Linear Qaantics," pp. 123-129. The author, after 
referring to theorems in M. Paul Serret's Geometrie de Direction 
(Paris, 1869), proceeds as follows: — "By the use of Professor 
Sylvester's method of contravariant differentiation, I have arrived at 
certain extensions of these theorems, which I now proceed to explain," 
and he then states his Theorem I. : In order that a system of N points 
in a plane should all lie on a curve of the order it is sufficient that 
the p^^ powers of their distances from an arbitrary line should satisfy 
a linear homogeneous relation, the number N being given by the 
formula 

N = ^an (n+S) +i (/3 + l)(/3 + 2), 

where a is the quotient, and /3 the remainder of the division of p by 

so that p = an+/3, and i3<7i. And he then gives Theorem II., a 
like theorem as regards points in space ; and, further, two Tables, A 
and B, for the values of N corresponding to given values of n and 
in the two cases respectively. 

Theorem T. is incorrect for the first value of N in Table A, viz., if 
» = 1, = 2, then ^ = 5 ; the theorem here is : In order that a system 
of five points in a plane may lie in a line, the sufficient conditi(Mi is 
that the squares of their distances from an arbitrary line shall satisfy 
a linear homogeneous relation ; or, what is the same thing, if the 
squares of the distances of the five points satisfy a linear homo- 
geneous relation, then the five points will lie in a line. The right 
conclusion is that four of the five points will lie in a line. 

Before proceeding further, I slightly modify the form of the 
enunciation by defining (in the case of the plane figure) the power of 
a point to be its distance from an arbitrary line ; or, what is the 
same thing, tc » be the nilf actum of the line-equation of the point ; that 
is, for the point (x^, y^, z^) the power is axi + fiy^ + yzi, where a, fi, y 
are arbitrar y coefficients, or, if we please, line-coordinates. I say that 
«^'i+/^2/i~l~y^i is the first power, (aaJi-h/^^/j-fy^i)^ the second power, 
and so on. Clifford's Theorem I. thus is : If the p^^ powers of the 
N points satisfy a homogeneous linear relation, the N points are on a 
curve of the n*^ order. 

In the case n = 1, = 2, we have five points whose second powers 
satisfy a homogeneous linear relation ; that is, if (ajj, 2/1, 2^1), ...(a^s, 2/6> ^5) 
are the coordinates of the five points respectively, we have 

It i3 implicitly assumed that the points are distinct points, and we 
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thus exclude such solutions as 

Xi = Aj = Ag = 0, (a;^, y^, = h (ajj, y^, z^), + \ = 0. 

Here a, /3, y are arbitrary, and the relation is equivalent to the 
six equations 





.. + X,a!5 = 0, 




= 0, 




= 0, 




= 0, 




= 0, 




= 0; 



and hence, eliminating the X's, we have the relation 
yu zl> 2/i^i, Zi^v ^Vi =^5 



2 



X5 



viz., this means that each of the determinants, obtained by selecting 
in any manner five out of the six columns, is = 0. This is a twofold 
relation, and thus it cannot be equivalent to the threefold relation 



^li •^2? "^^gi •*'4» '^6 

Vi 

Z^ 



= 0, 



which expresses that the five points are in a line. 

But we see further that the twofold relation expresses that the five 
points are such that we can, through them and an arbitrary sixth 
point (ajg, t/g, jSg), draw a determinate conic ; and this is the case only 
if four of the five points are in a line ; viz., the conic is then the line- 
pair composed of this line and of the line joining the remaining two 
points. The right conclusion therefore is that, if the above linear 
relation is satisfied, then four of the five points lie in a line. 

Clifford's proof is rather indicated than carried out, but, from 
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reference to contra variant differentiation, and from the second paper 
mentioned above, it must have been as follows : 

Starting from the linear relatioQ considered as an identity in 
(a, /3, y), and operating npon it with joS^-^qd^+rd^, p, q,r arbitrary 
coefficients, we obtain 

+\i(p«6+32/5+^^6)(a«6 + /32/6H-y«^6) = 0; 
hence, determining the ratios of p, 3, r, say by the equations 

P^^+qy^-^rz^ = 0, i?a55 + 32/5+r«5 = 0, 

and, instead of (p^i-^qyi+rsii)^ &c., writing A^, &c., we have 

a homogeneous linear relation between the first powers of the three 
points (a?!, yi, z^), y^, z^), (arg, y^, z^), and we thus see that these 
points, say the points 1, 2, 3, are in a line ; and,' similarly, by different 
determinations of p, q, r, that the points 1, 2, 4 are in a line ; and 
that the points 1, 2, 5 are in a line ; that is, the points 3, 4 and 5 are 
each of them in the line 12 joining the points 1 and 2 ; that is, the 
points 1, 2, 3, 4, 5 are in a line. 

But, if we examine the reasoning more closely, it appears that the 
first conclusion, 1, 2, 3 are in a line, depends on the assumption that 
neither 1, 2, nor 3 is in the line 45. Suppose, for instance, that 3 was 
in the line 45, the equations px^ + qy^-hrz^ = 0, px^-^qy^+rz^ = 0^ 
imply px^+qy^-^rz^ = 0, and we have 

+ X, (poj, + qy^ + rz^) (oajj + y«,) = 0, 

or say (cuci +fiy^ + yz^) + A, (cur, + /3y, + yz,) = 0, 

satisfied by (ah, yi, = ^ (a^j, 2/2» ^s), A;Ai + A, = ; 

that is, by making the points 1 and 2 coincident. Thus, if 3 be on 
the line 45 (and similarly if 1 or if 2 be on the line 45), we cannot 
infer that 1, 2, 3 are in a line. 

I assume, therefore, that neither 1, 2, nor 3 is in the line 45 ; we 
here conclude, as above, that 1, 2, 3 are in a line. Suppose for a 
moment that 5 is not on this line ; 4 cannot be on each of the lines 
T5, 25, 35, and 1 assume, in the first instance, that it is not on any 
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one of these lines ; thus the points 1, 2, 4 are no one of them on the 
line 35, and hence, by the like reasoning, 1, 2, 4 are in a line ; that is, 
4 is on the line 12, or, the points 1, 2, 3, 4 are in a line. If, however, 
4 is on one of the lines 15, 25, 35, saj it is on 85 ; then it is not on 
25, and no one of the points 1, 3, 4 is on 25 ; hence, by the like 
reasoning, 1, 2, 4 are in a line. In this case, however, 4 being, by 
supposition, on the line 35, can only be the point 3 ; that is, 3 and 4 
would be coincident, a case which need not be considered. The 
correct conclusion from the reasoning, thus, is, not that 1, 2, 3, 4, 5 are 
in a line, but that some four of these five points, say 1, 2, 3, 4, are in 
a line. 

It is easy to see that, if we have on a line four points, then there 
exists between the second powers of these points a linear homo- 
geneous relation. For let the distances of the points from a fixed 
point of the line be a, 6, c, d respectively ; and let the arbitrary line 
meet the line in a point at a distance r from the fixed point. The 
distances of the four points from the point are thus equal to r+a, 
r + 6, r+c, r+fi respectively ; and hence, writing Tc for the squared 
cosine of the inclination of the two lines, the second powers of the 
four points are= A; (r-f a)*, h (r+6)^ h (r + c)', h (r+ei)* respectively; 
and we have thus, between the secoud powers jj^, p^j jjg, of the 
four points, tho homogeneous linear relation 



Piy 1, a, a' 

Pj, 1, 6, 6* 

J?8» 1> c, <? 

Pij 1, d, 



= 0. 



Moreover we can, in an infinite number of ways, form a linear combi- 
nation A^Pi+ A^p2 + A^p^-^ A^p^^ of these second powers, which shall 
be independent of r, and have any given value whatever. "We can 
therefore make this sum to be equal to the second power of any point 
5 whatever (not on the line containing the four points) in relation to 
the arbitrary line ; that is, given the four points in a line, and any 
other fifth point, we can establish between the second powers of these 
five points a linear homogeneous relation 

with non-evanescent values for each of the coefficients A. We thus 
see how, to the linear homogeneous relation between the second 
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powers of the five poiDts, there corresponds properly the non- 
symmetric relation : four of the five points are in a line. 

The most simple cases are when p = n, viz., pz= n=i2, N=6 ; 
2> = w = 3, N=zlO, and generally = f (» + l)(n-f 2) ; and for 
these Clifford's theorem is easily verified. I have not examined the 
other cases, bnt it is probable that in each of them a correction is 
required. 



December 10th, 1891. 
Professor GRBENHILL, F.R.S., President, in the Chair. 

The auditor, Mr. Heppel, made his report, and a vote of thanks was 
unanimously accorded to him for the trouble he had taken in verifying 
the several items of the Treasurer's report. 

Miss P. G. Fawcett, Newnham College, Cambridge ; the Rev. C. 
H. W. Johns, M.A., late Scholar of Queens' College, Cambridge, 
St. Peter's College, Peterborough ; Mr. A. E. JoUiffe, B.A., Fellow of 
Corpus Christi College, Oxford ; Mr. A. Larmor, M.A., Fellow of 
Clare College, Cambridge ; and Miss L. E. Worsfold, M.A., Associate 
of Bedford College, were elected Members. 

The President paid a feeling tribute to the memory of his former 
colleague at the Royal Indian Engineering College, Cooper's Hill, 
the late Professor Wolstenholme, and gave a brief sketch of his 
mathematical work. 

The following communications were made : — 

The Equations of Propagation of Disturbances in Gyrostatically- 
Loaded Media : Dr. J. Larmor. 

Theory of Elastic Wires : Mr. Basset. 

Researches in the Calculus of Variations. — II. Discrimination 
of Maxima and Minima Solutions when the Variables are con- 
nected by Algebraical Equations, the limits being supposed fixed: 
Mr. E. P. Culverwell. 

Note on the Algebraic Theory of Elliptic Transformation : 
Mr. J. Griffiths. 

The Treasurer and Mr. J. Hammond made short impromptu 
communications. Messrs. Larmor, Basset, Kempe, Forsyth, Love, 
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S. Roberts, and the President, took part in the discussions on the 
papers. 

The following presents were received : — 
** Educiational Times " for December. 

** Journal of the Institute of Actuaries," No. clxiii., October, 1891. 
«* The 5;ducational Review," Vol. i., No. 1. 

"Transactions of the Canadian Institute," Vol. ii., Part 1, October, 1891. 
"Bulletin des Sciences Math^matiques,*' November, 1891. 
** Beiblatter zu den Annalen der Physik und Chemie," Band xv., Stuck 10. 
" Journal de I'llcole Polytechnique," Cahier 60. 

** Beale Istituto Lombardo di Scienze e Lettere — Rendiconti,*' Vol. zxni. 
" Atti della Reale Accademia dei Lincei — Rendiconti," Vol. vii., Fasc. 8. 
"Memorias y Revista de la Sociedad Cientifica * Antonio Alzate,' " Tomo iv., 
Nos. 11 and 12. 

"Memoiresde la Soci^te des Sciences Physiques et Naturelles de Bordeaux," 
Tome v., Cahier 2 ; Paris, 1890. 

"Bollettino delle Pubblicazioni Italiane,- ricevute per Diritto di Stampa," Nos. 
141 and 142. 

" Die Vergrosserung des Erdschattens bei MondlSnsternissen," von J. Hartmann ; 
Leipzig, 1891. 

" Ueber die Reihenentwickelungen der Potential- theorie," von Maxime R6cher ; 
Oottingen, 1891. 

** Die Clausius'schen Coordinaten," von L. Kronecker. 

" Observations Pluviom^triques et Thermometriques faites dans le Departement 
de la Gironde," Note de M. G. Rayet; Bordeaux, 1890. 



On the Theory of Elastic Wires. By A. B. Basset, M.A., P.R.S. 
Received December 2nd, 1891. Read December 10th, 1891. 

1. When a thin wire, whose nlitural form is any curve, is slightly 
bent and twisted, and the extension of the axis is neglected, the 
solution can be effected by means of a method originally due to 
Dr. Besant.* The stresses which act across any transverse section 
of the wire are six in number, aud consist of (i.) a tension T along 
the tangent ; (ii.) a shearing stress along the principal normal ; 
(iii.) a shearing stress along the binormal; (iv.) a torsional couple 



* Qmrt, Joum, of Math,, Vol. iv., p. 12. 
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H about the tangent ; (v.) a couple Gi about the principal normal ; 
(vi.) a flexural couple about the binormal. By resolving the forces 
which act upon an element of the wire parallel to these directions, 
and taking moments about them, we obtain six equations connecting 
the six stresses, which are sufficient to determine the latter, when the 
form of the wire in its unstrained state is given. These equations 
do not, however, enable us to determine the form of the wire in its 
strained condition. In order to do this, we require certain additional 
equations, which will enable us to obtain four equations connecting 
the displacements of any point on the axis, together with a quantity 
/3, such that dfijds measures the twist of the wire per unit of length. 
When the wire is inextensible, these equations, as we shall proceed 
to show, can be obtained by calculating the values of the three 
couples. 

We shall confine our attention to thin wires, the natural forms of 
whose cross-sections are uniform and circular. The term thin must 
be understood as meaning, that the radius of the cross-section of the 
wire is small in comparison with the radius of curvature of its axis. 
The only perfectly rigorous method of dealiui^ with a problem of this 
character, is to start with the general equations of motion of an elastic 
solid, expressed in terms of some convenient system of coordinates ; 
to solve them ; and then to determine the arbitrary constants which 
appear in the solution, by means of the boundary conditions. But 
the mathematical difficulties in the way of obtaining a solution by a 
method of this kind are of so serious a character, as to render it 
almost hopeless to attempt to attack the problem in this way. Under 
these circumstances, the only course open to us is to employ an in- 
direct method, depending upon certain assumptions, which will now 
be explained. 

2. Let Q be any point on the axis of the wire, 
when undeformed. Through Q, draw three axes 
QiCj QV't Q^i which respectively coincide with the 
principal normal, binormal, and tangent to the 
axis at Q. Let u, v, w be the displacements of ^ 
Q parallel to these directions. Our object is to 
express all the stresses in terms of u, v, w and 
their differential coefficients with regard to the 
arc 8 ; but it will be found, as we proceed, that it will be necessary to 
introduce the quantity /3. 

Let F be any point on the cross-section through Q ; let QP = r, 
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PQx = 6, so that Q is the angle which QP makes with the principal 
normal at Q. Let u, v\ w' be the displacements of P, along and per- 
pendicular to QP, and parallel to the tangent at Q. Then vl^ v', 
are functions of the position of Q, and also of r and 6. Now it will 
subsequently appear that the portion Fq of v\ which does not involve 
is zero when P coincides with Q, but that Y^\r is finite ; the quantity 
^ is the value of F^/r when r = 0, and is evidently a function of the 
position of Q, such that d^jds measures the twist per unit of length. 

Since u\ v\ w' are periodic functions of ^, we may evidently express 
them in the form of series of sines and cosines of multiples of d, and 
may write 

u' = Uo-\- JJ^ cos e-\- TJ[ sin 0-^ (1), 

where TJ^^ ... are functions of r, and the coordinates of Q, Since 
none of the quantities can be infinite when r = 0, they may be ex- 
panded in series of powers of r, and we may write 

Z7.= «.+.|.+i^^ + (2), 

where Uq, dujdr, &c. denote the values of Uq, dUJd/r^ when r = 0. 

The values of these quantities cannot be obtained by a direct 
method ; I shall therefore adopt a procedure analogous to that 
employed in my papers on thin elastic shells.* 

3. Let R be the traction, perpendicular to the middle surface, at 
any point of the substance of a thin elastic shell ; and let T be the 
two shearing stresses, parallel to the middle surface, which tend 
to produce rotation about the lines of curvature of the latter. 
The boundary conditions require that 22, S, and T should be zero at 
every point of the free surfaces of the shell, provided the latter are not 
subjected to any surface pressures or tangential stresses. At any point 
of the substance of the shell, B, 8 and T are not zero, except in 
special cases ; but I have shown, in my papers on this subject, that if 
we are content with an approximate solution, which does not involve 
higher powers of the thickness than the cube, in the expressions for 
the kinetic and potential energies, B, 8 and T are small quantities, 
which may be treated as zero, inasmuch as their retention would 
lead to higher powers of the thickness than the cube. In the 



* Froe. Lond. Math. Soc, Vol. xxi., p. 33; Phil.. Trans., 1890, p. 433. 
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case of a bent and twisted wire of small cross-section, let P, Q, 
i2, T, JJ be the stresses at any point P of the substance of 
the wire, referred to QP, an axis perpendicular to QP in the 
plane of the section, and to the tangent to the central axis at 
Q, The boundary conditions require that P, T and U should 
vanish at every point of the surface of the wire, provided the latter is 
not subjected to any surface pressures or tangential stresses. In the 
case of a naturally straight wire, which is bent into a plane curve 
without extension, the potential energy and the flexural couple are 
proportional to the fourth power of the radius of the cross-section ; I 
shall therefore assume, from analogy to the theory of thin shells, 
that the three stresses P, T, JJ are small quantities^ which may he treated 
as zero, provided the surface of the wire is not subjected to any surface 
forces, such as pressures or tangential stresses ; and provided also, that 
the approximate eocpressions for the energy and the couples, do not include 
any higher powers of the radius of the cross-section than the fourth. 

To prevent misconception, it may be well to point out that this 
hypothesis does not assume that P, T and U are actually zero. The 
subsequent methods of procedure are very similar to those adopted in 
my papers on thin shells, and it will be found that several results 
drop out, in the course of the work, which can be verified by other 
methods. 

4s, We shall first obtain the equations of equilibrium in terms of the 
sectional stresses T, Ni, N^, H, G^, G^. 

Let Q' be a point on the axis near Q ; let 0, 0' be the centres of 
principal curvature at Q, Q' ; let ^, ^rt be the angles of coutingence 
and torsion at Q, so that QOQ'= If, OQV= ^17; let p, <r be the 
radii of absolute curvature and torsion at Q ; also let T+ST, Ni-{-^Ni, 




z 

&c. be the values of the sectional stresses at Q'. Let X, Y, Z be the 
components of the bodily forces per unit of length of the wire. 
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Resolving parallel to Qz, Qx, Qy, and taking moments about these 
lines, we obtain 



ds 



ds p ' 

-^ + ^+ x = o, 

a- p 

^. + ^+ T=0, 
ds <r 



ds p 
<r p 
ds <r 



ds 



(3). 



5. We must now find expressions for the strains, in terms of the 
displacements. 

Let u', v', w' be the displacements of P along QP, perpendicular to 
QP, in the direction in which increases, and parallel to the tangent 
at Q, Since is measured from the principal normal Qx at Q, it 
follows that, if r-h ^r, p^<p be the coordinates of a point P' in the 

cross-section through Q', then 

O'Q'P' = 8 + E0, and OQ'P = + ^0 + Bri. 

Let t^'-f^it', v'+^u', w'-^hw be the displacements of P' along Q'P', 
perpendicular to Q'P', and perpendicular to the plane of the cross- 
section through Q' ; also let u'-^-^u^ v' + Av', w'-\-Aw' be the dis- 
placements of P', parallel to the directions of u\ v, w\ that is, to 
Qic', Qy\ Qz. 

Then Bx' = ^r, ^2/ '= ~ (jo— rcos0) (4); 

whence, in the limit, 

Au dv^ Av' _ dv^ Aw' dw' 

Sx'^dr' Br' ^ dr' Ix " d/r 



(5). 



Now u -\-Auldy,hy is the displacement, parallel to Qx\ of the 
point whose coordinates are r, rid, ; whence 

Au = {u + dujde . BB) cos ^0 - {v + e2i;7d0 . ^0) sin BO-u 
accordingly, ^rri = ^ ^ Jl_ (g) 



%' 
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Similarly. _=__+_ (7). 

Aw' _ 1 dw' 

dy' ~ r d0 ^^^^ 

Let P' be a point in the plane OQ'P\ such that 

Q'r = QP, and P'Q'0=:PQO. 

Then the coordinates of P' are r, 6— Sri, and joS^ ; whence the value 
of Su' at P' is 

and similarly for ^ti?'. 

Now u+Au/dz,Sz is the component displacement of P', parallel 
to QP ; whence 

Au = { (t*' + ^1*') cos - (u' + at;') sin ^} cos ^0 cos 6 

+ { (t*' + ^m') sin ^ + (v' + cos ^} sin e + (w' + sin a^cos ^ - u 
= at*'+tt;'cos^a0 ; 

accordingly, ^ = — ^^+ii;'cos6) (9). 

dz rcos(^\a0 <r / 

Similarly, Au' = ^i;'— w' sin 6 ^ ; 

whence ^ = ^ f ^' --^ ^ -w' sin fl) (10). 

dz fi^r cos \d<l> a- d$ I 

And Aw = ^it;' — («*' cos B—v sin ^) ^0, 

whence | ^ ^J^- («'co8 6?~t;'sin 0) } ...(11). 

dz p—rco8 0{d<l> a dd ) 

We shall find it convenient to introduce, in certain portions of the 
work, two new quantities /3 and y, such that 

V = r/3, w;' = (p—r cos 6) y (12), 

80 that jd is the angular displacement about the tangent to the axis 
of the wire, and 'y is the angular displacement about a line through 
parallel toJJM^UMpMiL We thus obtain the following equations 
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/=Ti+f (»). 



for the strains, in terms of the displacements, viz. : — 
du 

r dS r 

9 = —^(t^ -ti.' cose W Bind) (15), 

p^r COS 6 \ dip / \ 

^ _ p—rcoBd dy 1 di/ p df/ 

r dd p~rcosO d^ <r(p-rco8^) dO 

^ = — ^ +(f>-rcos e) ^ e — - ^'...(17), 

p-r COS ^ dr a- (p^r cos d) dO ^ ^' 

c=|i'.JL + l^' (18). 

dr r r dd ^ ^ 

6. The valnes of the three couples are evidently 

^0 Jo 

0^= r r'Er*sin0(Zrdd, 

Jo Jo 

Oi = — \ \ Br^coaOdrdO, 



Jo Jo 

where, in these equations, c denotes the radius of the cross-section of 
the wire. 

From these equations, it appears that the terms in a, which involve 
6, contribute nothing to the value of fi", since they disappear upon 
integration. Similarly, only those terms in E, which involve sin 
and COB 6, contribute anything to the values of O^, G^. We may, 
therefore, in calculating the couples, omit all terms involving sines 
and cosines of multiples of d higher than the first ; and we may also 
omit powers of r higher than the first, in calculating the strains, since 
such terms would introduce into the values of the couples higher 
powers of c than the fourth. 

7. Since all the quantities are periodic functions of 0, they may be 
expanded in series of sines and cosines of 0, the coefficients of which 
are functions of r and 8. We may, therefore, write 

u'= Uo-\-UiCoaO+U{aine-\-..: 

v'= 7o + FiCO8e-h7i'8in0+... ■ 

y = To +riCos^ + r; sin(^ + .... 



.(19). 
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Let V, w denote the displacements of Q, parallel to the principal 
normal, the binormal, and the tangent. Then, when r == 0, 

which requires that, when r = 0, 

[7o = 0, 7o = 0, u=U, = -V{ (20). 

Similarly, when r = 0, 

which requires that 

Fo = 0, Uo = 0, v = V,= m (21). 

Since CT^, vanish when r = 0, it follows that these quantities 
must contain r as a factor ; we may therefore write the first two of 
(19) in the form 

••='(-+'f)+( "+'t+4''^)-»' 

} W- 

It is also necessary that the strains should be finite when r = ; 
and, on substituting the above values of u\ v in (13), (14) and (18), 
it will be found that this condition is satisfied. It also follows, from 
(16), that y must be of the form 

In (22) and (23), Uq, dujcb-y &c.,are the values of the quantities on 
the axis of the wire, and are therefore functions of s (or <(>) alone. 
The values of e and / are 

* ) •'»• 

Hf-frM^-^)h" (^«- 
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Let o-i, be the extensions, at anj point of tlie axis, along the 
normal (measured inwards), and the binormal. Then, when r = 
and = 0, 

« = <^i» / = ; 

when r = and = |ir, 
when r = and 6 = fir. 



e = <r, ; 



Accordingly, we find that 



du^ dvi , o 



^8 '^0» 



dr 



= Co— (Ti, 



8. We must now introduce the conditions that the stresses P, T, U 
are small quantities, which, to the above order of approximation 
may be treated as zero. 

By (18), (22), and (26), the condition that U=0 gives 

-{..-S+ir@-^)i™. = 0. 

Since this equation must be true for all values of r and 0, we obtain 

(27)^ 



— = 0, o-i = <r, = Uo, 



d\ _ d^ui d^Ui _ (Pv'i 
dr^ ~ dr^' dr^ " dr^. 

Equations (22), (24) and (26) may now be written 

e = <r,+2r fs +r ^ cos tf-r ^sin tf,' 
dr dr^ dr^ 



.(28X 



.(29). 
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By (17), (23), and (28), the condition that T = gives 

(l-h21co8e)U^+(l|^-^) cosO^(lp^±) sine] 
\ p / L p d(j) \ p d<^ (T J \ p d<p fT I ) 

+ (,-,eos«){|^+r^ + (y, + 2r|i)cos^+(yI+2rf)8in^^ 

= 0. 

Since we neglect powera of in the stress equations, it follows, by 
equating the coefficients of r, cos fl, sin ^, to zero, that we obtain 

^ = 0, ^ = ^^ = 
dr * dr ^ dr ' 

d?y^ _ 1_ da\ 1^ / A. iL\ 

di^^ p^ dip p^ \ p d<t> <r/' 

^ p \p d<l> a-/ 

/ 1 f \ dv , u\ 
p \p d<l> n J 

whence ^ = _ + _ 

_ ^ f 1 *t _±)costf- (1 ^^'^\ sin 6 (30). 

p\/t>a0 <r/ p \ p d<l> a- I 

And therefore, by (12), 

. u; = ~ -T"^— ^ I ; — cos^— r ( ; — | sm^... (31). 

2pc?0 \p dtp p <rl \ p d<^ (T I ^ ^ 

By (15), (28), and (31), the value of g is 

r { d I \ du , w V \ . 7 « 

where o-g is the extension of the axis along the tangent ; so that we 

, \ dw u ,00 \ 

have 0-8 = (33). 

p p 

Now P = {m'\'n)e'\'{m--n) (f+g) ; 
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(m + n) \ (r, + 2r ^ +r ^ cos 0- 
C dr dr 



+ (m — n) |(ri+ ^ +^ ^ ^""^ ® + ^8 



Accordingly, 

2m(ri + (m — n) (Tg = 0, 



= 0, 



(34). 



iri—n dr^ p d<l>\ p d<l) p <t I p' 

2m d\ _l d / I dv ^ }L]^A 
m—n dr^ p d<l>\ p dfj* <r / /t> ' 

From the first of these equations, we see that the ratio of lateral 
contraction to longitudinal extension is equal to (m— w)/2m, (Pois- 
son's ratio), which is a well-known result. 

We have now completely determined all the unknown quantities ; 
whence, denoting the right-hand sides of the last two of (34) by X 
and /Lt, and collecting our results, we obtain 



u' = ro-i+w cos e-^v sin 6+ , ^ (X cos ^H-/x sin 0), ) 

V =^ rfi + V cos O—u sin 0+ (^"'"^) ^ (X ^_ ^ ^os 0), 

4m 



.(35), 



e =/= ^""""^^ (\ cos fl+A* sin fl) (36), 

2m I 

whilst the values of y, w\ and g are given by (30), (31), and (32). 

9. We can now calculate the three couples. 
By (16), (30), and (36), 

r (dfi , 1 dv , u 



p \a<l> p dtp <r / 



(37). 



As we shall no longer require to use the value of c for the strain 

1 2 ^ 
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given by (18 J, we shall henceforth employ this letter to denote the 
radius of the cross- section of the wire ; whence 



Also, 



Gi = I* j Er* sin drdO, 



G^=-\ \Br^co8edrde, 



(39). 



Now B = (m+w) g-^(m — n) (e+f) ; 

whence, by (32), (34), and (36), 

Q (3m— n) nirc* j A. A / Jl ^ H\ _ _^ | /^Q) 

* 4!m \ p d(l>\ p dfj} <T I p J ' 

— (3m— n) mrc* CI cZ/lc^^^M? i;\^ (ri — o-g l ^^^v 
^ 4m (pc20\pcZ^ p o-/ p ) 

Equations (38), (40) and (41) give the values of the three couples 
in terms of the displacements and /3. 

10. We have now obtained all the materials we require for the 
complete solution of the problem, 'provided the wire is inextendhle. For 
if we substitute the values of H and in the fourth of (3), we obtain 
one equation. In the second place, substitute the values of fl", 

in the last two, then substitute the values of N^^ thus obtained, 
in the first three of (3), and eliminate T. This gives two more 
equations. We have therefore, three equations, which, together with 
the condition of inextensibility, give four equations to determine the 
four unknown quantities v, w, p. 

If the wire were supposed to be extensible, it would be necessary to 
proceed to a higher degree of approximation, so as to include terms 
involving in the expressions for the strains ; but the resulting 
equations would be of a complicated character, and would be of very 
little practical value, since, in most applications to spiral springs, we 
may suppose the spring to be inextensible. 

11. The preceding method does not enable us to calculate the 
potential energy due to strain, even when the wire is inextensible. 
In this case, the values of the strains, given by (36) and (37), are 
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proportional to r, and the resulting value of W would be 

where q is Young's modulus. It might, however, happen that e, /, ^, 
a contain terms involving sines and cosines of multiples of higher 
than the first, whose coefficients contain the^rs^ power of r; and, if 
such were the case, these terms would not disappear on integration. 
The correct expression for the potential energy, when there is exten- 
sion as well as flexion and torsion, might probably be obtained by 
proceeding to a higher degree of approximation, but the work would 
be complicated. From analogy to the case of a thin plate, wo 
should infer that the complete value of the potential energy consists 
of three distinct terms, viz. : — 
(i.) A term 

which is proportional to the square of the radius, and depends solely 
upon the extension of the axis, and not upon flexion or torsion. 

(ii.) A term depending principally upon flexion and torsion, but 
into which extensional terms also enter. These two terms are ana- 
logous to the first two terms in the expression for the potential energy 
of a thin cylindrical shell.* 

(iii.) A term involving quantities which depend upon extension, 
torsion, and flexion, and which disappears when the wire is inex- 
tensible. This term would correspond to the last two lines of the 
expression for the potential energy of a cylindrical shell ; an d its 
value could not be calculated without proceeding to a higher order of 
approximation. 

12. We shall now calculate the change of curvature due to strain.f 
Let Qg, Q, Q, be three adjacent points on a tortuous curve. Then, if 
and ri are the angles of contingence and torsion at Q, the coordinates 
of Qi, relatively to Q, referred to the normal, binormal, and tangent, at 

Q, are ^p^', 0, ; 

* FhiL Trans,, 1890. Equation (24), page 443. 

t When a wire or a surface is slightly deformed in any manner, it is evident 
that a number of expressions might be obtained, for various geometrical quantities 
relating to the new curve or surface (such as the changes of curvature, torsion, and 
the like), in terms of the displacements m, to. The subject is one of great interest 
from a geometrical point of view, and has been considered in a paper by Clerk- 
Maxwell, ** On the Transformation of Surfaces by Bending," Trans, Camb, FhiL 
Soc, Vol. IX. ; and Scientific Papers, Vol. i., p. 80. 
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powers of higher than 0* being neglected. The coordinates of are 
obtained by changing the sign of <p. 

Let Qa, Q, Qi be displaced to B^, E, Ej, and let u, v, w be the dis- 
placements of Q, parallel to the normal, binormal, and tangent. Then, 
since we have to take into account infinitesimals of the second order, 
it follows that 



and 




where the accents denote differentiation with respect to the arc s. 
Whence, if u-i-Su, v-\-Bv, w-\-Bw be the displacements of Qi, parallel to 
the normal, principal normal, and tangent, the coordinates of IJj, 
relatively to B, are 

{(u'\-Bu) cos r/ — (v + ^t?) siniy} c^s <!> (w + ^w) sin^-f- ~2^'~'^ — ^• 

Now Su = su-\-^s^u\ &c., 

whence, substituting the values of Su, ly, ^, Ac, and neglecting! cubes 
of small quantities, we obtain 

\ (T p I \ p p* cr* <r (T p p ' 

By proceeding in a similar manner, we can show that the coordi- 
nates of Bi, relatively to JB, are 



where 



A8-\-A's\ Bs^-B^f, Gs+CTs^ 
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The coordinates of B„ relatively to E, will be obtained by changing 
the sign of s. 

If ^e' be the angle of contingence of the deformed curve, 

whence = 4 (J'^+^+g') ^ 

and SB' = (4' + iJ* + 0») »»/?'• 

Substituting the valaes of A, A', <fec., and reducing, we obtain 

p' - ' 

or !._ J. = ^_ JL_2«'^.»£l^w /42) 

p' p d»' a* <T a* p p* 



= l^ll.^+E.-±)-JL-^ (43). 

p \ p dtp p HI &* a- 



Comparing this result with (41), we see that when the wire is a 
plane curve, and is inextensible, the flexural couple is proportional to 
the change of curvature. The more rigorous theory, developed in the 
present paper, accordingly agrees with the imperfect theory given in 
the books on elasticity.* 

13. We are now in a position to obtain the equations of motion. 
Let h be the density, then, in the first three of (31), we must write 

for Z, and T. 

If the wire were subjected to impressed forces, which are reducible 
to a resultant couple as well as to a resultant force, it would be neces-' 
sary to add terms of the form N, L, M to the left-hand sides of the 
last three of (3) ; whence, if the wire is in motion, we shall have 

- jV = ^ I j ftr^drde = iir/wj* A 

-JD= h^^W7^amedrde = -'{nhc'{^-\- . 

* I am indebted to Mr. Lachlan for examining the analysis of this section. 
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as p 

-7-* * H — = hvcru^X, 



as a- 



as a- p \ds <r/ 

as a- n ^ds <r/ 
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.(44). 



M.. We shall now apply (44) to investigate the vibrations of a 
complete circular wire. 

In the first place, the wire is capable of radial vibrations, which 
depend solely upon extension. Here ti; = v = 0, and 

W = \tr<?qu^la\ 

-where a and c are the radii of the axis and cross- section respectively. 
Whence the equation of motion 

where p now denotes the density ; whence 

T = 2ira (p/q)^' 

The notes yielded by these vibrations are of high pitch, and of not 
much physical interest. 



15. To investigate the remaining types of vibration, we must 
employ the general equations of motion. 

^If M be the mass of the wire per unit of length, equations (44) 
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become 



= Maw, 



-\-T = Man, 



dip 



= Mav, 



dip 



dG, 



dG^ 
dip 



also 



(2^ 



(45); 



.(46). 



The values of the couples may be written 

Mnc^ /dfi ^ 1 dv\ 
2pa \dtp a d(p/^ 



If we substitute the value of in the sixth of (46), and then 
eliminate N^, T, and w, from the first and second (46), the resulting 
equation will involve u alone, and not v or )8. This equation deter- 
mines the flexural vibrations discussed by Hoppe and Lord Rayleigh, 
whose frequency is determined by the equation 

where « = 2, 3, 4 ... . 

To find the period of the torsional vibrations, eliminate Oi and H 
from the fourth of (45), and we get 



(48). 



Eliminating 0^, H and from the third and fifth of (46), we get 



4a* do* 4a' 



2a* 4a'' d^' 



pv. 



.(49). 
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To solve these equations, let 

also let \ = c/a. Then 

2a (pay--ns'^iq) B = (2n+q) F, 

and 

j p(l+iXV)p'- g (2«+g^) j 7 = ^(2«+ff) B; 

whence 

pV (H-iXV)2)*-ip {2n«»+2+J\V [2n (»»+2)+3 (2«»+l)]}jp» 

+ !i2^ (««_!)« = ! (50). 

From this equation, we see that the torsional vibrations consist of 
two distinct types. One type consists of vibrations of short periods, 
which are comparable with the periods of the extensional vibrations ; 
whilst the other consists of vibrations of long periods, which are 
comparable with those of the flexnral vibrations. If we neglect 
powers of X higher than the second, the value of frequency of the 
vibrations of long period is given by the equation 



^*(2n«* + 3) 
Whence ^^2«^2» 

Since 2n<3,jp,<jpi ; whence the periods of the flexural vibrations 
are slightly less than those of the torsional vibrations of long period* 
The gravest note occurs when « = 2, in which case 

^« pa*(8n+g)* 

16. When a naturally straight or twisted wire is subjected to a finite 
deformation, the displacements «, w are not small ; and it would 
therefore be unsafe to apply the preceding theory to the finite bendin*^ 
and twisting of wires, without further investigation. There are, how- 
ever, certain statical problems in which it is unnecessary to find the 
displacements ; and in questions of this character equations (3) may 
be applied under certain limitations. The equations in question are 
of a perfectly general character, and apply to the finite bending of 
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wires, provided p and c are the radii and torsion of the deformed wire ; 
and, if the form of the axis of wire, when displaced, be given, p and o- 
are known quantities, and we may empl?5y f3) to ascertain whether it 
is possible to maintain the wire in equilibrium by means of stresses 
applied to its extremities; and, when this is possible, the above 
equations will enable the stresses at any point of the wire to be 
calculated. If, however, the displaced form of the wire is not given, 
p and (T are unknown quantities, and (3) do not furnish sufficient 
equations to solve the problem of finite bending. But if the 
wire is a plane curve, both before and after deformation, and we 
assume that the flexural couple 63^2 is proportional to the change of 
curvature, the problem of finite bending can be completely solved. 

17. We shall now apply (3) to investigate the small deformation 
of a wire whose natural form is a helix, one end of which is fixed, 
whilst a weight W is attached to the other end ; and we shall neglect 
the weight of the wire. This is the problem of an ordinary spring 
balance, which is used for weighing meat, and for a variety of other 
purposes. 

In this case 

1 _ cos^ g 1 sin a cos a 
p a * a- a 

Substituting the value of Gi, from the fourth of (3), in the last 
two, we obtain 

''^-^+7 = -^' 

dH^_^ dN, (52), 

as a- as ds 

whence 0^+ -^^ H = <r {N^+ TTcos a) (63), 

a- 

the constant being determined from the condition, that the couples 
mast vanish at the end to which the weight is attached. 

From (51) and (53), we obtain 
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Substituting from (62) in tbe first of (3), we get 

!r= TFsina-^--; 

P 

whence T == sin a - |<r J ^ + y cos o + JBT + | . 
Accordingly, from the second of (3), 

Tbis differential equation determines JBT; and tbe four arbitrary 
constants are found from the conditions that, at the extremity to 
which the weight is attached, 

iT = 0, 

0^ = 0, whence = 0, 

as 

Gi = 0, whence 4- — cos a = 0, 

ft 

Ni = 0, whence = 0. 

These conditions are sufficient for the complete solution of the 
problem, and we can thus obtain the values of the stresses at any 
point of the wire. 

[Added March Ibth, 1892. 

18. I shall conclude this paper with some observations upon Saint- 
Venant's theory of the torsion of prisms. 

The theory of wires which is associated with the names of Clebsch 
and Saint-Venant, depends upon the assumption, that the stresses 
P, Q, U are accurately zero ; and this assumption appears to me to be 
a highly objectionable one to found a theory of wires upon. It is, of 
course, a legitimate subject of enquiry to start with the supposition 
that these stresses are zero, and then to proceed to ascertain what 
forces must be applied to produce this state of things ; but an investi- 
gation of this kind is totally different from one, which seeks to base a 
theory upon an assumption of this character. The results of the 
paper show, that there are strong grounds for supposing that P, Tand 
U are small quantities, which may he treated as zero, subject to the 
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limitations contained in the paper ; and I consider the truth of this 
hypothesis to be as firmly established as is possible by an indirect 
method, which does not profess to be founded on a rigorous mathematical 
investigation, based upon the general equations of motion of an elastic 
solid. No valid reason exists for assuming that Q may be treated as 
zero ; for, since it is not zero at the boundary, there is nothing to pre- 
vent its having a value, which would render it inadmissible to treat 
it as a small quantity. 

19. I shall now proceed to examine Saint-Venant's theory of the 
torsion of prisms. 

Let a cylinder, whose cross-section is any plane curve, and is 
bounded by two planes perpendicular to its axis, be maintained in 
equilibrium under the action of equal and opposite couples H. The 
conditions of equilibrium are the following (rectangular coordinates 
being used). 

(i.) The resultant of the stresses, which act upon any cross-section, 
must be equal to the terminal couple ; whence 



B dxdy = 0, 
{Sx—Ty) dxdy = H", 



0, 



(1), 



II Bx dxdy = 0, || % dxdy = 0, 

where the integration extends over the cross- section. 

(ii.) At every point of the curved boundary, the normal traction and 
the two tangential stresses perpendicular to the normal must vanish; 
whence, if be the angle which the normal at any point of the curved 
boundary makes with the axis of aj, 

P^cos' e-\- Q sin' 0+ Usm 2^ = 0, 1 

1 (Q-P) sin 20+ UcoB 2^ = 0, [ (2)' 

iSsin^+rcos^ = 0, J 

(iii.) At every point of the substance of the prism, it is necessary 
that the displacements should satisfy the general equations of equili- 
brium of an elastic solid. 
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To satisfy these conditions, Saint- Venant assumes that 

u = ^ryz, V = Txz^ w = r0 (3), 

where r is a constant, and is a function of x and y alone. 

It can then be shown, that the general equations will be satisfied if 

^^S-o • 

Introducing the conjugate function such that 

dtpjdy = d\p/dx, d^pjdx = —d\p/dy, 

the last of (2) requires that 

^-^i(x'+y') = const (6) 

along the boundary ; whilst all the other conditions can also be shown 
to be satisfied. The solution is, therefore, reduced to determining 
the velocity potential of a liquid, which is contained in a rotating 
cylindrical cavity of the same form as the prism. 

20. The merit of Sain t- Venant' s solution is that, by a happy pro- 
cess of induction, he arrived at a simple and elegant method of 
solving a problem, which it would be exceedingly difl&cult to attack 
by means of a general solution of the equations of equilibrium. The 
solution is^ however, of a very special nature, and only applies to the 
case of a prism held in equilibrium by terminal couples. Moreover, 
the solution must not be pushed beyond due limits ; for if a long, 
narrow bar of india-rubber, or a steel wire, were held in equilibrium 
in this manner, it is obvious that, if the couple exceeded a certain 
magnitude, which depends upon the linear dimensions and elastic 
constants of the material, the axis of the bar would be deformed, and 
Saint- Venant's solution would no longer be applicable. It must, 
however, be recollected, that the solution of statical problems is not 
necessarily unique, in the sense that a solution, which satisfies all the 
conditions, is the only one possible ; for it frequently happens that 
when a system is in equilibrium under the action of given forces, there 
are several positions of equilibrium, some of which are stable, whilst 
others are unstable ; and it might very well happen that Saint- 
Yenant's solution gives a possible form of equilibrium, which becomes 
unstable unless certain conditions with regard to the linear dimen- 
sions and elastic constants are satisfied, and that a stable form of 
equilibrium exists, in which the state of things is altogether different 
om that contemplated in Saint-Yenant's problem. It must also be 
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borne in mind, that the general equations of an elastic solid, in terms 
of the displacements, only apply to small deformations, and that a 
deformation involving finite displacements would require different 
treatment. 

The assumption that P, Q, CTare actually zero, or may, to a certain 
degree of approximation, be treated as zero, fortunately does not con- 
stitute a necessary part of the theory. It simply drops out as an 
incidental result. The essential feature of the solution consists in 
showing, that it is possible to satisfy all the conditions of the problem 
by certain given values of u and v, and a value of w which can be 
determined when the form of the cross-section is known. 

21. The infirmity of Saint- Venant's solution is, that it does not 
completely take into account the conditions to be satisfied at the flat 
ends of the prism. If, for example, the fiat ends were rigidly attached 
to two planes, one of which is fiz^ whilst the other is turned 
through a small angle about the axis, the conditions which u and v 
must fulfil would be satisfied ; but the value of w would have to be 
the same at every point of the flat ends. Hence the complete value of w 
must be some function of x, y, and z which becomes independent of 
X and y at the ends. If, however, the length of the prism is consider- 
able, in comparison with the linear dimensions of its cross-section, and 
we confine our attention to points at some distance from the ends, the 
error, committed, in neglecting the above-mentioned boundary con- 
ditions, would probably be unimportant.] 



' The Equations of Propagation of Disturbances in Gyrostaticalty 
Loaded Media, and of the Circular Polarization of Light. By 
J. Laemoe. Received November 10th, 1891, Read De- 
cember 10th, 1891. 

The object of the following analysis is to investigate the modifi- 
cation produced, in the characteristics of the propagation of undulations 
in a solid medium, by a distribution of angular momentum throughout 
the medium. We may, to make the problem physically realizable, 
imagine an elastic solid permeated by small spherical cavities, in each 
of which a fiy-wheel is mounted, and is given rotating, with angular 
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velocity which is not itself affected by any motions of the medium, 
but which reacts against angular motions. 

The chief interest of such an investigation is as an illustration of 
the effect of a magnetic field in rotating the plane of polarization of 
light. The conclusion drawn by Sir W. Thomson, that this pheno- 
menon reveals the presence of rotation, or rather angular momentum, 
round the lines of magnetic force in the medium, is of deep significance, 
and has been one of the key-stones in the development of electrical 
theory by Clerk-Maxwell. It may also be of interest to compare a 
purely dynamical mode of treatment with the various hypotheses that 
have been in use to form a theory of the rotation of the plane of 
polarization of electrical waves, based on assumptions wholly 
electrical. 

The hypothesis of gyrostatic cells interspersed throughout the 
medium, though at first sight artificial, is a correct realization of the 
current views of the influence of ponderable matter on the undulations 
of the aether. Any exhaustive optical investigation must take cogni- 
zance of the mutual influence of the two interpenetrating media, the 
aether and the ordinary matter. The treatment of the ordinary 
problem of undulatory propagation under these circumstances is 
rendered obscure and hypothetical. But when once the results of this 
inter-action are ascertained as expenmental laws, the superposition of 
an angular momentum in the material medium does not require the 
introduction of any further hypothetical element in the analysis, and 
its effects may be unfolded by ordinary dynamics. 

Prom the point of view of pure dynamical analysis, the problem is 
interesting, as forming an extension, which can be realized, of the 
dynamics of a continuous material system. Ordinary matter reacts 
against force simply by its mass or inertia, represented in the equations 
by a scalar coefl&cient ; matter gyrostatically endowed possesses, in 
addition, another coeflBcient of inertia, of the vector or directed type, 
representing the gyrostatic momentum per unit volume, which may 
be referred to as its rotary inertia. 

In the formation of the differential equations of an elastic solid in 
this way endowed, we shall follow the method of analysis which has 
been already illustrated in a discussion of the vibrations of a gyro- 
statically loaded chain.* 

As a preliminary, it is interesting to remark, though not essential, 
that the disturbance in a strained medium, due to a small cell or cavity 
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in it, is of a very local character, and falls off rapidly as the distance 
from the cavity increases ; thns the presence of cavities, interspersed 
so thickly that their distances apart are even small multiples of their 
diameters, will not very much affect the elastic quality of the medium 
as a whole. But, if the distribution of angular momentum connected 
with these cells were so intense that the forces produced by its 
rotatory displacements were of the same order as the stresses in the 
medium, these local disturbances would then affect the gyrostatic 
forces, and at any rate alter the coefficients in the results of the 
analysis which follows. In the optical application, however, the 
gyrostatic forces which produce rotation are extremely small, com- 
pared with the stresses in the aether; we may, therefore, consider 
that the components of the rotation of the embedded gyrostats are the 
same as the average components of rotation for the elements of the 
medium in which they lie. 

We shall find it convenient, in the first instance, to consider the 
medium divided up into right solid elements, of the type hx hy Bz. We 
take uvw to represent the components of the elastic displacement at 
the point xyz, and LMN to represent the components of the angular 
momentum per unit volume near that point. The cubic dilatation S and 
the components of the angular velocity u)^ Wy, of the medium are 
given by the equations 

dx dy dz* 

id (dv dw\ — 1 _^ / ^ —I ^ ( du _dv\ 

""'^UtKdz d^J' "'"'^^dtUx TzI' ""^''dtyd^ dxl' 

The components of the couples produced by these rotations, applied 
to this constant angular momentum, are, per unit volume, 

These will make themselves felt by additional shearing stresses 
acting over the surface of the element BxSyBz. In forming the equations 
of elastic displacement for the medium we are justified in replacing 
them by these shearing stresses. Thus, we may, so far as these 
rectangular elements are concerned, replace the couple 2^ by either 
of the stresses 

(YZ) = 23C or (ZY)=-23C 

(or partly by one and partly by the other), where (YZ) denotes 
VOL. XXIII. — NO. 438. K 



130 Mr. J. Larmor on the Equations of Propagation [Dec. 10, 



tangential stress in the plane perpendicular to Y, which acts parallel 
to Z, and similarly for (ZY). 

To eliminate this indeterminateness, and to find the actual distri- 
bution of this stress, we have to consider volume-elements of other 
forms ; the consideration of an element of circular cross-section shows 
at once, by symmetry, that the component of this tangential stress 
round the circular section must be uniform, and therefore that 
{TZ) = %(ZT)=-^. 

We observe that when the gyrostatic quality is thus merged, and 
included in the elastic specification of the medium, the stress is no 
longer self -con jugate, in the sense that (XY) = (YX), when the 
medium is in rotatory motion. 

Denoting the elastic constants of an isotropic medium by k and /u, 
so that J/i is the compressibility, and /i is the rigidity, we have 
therefore the stress-components of the types 

ax 



(rr) = ... , (zz) = 



(ZY) = ^ (g+l) i^Z) = - , (y^) = 

wherein the shearing forces 2^, 2jj|l, 2J!l are equally distributed 
between the tangential stresses, for the reason given above. 
The dynamical equations are of the type 



which lead to 



d(XX) _^ d(YX) _^ dJZX) ^ 

dx dy dz df 

. ^ X7^ d%j^dM d'v 



dy 



df' 



dx^ dy ^ df' 

in which ^JttJH have already been expressed in terms of uvw. 

It is clear at once that compressional waves are unaffected by the 
gyrostatic momentum. 

It will be sufficient for our present purpose to examine the case of 
constant ; though interesting mathematical problems are pre- 
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sented by other distributions of angular momentum — for example, 
radiating from a point or radiating from an axis. 

When LMN are constant, we have 

_ d^ ^ dw^ 

dz dy ^ ^ dcr' 



where 



and 



dx dy 



+ ^ = 0, 



do- ax dy dz 



Expressed in full, the equations of motion are therefore 

/\ 1 \dS . _2 in d d (dv dw\ d^u ' 

C dw du\ _ d^ 
dx dzl^^de' 



/\ I \d^ . r-2.,. in d d (du dv\ d^w 



The modification of the equations of a crystalline medium, produced 
by rotary iuertia, is represented by the signe new terms. 

The analysis may now be shortened, by taking the axis of the 
momentum LMN as the axis of a: ; so that M and N will be zero, and 

G—=:L~. 

da- dx' 

For a given wave travelling in the medium, we may take the plane 
of xy to contain the direction of propagation, so that d/dz is zero, and 
then 



d^w _ ^ 
dxdydt ~ ^ df' 



di'v 



^ ^ dxdt\dy dx) ^ df 



dy 

Or, still shorter, we may retain the general equations, and consider 
a wave travelling with its front at right angles to the a xia o f aj, so 

k2 
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that d/dy and d/dz are both zero ; then 

/das' * dx'dt~'' dt'' 

Of these, the first equation exhibits the wave of normal displace- 
ment propagated with unaltered velocity. The other two represent 
the wave of tangential displacement propagated with a rotating plane 
of polarization,* the coefficient of rotation being proportional simply 
to the component angular momentum at right angles to its front,f 

In the problem of reflection, whether for isotropic or crystalline 
media, the surface conditions are that the three components of dis- 
placement are continuous, and the two tangential stresses on the 
plane of reflection, as well as the normal stress at right angles to it, are 
continuous on both sides of the interface. Of these it is only the two 
tangential stresses that are affected by the gyratory terms ; one of 
them is increased by JJ, and the other diminished by when the 
plane of reflection is that of yz, where 

dt \ \dy dxJ \dx dz I ) 

Thus, if the axis of resultant momentum is at right angles to the 
interface, the surface conditions are not affected by it. 

The difficulties in the way of the explanation of magnetic reflection 
of light, on these principles, are discussed in Sir W. Thomson's 
Baltimore Lectures^ pp. 317-8. In the same work a compound gyro- 
static molecule is described, which operates by change of internal 
configuration, and is susceptible to influence from translation instead 
of rotation ; it does not require so great an angular velocity to produce 
in a small body the momentum necessary for finite effects. As this 
molecule has free periods of its own, it introduces dispersion, with 
respect both to refraction and rotation. 



* Froc. Lond, Math. Soc, Vol. xxi., 1891. p. 429. 

f Th^nresponding law, for magnetic reflection of light from metals, has been 
verifl^HB^ois, Fhil. Mag., 1890, (1), p. 259. 
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There also arises the problem of the reflection, at the surface of a 
magnet, of the electric waves discovered by Hertz. This is a real 
question of actual phenomena, of which the solution may or may not 
correspond to the optical phenomena when the wave-length is made 
very small ; though, if light waves run on all fours with the electric 
waves, we should expect a complete correspondence in this respect, 
owing to the smallness of the rotatory coefficient. The theory of 
electric propagation — whether as deduced by Faraday and Maxwell 
from the fundamental notion of an electric medium and the simplest 
formal type-equations that are consistent with ascertained phenomena, 
or, as arrived at in the method of Neumann and Helmholtz, by assum- 
ing the most general conceivable type of action at a distance between 
two electric systems and reducing to definiteness the formulsB so 
obtained by the aid of crucial experiments* — is, in its present form, 
not an ultimate dynamical theory. The dynamical conception of 
rotary inertia must therefore be replaced in it by some formal quality 
of rotational type, associated with the electric displacement; the 
verification of the existence of such a quality is a necessary part of 
the electric theory of light. As is well known, a rotational quality 
of this kind relating to electric currents in a conducting medium has 
been detected by Hall ; and its hypothetical extension to electric dis- 
placements in an insulating medium has been applied to the theory 
of electric waves by Rowland. The equations of propagation are of 
the same formal type as those given above. But when we come to 
consider the question of reflection, there is room for further variety of 
hypothesis. This problem has in fact been recently treated by Mr. 
Basset,t on the hypothesis that the total electric force consists of the 
electro-static and the electro-kinetic parts which fit in with Maxwell's 
scheme, together with an additional though small part depending 
for its origin on an external magnetic force, which cannot be said to 
have a natural place in an ideal simple scheme of electro-dynamic 
relations, but must rather be classed as a residual phenomenon of a 
higher order, as is the rotational property of quartz in the elastic 
solid theory of optics. It will be seen, on comparison, that the boundary 
conditions found in that way are not the same as those here obtained 
by referring the phenomena to an ultimate dynamical theory, in which 
it is essential that the stress shall not be discontinuous in crossing an 
interface. Whether the gyratory coefficient is due to a single rotator, 



* Cf, Proe. Roy. Soc, Vol. xLix., 1891, p. 621. 
t FkiL Trans, 1891. 
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as taken above, or to a more complicated rotating system, the equations 
of propagation are tlie same in form, — at any rate, so far as they depend 
only on the angular momentum of the rotator, and are not sensibly 
influenced by its free periods. The gyratory terms in them, as they 
involve the time to a lower negative degree than the terms due to 
ordinary inertia, must, for purposes of boundary conditions, be con- 
sidered as derived from a bodily stress, and not classed with the inertia 
terms ; for the latter procedure would involve infinite accelerations at 
the interface. If the relations were deduced, in Green's manner, from 
an expression for the energy of the medium, this latter procedure 
would involve a distribution of energy over the interface, of finite 
surface density (that is, infinite volume density at the surface), which 
would take part in the propagation of the waves ; it may, however, 
be possible to express the surface-integral representing this distri- 
bution as a volume-integral, and so refer it to the medium as a whole. 
There is thus room for different types of boundary conditions, depend- 
ing on the structure of the gyrostatic elements. In the case of 
compound elements there would also occur the anomalous rotatory 
dispersion corresponding to the free periods of the elements ; and this 
would affect the equations of propagation as well as the boundary 
conditions. 

This leads to, and is proved by, another remark, with reference to 
the three types of term, originally suggested by Sir G. B. Airy as 
competent to render an account of the optical magnetic rotation.* 
The case considered by him being that of symmetry round the axis 
of z, the equation of propagation may be expressed in the form 

where represents u-{^v^/ —1, and P may have any of the forms 

d^e dd 



or may include them all. 

Now the dimensions of kJp, k^/p, kJp, considered as physical quanti- 
ties involved in this equation, are [li^T"^], [T], and [T"^]. Thus the 
first of these forms must involve a distribution of angular momentum 
throughout the volume ; while the second and third could only be 



* Maxwell, Electricity and Magnetism^ Vol. ii., § 830. 
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derived from theories which involve the introduction of an absolute 
time-constant, such, for example, as a period of free molecular vibra- 
tion, thus verifying the statement of the last paragraph. The some- 
what exact correspondence between Verdet's experiments*, on the 
relation of magnetic rotation to dispersion, for a substance of simple 
chemical structure, like bisulphide of carbon, and the law deducible 
from the first of the three types of equations, is in accord witli these 
considerations. 

In the same way the reversible rotatory property of quartz, and sugar 
solutions, requires an additional term in the equation of motion of a 
wave parallel to of one of the types 

and 



dzdt^ 



where 6 = u-^v^/ — 1. The first of these represents a coefl&cient of 

inertia of the type p + o- i.e., one which, in the wave motion con- 
dz 

sidered, has a varying term which is a harmonic function of z. The 
second connotes a law of elasticity involving differential coeflBcients 
of odd order of the displacement. Of these terms the latter is thus 
the only one that can be derived from an elastic or other statical 
theory based on a symmetry in the medium ; while the former would 
require some sort of motional structure (i.e., the existence of steady 
forces arising from the inertia opposing unrecognised steady motions) 
to justify its adoption. 



On the Contacts of Systems of Circles. By Alexander Larmok, 
M.A., Fellow of Clare College, Cambridge. Communicated lu 
abstract, November 12th, 1891. Received 29th February, 1892. 

In his paper in the Proceedings of the Royal Irish Academy^ Vol. ix.. 
Part IV., Dr. Casey gave, in a very elegant form, as a relation among 
the lengths of their common tangents, the condition that four circles 
should touch the same circle. His discussion of this condition is by no 

* Maxwell, loc. cit. 
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means complefce, and, in the subsequent} portion of the paper, after a 
proof that the condition is necessary^ it is assumed to be sufficient. 

The condition is now well known, and has been incorporated in 
text-books of geometry, and discussed by various writers ; but I am 
not aware that anything substantial has been added to Casey's 
original treatment. 

I have attempted to give a somewhat exhaustive discussion of this 
condition, whether we look upon it as a relation among the common 
tangents of the given circles, or as a relation among their angles of 
interaection, and have shown, by purely geometrical reasoning, that 
it is sufficient as well as necessary — that it is not satisfied by any 
relation between the circles except this contact relation. 

The condition is then applied to the investigation of the contact 
relations of the eight circles which touch three given circles (due to 
Casey), and also of the eight circles each of which passes through 
three of the points of intersection of three given circles.* The latter 
case is also derived from the former by means of the polar transfor- 
mation on the sphere. 

From these results are derived the contact relations of the thirty- 
two right circular cones which touch three given co vertical 
right circular cones, and of the thirty-two right circular cones 
which pass through three of the twelve lines of intersection of three 
given covertical right circular cones. Casey (loc, dt.) has shown 
that the former system of thirty-two right circular cones can be 
divided into a certain number of groups of four, each of which 
touches another right circular cone. By means of a transformation 
I have shown that a relation subsists for double this number of 
groups. 

From these theorems are then derived, by the theory of projections, 
the contact relations of the thirty-two conies having double contact 
with a given conic, and touching three other conies having double 
contact with this given conic ; and also of the thirty-two conies 
having double contact with a given conic and passing through three 
of the twelve points of intersection of three given conies having 
double contact with this one. The former system has been discussed 
analytically by Casey, but he has only detected half the full number 
of groups which possess the property under consideration. 

Several important particular cases of these general theorems are 
also noticed. 



Communicated in abstract to Section A of the British AssociatioD, 1887. 



1891.] 



Contacts of Systems of Circles, 



137 



We begin the discussion with the explanation of the nomenclature 
adopted, and the statement of some Lemmas which will be required 
in the course of the paper. 

The small circle on a sphere, traced out by that pole of a tangent 
great circle, to a given small circle, which lies on the opposite side of 
the great circle, will be termed the polar of the given small circle, 
and the small circle traced out by the other pole will be termed the 
antipolar. 

Two circles on a sphere will be said to have internal contact when 
they lie on the same side of their tangent great circle at their point 
of contact, and to have external contact when they lie on opposite 
sides of it. 

It is important to remark that the geometry on a sphere is more 
symmetrical and admits of wider transformation than geometry on a 
plane. The process of inversion by reciprocal radii vectores on a 
plane corresponds to simple projection from a point, of the diagram 
on a sphere, and in this connexion its fundamental character, as 
regards similarity of small parts in a diagram and its inverse, appears 
in its true light. We have, in addition, a symmetrical method of 
polarizing on a sphere, wherein each point is replaced by its polar 
great circle. But this increased facility of transformation introduces 
its corresponding difl&culties. A great circle has, in fact, two poles, 
so that any diagram has two polar diagrams, which must be dis- 
criminated. It is this circumstance which constitutes the chief 
obstacle to the general application of the method. It may be re- 
marked that there is an analogous difl&culty in the coordinate 
geometry of right circular cones. Thus, for example, the discussion 
given in Salmon's Solid Geometry, Art. 259 seq., of Sir Andrew 
Hart's contact theorem relating to circles on a sphere, is not valid. 
The demonstrations apply to cones, not to circles ; each cone meets 
the sphere in two opposite circles, and there is no means given of 
discriminating between them. The same difl&culty occurs throughout 
in the treatment of small circles on a sphere by means of Cartesian 
equations. 

It will be found that, for a transformation involving several con- 
tacts, the discrimination between the polar and antipolar diagrams, 
although at first sight it seems a matter of great complexity, may be 
effected by the use of the two following principles : — 

(a) If two circles have internal contact with each other, their 
polars have internal contact with each other (and their antij^j|HL 
have internal contact with each other). ^^^H 
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(/3) If two circles have external contact with each other, the polar 
of either has external contact with the antipolar of the other. 

TJie Lemmas which we shall have occasion to use are the 
following : — 

(i.) If any point and its polar plane with regard to a qnadric be 
taken as centre and plane of projection, any plane section of the 
quadric projects into a conic having double contact with the section 
of the qnadric by the plane of projection. If any other plane be 
taken as plane of projection, any plane section of the quadric pro- 
jecta into a conic having double contact with the section of the 
tangent cone by that plane. 

When the plane section of the quadric intersects its section by the 
polar plane in real points, this proposition is evident ; and therefore, 
by the principle of continuity, it holds generally. 

(ii.) If two circles, on a sphere or in piano, are the inverses of two 
others with regard to a given point, they will all four touch each of 
a group of four circles which have a common radical centre situated 
at that point. 

Consider the general case in which the circles are plane sections of 
a sphere. The two circles and their respective inverses lie on two 
cones having their common vertex at the given point. These cones 
have, in general, four common tangent planes, which pass through 
their common vertex and cut the sphere in four circles touching the 
two given circles and their inverses. 

(iii.) Given three circles 1, 2, 3 and a point P, there is only one 
other point Q from which the tangents drawn to the three given 
circles are proportional to those from P, viz., the other point of 
concourse of the three circles passing through P and coaxal with 
1, 2 ; 2, 3 ; 3, 1, respectively. 

The straight line FQ passes through the radical centre of the 
circles 1, 2, 3, and it easily follows that P and Q are inverses with 
regard to the circle which cuts them orthogonally. The eight 
tangent circles of 1, 2, 3 consist of four inverse pairs with regard to 
their orthogonal circle. 

Hence, if P is on neither circle of a given inverse pair, Q is not on 
either. 

We now proceed, in effect, to discuss, and in some measure to 
systematize, the very remarkable complex of contacts which bind 
together the whole system of plane sections of a sphere, or quadric 
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surface, that are constructed on the basis of any three plane sections 
(and their three opposites) by drawing in snccession other plane 
sections themselves determined solely by conditions of contact. 

1. If any four circles 1, 2, 3,*4 touch the same circle, a relation of 
the form 

12.34 + 14.23-13.24 = 

subsists among their common tangents, the common tangents involved 
being direct or transverse according as the contacts of the corre- 
sponding circles with the touched circle are of the same or opposite 
nature. 

Where it is necessary, in the following analysis, to distinguish 
between direct and transverse common tangents, their lengths will 
bejdenoted by symbols of the types 12 and (12) respectively. 

Let A, B (Fig. 1) be the centres of two circles, that of a circle 




Fig. 1. 



touching them both externally or both internally at G, D respec- 
tively ; PQ a direct common tangent, and U the external centre of 
similitude. 

Let (0 be the radius of the touching circle. Then, since ODB is a 
transversal drawn across the triangle AGE, 

AO^AB WD., 
p BE'BG' 

and, since OGA is a transversal drawn across the triangle EBB, 



BO^AB EG 
P AE'GD' 

He ^O'BO ^ EG. ED A& ^ EP.EQ AB^ ^ t' 
P« AE.BE ' GIJ^ AE.BE ' GB" OB" ' 
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therefore 



t 

GB 



y/AO.BO 



where t is the length of the external common tangent PQ, 

When the contacts are one external and one internal, if we make 
use of the corresponding Fig. 2, in which I the internal centre of 
similitude takes the place of E, we are led to this same relation ; 
where t is now the length of the transverse common tangent. 




Pig. 2. 



Let Pi, Pg, Pg, P4 be the points of contact of the circles with their 
common tangent circle (Fig. 3) ; then, by Ptolemy's theorem, 

P,P, . P,P,+P,P, . T,P^-P,P^ . P,P4 = 0. 

Hence, denoting by 12 the common tangent of the circles 1 and 2, 

12.34+14.23-13.24 = 0, 

where the common tangents are direct or transverse according as 
the contacts with the touched circle are of the same or of opposite 
nature. 

It is to be observed that the six common tangents involved must 
be either — 

(i.) all direct, 

(ii.) three direct and three transverse, 
(iii.) two direct and four transverse ; 

and that in the two latter cases their distribution must be according 
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to the types — 

(12) . 34 +(14) . 23 -(13) . 24 = 0, 
and (12) . (34) + (14) . (23) - 13 . 24 = 0, 




Fig. 3. 

respectively, where, as defined above, (12) denotes the transverse 
common tangent of 1 and 2. 

We also remark that the product affected with the negative sign is 
that of which the corresponding chords of contact intersect without 
being produced. 

2. If the circle 4 reduce to a point, we see that 
12.34+14.23-13.24 = 0, 
- 12 . 34 + 14 . 23 + 13 . 24 = 0, 
or 12 . 34 - 14 . 23 + 13 . 24 = 0, 

according as the point 4 is on the arc 13, 12, or 23, respectively, of 
either of the circles which touch 1, 2, 3 all internally or all externally. 

If it be on either circle which has contacts of similar nature with 
1 and 3, and of the opposite nature with 2, then (Fig. 4) 

(12) . (34) + (14) . (23) -13 . 24 = 0, 

- (12) . (34) + (14) . (23) + 13 . 24 = 0, 

or (12) . (34) - (14) . (23) + 13 . 24 = 0. 



i 
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If it be on either cirolo which has contacts of similar nature with 1 
and 2, and of the opposite natare with 3, then (Fig. 5) 

12 . (34) + 14 . (23)- (13) . 24 = 0, 
-12 . (:^) -14 . (23) + (13) . 24 = 0, 
or 12 . (34) - 14 . (23) + (13) . 24 = 0. 





Fio. 4. 



Fig. 5. 



If it be on either circle which has contacts of similar nature with 2 
and 3, and of the opposite nature with 1, then (Fig. 6) 

(12) . 34+ (14) . 23- (13) . 24 = 0, 
-(12) . 34 + (14) . 23 + (13) . 24 = 0, 
or (12). 84- (14). 23+ (13). 24 = 0. 




Fig. 6. 

These alternatives hold in each case according as the point 4 is on 
the arc 13, 12, or 23, respectively, it being regarded as a point circle 
lying on the same side of the tangent circle as the circle 2. 

3. Conversely, if any one of the relations which occur in the last 
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Art. subsist among the mutual common tangents of the circles 1, 2, 3, 
and the point 4, that point must lie on one or other of the two arcs 
of the pair of tangent circles of 1, 2, 3 for which that particular 
relation has here been proved to subsist. 

Suppose (Fig. 7) that P is a position of the point 4, on neither of 
the arcs 13 of the pair of tangent circles for which the relation 

12.34+14.23-13.24 = 

is satisfied. 




Fig. 7. 



Through P describe a circle coaxal with 1 and 3, and let it cut 
either of these arcs in Q. 

Then 12 . 3P-|-2:3 . lP-13 . 2P = 0, by hypothesis, 
and 12.30 + 23.1G-13.2G= 0, by Art. 2 ; 

also 3P : IP :: 3G : IQ, 

since P and Q are on a circle coaxal with 1 and 3. 

Hence 3P : 2P : IP :: 3Q : 2Q : IQ, 

which is impossible, by Lemma iii. 

4. If a relation of the form 

12 . 34 ± 14 . 23 ± 13 .24 =0, 

(12). 34 ±(14). 23 ±(13). 24 = 0, 

or (12) . (34) ±(14) . (23) ± 13 . 24 = 0, 

subsist among the common tangents of four circles 1, 2, 3, 4, they 
will have a common tangent circle. 

Take that circle, say 4, whose radius is not greater than that of 
any of the three remaining circles. With the centre of each of the^ 
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remaining circles as centre describe a circle, whose radios is equal to 
the sum or difference of its radius and that of the circle 4, according 
as the common tangent of it and 4 is transverse or direct. 

These three new circles 1', 2', 3', together with the centre of the 
circle 4 (a point circle) form a group of four circles having the same 
mutual common tangents as the four given circles, so that the given 
relation is satisfied for this system, and it follows by Art. (3) that 
the centre of the circle 4 lies on one or other of a pair of common 
tangent circles of 1', 2', 3', and, hence, that 4 touches one or other of 
a pair of common tangent circles of 1, 2, 3.* 

5. To express the common tangents of a pair of circles in terms of 
their radii and angle of intersection. 

Let tj i' be the lengths of their direct and transverse common tan- 
gents, 

I the distance between their centres, 

Q their angle of intersection (viz., the one which lies inside 
both). 

Then, for circles {wglano (Fig. 8), 




Fig. 8. 



r«+/2H-2rr'cos6 

<Hr'+/^-2rr' 

^'3^r»H-r"H-2r/. 



Hence 




-2r/(l-cos 0), 
2*y rr -cos-^ 



or 



t 



(i.), 



2 v/ — 1 . yrr' . sin — 



(ii.). 



* It will touch both circles of the pair if, in addition to the given relation, the 
circles 1, 2, 3, 4 have a common orthogonal circle. 
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For circles on a sphere (Figs. 9, 10), 

cos B = cos r cos sin r sin r' cos d 
= sin r sin r + cos r cos r' cos t 

from triangle GOT (Fig. 9) 
= — sin r sin / -|- cos r cos / cos t' 

from triangle OO'P' (Fig. 10). 





Fig. 9. 



Fig. 10. 



Hence cos r cos / ( 1 — cos t) = sin r sin / ( 1 + cos 6) , 
cos r cos r' (1 — cos t') = — sin r sin (1 

or sin = \/ tan r tan / cos ~ 



-hcos 
-costf),/ 



sin ^ = v/— 1 tan r tan r' sin 



.(ii.). 



6. From Arts. (4) and (5), we see that the necessary and sufficient 
conditions that four circles in plana should have a common tangential 
circle is, when expressed in terms of their angles of intersection, 

12 34^ 14 23 _^ 13 24 

cos ~ cos ~ =fc COS — COS -— d= COS COS — - = 0, 

.12 34 ^ . 14 23 , . 13 24 ^ 
Sin - - cos — ± sm — cos — ± sin — cos -7^ = 0, 



sin ^ sin ^ ± sin sin f ± cos cos ?^ = 0. 



By inversion it is clear that this also holds for four circles on a 
VOL. XXIII.— NO. 439. L 
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sphere, and, ia this latber ca.se, the condition, when expressed in terms 
of the common tangents of the circles, is 

.12 . 34 _^ . 14 . 23 . . 13 . 24 ^ 

. (12) . 34 ^ . (14) . 23 ^ . (13) . 24 ^ 
sm sm — d= sm ^—^ sin — - ± sm -5^— ^sm -^r- = 0, 

. (12) . (34) . . (14) . (23) ^ . 13 . 24 ^ 
or sin ^--^ sm ^—^ =1= sm ^ sm ± sm — - sm — - = 0. 

These conditions, in the case of four circles on a sphere, may also 
be established directly, by following a method precisely analogous to 
that adopted in the case of four circles in piano. 

[l am indebted to Mr. Lachlan for the following alternative proof 
of the condition, directly applicable to the case in which the three 
circles intersect each other in real angles. 

Let Xi, Xj, Xj, be four circles whose external angles of inter- 
section are connected by the relation 

sin |a>i2 . sin ^Wg^-f sin ^(a^^ . sin l^gj— sin . sin ^Wg^ = 0. 

Let Y and Y' be two circles which touch Xg, Xj in the same 
sense, i.e., all internally or all externally ; then either For Y' touches 
X4 in the same sense as the others. 

Now two circles can be drawn to cut Xg, X3 at the same angles as 
X4 cuts them, and at the same time to touch Y in the same sense as 
Y touches Xj, Xj. Let these circles be X5, Xg. It is easy to see that, 
if Pg, be the points of contact of these with Y, Pg and P^ will lie 
on opposite arcs of Y which join the points of contact Xg, Xj. Hence, 
if Pg be on the same arc as the point of contact of X^, 

sin ^Wjg . sin ^W854- sin |a>iB . sin ^(jj^—ain ^iu^^ . sin ^a>^ = 0, 

or — sin . sin ^bj^ + sin f . sin ^to^ + sin . sin ^u)^ = 0, 

accordiug as Pg is on the arc joining the points of contact of Xj, X^, 
or on that joining the points of contact of X^, Xj. 

Hence, since 

sin -J^tDjg = sin ^Wj^, and sin ^Wjg = sin ^Wj^, 
we must have sin itu^^ = ± sin ^w,^ ; 
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the lower sign is impossible, since all the angles are less than tWo 
right angles. 

In the same manner there will be one circle, Xy say, which touches 
Y' in the same sense as Y' touches X^, Xj, such that 

sin |a>2y = sin ^w^^, and sin f = sin Jwg^, 

and therefore sin ^^ly = sin 

Hence Wjg = oj^j = w^^ or 27r — Wj^; 

the latter alternative is impossible, since iir — ai,^>7r. 

Hence the circles Xg, Xj cut Xj, Xg, Xj at the same angles as X^ 
cuts them. 

Let X bo the orthogonal circle of X^, Xj, Xj, and let Xi be the 
inverse of X^ with respect to X ; then it follows that Xg and Xy must 
coincide with X^ and X[. That is to say, one of the pair Xg, Xj must 
coincide with X^. 

Hence X4 touches Y or Y'. That is to say X^, X„ Xj, X4 touch 
another circle, each in the same sense.*] 

7. The eight circles which can be drawn to touch three given 
circles on a sphere, or in piano , can be divided into fourteen groups of 
four, each of which touches another circle (Hart and Casey). 

Let us assume that the three given circles intersect, as in (Fig. 11), 

The three given circles divide the sphere into eight triangles. 
Consider any one of these triangles, and the four circles related to it, 
as the inscribed and escribed circles of a plane triangle. 

Then, since these four circles, 1, 2, 3, 4, say, touch the three given 
circles as a, 6, c, d touch a, |(5, y in Fig. 11, the following relations 



* It is interesting to observe that when cuts Xi, X2, X^ at equal angles, the 
condition becomes 

sin J»i2 + sin iwgs— sin Jwja = 0, 

the interpretation of which is that Y, Y' and Z4 touch each other at the same point. 
For, by inverting Zi, Zg* ^3 i^^o three equal circles, this condition reduces to the 
relation 

^12+^©— ^13 = 0, 

among the common tangents, which shows that these three circles touch two 
parallel straight lines, and it is clear that Z4 inverts into a straight line parallel to 
them. Hence, in the original figure, F, Y' and Z4 touch each other at the origin of 
inversion. — A. L. 

l2 
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subsist among their common tangents, viz., 

. 14 . (23) _L . 24 . (13) . 12 . (34) ^ 
sin — sm^-^ +sin — sm-l^— smy smi-^== 0, 

. 13 . (24) ^ . (14) . 23 . (34) . 12 ^ 
sin — sm +8in sm — —sin sm y = 0, 

. (12) . 34 _^ . 14 . (23) . 13 . (24) ^ 
sin-^---^sin — 4-8in-— sin^-^ — sin — sin^— ^== 
2 ^ Z Z 2 2 

Hence sin ^ si„ f +8in ^ sin ^ -siniM sin ^ = 0. 

2 J Z Z 2 2' 

showing that the circles 1, 2, 3, 4 touch another circle, the contactA 
with 2, 3, 4 being of similar nature, and the contact with 1 of the 
opposite nature. 




Fig. 11. 

As there are eight triangles, there are eight groups of this species. 
Again, the eight circles which touch three given circles on a sphere 
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clearly consist of 1, 2, 3, 4, and their inverses 1', 2\ S\ 4' with regard 
to the point of intersection of the planes of the three given circles. 

The six groups of four, viz., 

11'22', 11'33', 11'44', 22'33', 22'44', 33'44', 

consist each of two circles and their invei*ses with regard to this 
point, and therefore (by Lemma ii.) are each tangential to four circles, 
i.e., to another circle in addition to the three given circles. 

8. The eight circles which can be drawn through the points of in- 
tersection of three given circles, taken three by three, can be divided 
into eight groups of four, possessing the property that each circle of 
any group touches four other circles. 

Let us denote the points of intersection of the three given circles 
by A, B, G, A\ B\ G\ respectively, and the point of intersection of 
their planes by 0. 

The eight circles in question are those circumscribing the triangles 

ABOy A'B^G\ 

ABG\ A'BG, 

ABfG, A'BG\ 

ABG, ABG\ 

Consider the six groups of four : — 

ABG, ABffy AB^G, AB'G, ABG\ ABG, 

ABG\ ABG, ABG, AB'ff, ABG\ ABC, 

ABfG\ A'B'G, ABC, A'Bff, A'BG, AB^G\ 

A'BG, ABC, A'BC, A'BG, A'RG, AB'C^ 

Each of these groups consists of two circles and their inverses with 
regard to the point 0. 

Hence (Lemma ii.) the four constituents of each group touch each 
of a group of four circles. 

Consider the two groups : — 

ABGy AB'G\ 

ABX\ A'BG, 

ABC, AB'G, 

AB'G, ABC. 
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The angles of intersection of the circles in the former gronp are g^ven 
by the following scheme (as may easily be seen from the fignre), in 
which a, )3, y denote the angles of intersection of the three given 
circles, 





ABG 


ABG' 


A'Ba 


A'B^G 


ABO 






y^a 




AB'G' 








a + y— T 


A'BC 










A'B'G 




a + y — v 







and, if we call the circles, respectively, 1, 2, 3, 4, and snppoBO 
o>/3>y, it is easily verified that their angles of intersection satisfy 
the following four relations : — 

.14 23 . . 12 34 .13 24 ^ 
sm ~ cos -g" ■^'^^^ 2" "2* ~2 Y ~ ' 

.12 34 . 23 14^ . 24 _ 13 ^ 
smycos— -sm —cos— +sin-2-cos-2- = 0, 

.24 13 . . 14 23 , . 34 12 ^ 

— sm— cos— +smY coSy +sm— cos — = 0, 

.23 14 . . 13 24^ . 34 12 ^ 

— sm -g- cos 2 + sm - cos y + ^ "2 " 

whence (Art. 6) the circles 1, 2, 3, 4 touch four other circles. 

In the same manner, or by inversion with regard to the centre of 
the sphere, it may be proved that the latter group 

A'B'G\ 
A'BG, 
AB'G, 
ABG\ 

touch four other circles. 
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9. The contact relations of the system of eight circles which pass 
throngh the points of intersection of tliree given circles can also, 
in the two latter cases, be derived, by the following transforma- 
tion, from those of the system of eight circles which touch three 
given circles. 

Consider the figure consisting of three great circles on a sphere, 
and their eight tangential circles. Each great circle has two poles. 
Let A, By G he the poles of the three given great circles, respectively, 
which do not lie on the same side as the inscribed circle of the 
spherical triangle formed by tbem, and let A\ B", 0' be their three 
remaining poles. 

The polar figure corresponding to the three great circles, and their 
eight tangential circles, consists of three great circles intersecting in 
Ay A\ By B\ Gy G\ rcspcctively, and the eight circles passing through 
tbese points three by three. 

The inscribed and three escribed circles of the original spherical 
triangle touch a circle (Sir A. Hart's circle) the nature of the con- 
tacts being, in the case we have chosen (Fig. 11), the first internal 
and the last three external. Hence (Lemmas a, j3) the polar of 
Hart's circle touches the polar of the first internally, and the anti- 
polars of the other three externally, i.e., the four circles passing 
through the points 



Now we observe that the original spherical triangle has three co- 
lunar triangles, and that each of these has a Hart circle of its own ; 
hence, in the polar figure, we see that the four circles passing through 



ABGy 
A'B'Gy 

A'BG\ 
ABX\ 



the points 



ABG\ 



A'BGy 
AB'Gy 
A'B'G'y 



touch the polar of the Hart circle of a co-lunar triangle ; and, h 
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ing with regard to the centre of the sphere, that the four circles 
passing through the points 

A'BG\ 
ABC, 

toach the antipolar of the Hart circle of a co-lnnar triangle. 

Thus this system of four circles teaches the polar of the Hart 
circle of the original triangle, and the antipolars of the Hart circles 
of the three co-lunar triangles. 



10. To find the radii of these four circles. 

The radius r of the Hart circle of any spherical triangle is con- 
nected with the radius B of the circumscribing circle of that triangle 

by the relation . ^ ^ . 

tan B = 2 tan r 

(Salmon, Solid Oeometry^ Art. 261). 

Hence the radius p of any of the four circles, to which the circles 

ABO, 
A'BV, 
A'BO\ 
ABX\ 

are tangential, is given by the relation 

2 cot p = cot rp or tan p = 2 tan r^, 

being the radius of the inscribed circle of one of the fonr spherical 
triangles ABC, A'B'G, A'BO\ AB'G\ 



11. The sixty-fonr circles which can be drawn to touch three given 
circles 1, 2, 3 on a sphere and their three antipodal circles 1', 2', 3', 
in such a manner that each tenches 1 or 1', 2 or 2', and 3 or 3', can 
be divided into two hundred and twenty-four groups of four, eaoh of 
which touches another circle. 
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Eight circles can be drawn to tonch each of the groups 

123, 1'2'8', 
12'3', 1'23, 
1'23', 12'3, 
1'2'3, 123'. 

The theorem of Art. (7) shows that these sixty-fonr circles can be 
divided into 8 X 14 = 112 groups of four, each of which touches 
another circle. 

Let us take, for considerations of symmetry in the distribution of 
the contacts, the case in which no two of the circles 1, 2, 3 intersect. 

Let a, 6, c, a\ h\ c\ d! denote the tangent circles of 1, 2, 3, the 
nature of their respective contacts with the latter being defined by 
the scheme 





a 


h 


c 


d 


a 


V 


c' 


X 


1 


ext. 


ext. 


int. 


int. 


int. 


int. 


ext. 


ext. 


2 


ext. 


int. 


ext. 


int. 


int. 


ext. 


int. 


ext. 


3 


ext. 


int. 


int. 


ext. 


int. 


ext. 


ext. 


int. 



and let 

i, ii, iii, iv, v, vi, vii, viii denote their respective polars, 
i', ii', iii', iv', v', vi', vii', viii', their respective antipolars. 

Then a, h, c, d touch a Hart circle, all internally, in the case we have 
chosen ; therefore (Lemmas a,p) i, ii, iii, iv touch the polar of this 
Hart circle, all internally. 

It is also to be observed that i, ii, iii, iv do not form a Hart group 
in the polar figure. 

For, let a, fi, y, a', /3', 7' be the respective polars and antipolars of 
1, 2, 3 ; then, by the foregoing scheme, and Lemmas (a, /)), the nature 
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of the contacts of i, ii, iii, iv with a, /3, y, a', jo', y', is according to 
the scheme 





a 




7 


a 




y 


i 








ext. 


ext. 


ext. 


ii 




int. 


int. 


ext. 






iii 


int. 




int. 




ext. 




iv 


int. 


int. 








ext. 



Thus i, ii, iii, iv touch a circle, although they do not touch any three 
of the circles a, j3, y, a', /3', y'. 

Again, a, a\ ft, V (a Hart gronp of the second species) toach a 
Hart circle in addition to 1, 2, 3. The nature of their contacts with 
1, 2, 3 is defined by the first scheme; whence the nature of their con- 
tacts with their Hart circle is inferred according to the scheme 





a 


h 


a 


V 


1 


ext. 


ext. 


int. 


int. 


2 


ext. 


int. 


int. 


ext. 


3 


ext. 


int. 


int. 


ext. 


Hart 
circle 


ext. 


ext. 


int. 


int. 



Therefore the polar of this Hart circle touches i', ii' externally, and 
V, vi internally (Lemmas a, j3). 

It is further to be observed that i', ii', v, vi do not form a Hart 
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group in the polar figure, for the nature of their contacts with 
o, /3, y, a', (3\ y' is according to the scheme 





a 




7 


a 




y 


I 


ext. 


ext. 


ext 








ii' 


ext. 








int. 


int. 


V 


int. 


int. 


int. 








vi 


int. 








ext. 


ext. 



Thus i', ii', v, vi touch a circle, although they do not touch any 
three of the circles a, /3, y, a\ fi\ y\ 

Hence, corresponding to each of the fourteen Hart groups of the 
circles touching 1, 2, 3, we have a group of four circles touching a 
or a\ (d or ft\ and y or y', which touch a circle, although they are not 
tangential to the same three circles. Thus, the sixty-four circles 
which can be drawn to touch 1 or 1', 2 or 2', and 3 or 3', can be 
divided into 8x14 Hart groups of four, each of which touches 
another circle; and also into 8x14 other groups of four, each of 
which touches another circle ; i.e., in all, into 224 groups of four, 
each of which touches another circle. 



12. By joining the circles in the last Art. to the centre of the 
sphere by right circular cones, we observe that : — 

The thirty- two right circular cones that can be drawn, with a given 
point as vertex, to touch three given right circular cones with that 
point as vertex, can be divided into one hundred and tw6lve groups 
of four, each of which is tangential to another right circular cone 
with that point as vertex. 

13. In the same manner, from Art. (8), we deduce that : — 

The thirty-two right circular cones that can be drawn, with a 
given point as vertex, to pass through the twelve lines of intersec 
taken three by three, of three given right circular cones having 
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point as vertex, can be divided into thirty- two groups of four, each 
of which is tangential to four other right circular cones with that 
point as vertex. 

This proposition may also be looked upon as a degenerate case of 
Art. (12), when the three given right circular cones become straight 
lines. 

14. In the theorem of Art. (7), suppose the three given circles to be 
three great circles, and we deduce that : — 

The four right circular cones that can be drawn, with a given point 
as vertex, to touch three given planes intersecting in that point, are 
tangential to four other right circular cones with that point as vertex. 

This may likewise be looked upon as a degenerate case of the 
theorem of Art. (12). 

15. In the theorem of Art. (8), suppose the three given circles to be 
three great circles, and we deduce that : — 

The four right circular cones that can be drawn through three 
given concurrent straight lines touch four other right circular cones 
whose common vertex is the point of intersection of the three g^ven 
straight lines. 

This theorem may also be regarded as a degenerate case of the 
theorem of Art. (13). 

16. The thirty-two conies that can be drawn having double con- 
tact with a given conic, and touching three given conies which have 
also double contact with this given conic, can be divided into one 
hundred and twelve groups of four, each of which touches another 
conic having double contact with the same conic. 

In the theorem of Art. (12), project the sphere into a quadric 
surface ; and the right circular cones become cones having their 
common vertex at the centre of the quadric, and having plane 
section with it. 

Apply Lemma i., taking the centre of the quadric as origin, and 
any plane as plane of projection ; the section of the figure by the 
plane of projection consists of three given conies, having double con- 
tact with the section of the asymptotic cone by the plane of projec- 
tion, and the thirty-two conies that can be drawn touching them, and 
having double contact with the section of the asymptotic cone by the 
plane of projection ; and the theorem enunciated follows at once from 
that of Art. (12). 



1891.] 



Contacts of Systems of Circles, 



157 



17. Tlie thirty- two conies which can be drawn having double con- 
tact with a given conic, and passing through three of the twelve 
points of intersection of three given conies which have double contact 
with this given conic, can be divided into thirty-two groups of 
four, each of which touches four conies having double contact with 
this given conic. 

This follows from the theorem of Art. (13), by the method employed 
in the last Art. 

- 18. The four conies that can be drawn touching the sides of a given 
triangle, and having double contact with a given conic, touch four 
conies which have double contact with this given conic. 

This follows from the theorem of Art. (14), by the application of the 
same method. 

19. The four conies that can be drawn through three given points, 
and having double contact with a given conic, touch four conies 
which have double contact with this given conic. 

This follows from the theorem of Art. (15), by the application of the 
same method. 



Thursday, January 14iA, 1892. 
Prof. GREENHILL, P.R.S., President, in the Chair. 

Mr. Ralph Holmes, B.A., St. John's College, Cambridge, 
Mathematical Lecturer at King's College, London, and Mr. E. T. 
Dixon, Trinity College, Cambridge, were elected members. 

On the motion of Mr. Walker, seeojided by Mr. Brooksmith, the 
Treasurer's report was unanimously adopted. 

The President drew the attention of the members present to the 
loss the Society had sustained by the death of Prof. Kronecker, who 
was elected an honorary member January 14th, 1875. 

The following communications were made : — 

The Harmonic Functions for the Elliptic Cone : Mr. Hobson. 
Some Theorems relating to a System of Coaxal Circles : Mr. 
R. Lachlan. ^flk 
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Note on Dirichlet's Formula for the Number of Classes of Binary 
Quadratic Forms for a Complex Determinant : Prof. G. B. 
Mathews. 

Researches in Calculus of Variations (third paper) : Mr. B. P. 
Culverwell. 

Impromptu Communications were made by Mr. Elliott and Major 
MacMahon. 

The following presents were received : — 

" Beiblatter zu den Annalen der Physik iind Oheinie,** Vol. xv., No. 11 j 1891. 
** Atti del Reale Institute Veneto di Scienze, Lettere, ed Arti," Vol. xxxvin., 
7th series, Vol. i., Pt. 10 ; Vol. ii., Pts. 1-9. 
** Physical Society of London— Proceedings," Vol. xi., Pt. 2, Deo., 1891. 
"Nautical Almanac" for 1895. 
*' Proceedings of Royal Society," Vol. l.. No. 303. 

" Memoir on the Coefficients of Numbers," by B. Seal, M.A. ; Calcutta, 1891. 
** Bulletin de la Society Mathematique de France," Vol. xix.. No. 7. 
** Rendiconti del Circolo Matematico di Palermo," Vol. v., Pt. 6, 1891, Nov.-Dec. 
** Archives Neerlandaises des Sciences Exactes et Naturelles," Vol. xxv., Pts. 
3, 4; Harlem, 1891. 

" Atti della Reale Accademia deiLincei," Vol. vii., 9-11. 
" Educational Times," January, 1892. 
Annals of Mathematics," Vol. vi., No. 3. 

Journal of College of Science, Japan," Vol. iv., Pt. 2 ; Tokyo, 1891. 
Engineering Review," Vol. i.. No. 8, Dec. 5tli, 1891. 
** Acta Mathematica," xv., 3, 4. 

" Transactions of Royal Irish Academy," Vol. xxix., Pt. 17. 

** Cayley, Mathematical Papers," Vol. iv. (2 copies). 

" Atti della R. Accademia di Napoli," 2nd Series, Vol. iv. j Napoli, 1891. 
Washington Observations, made during the year 1886, at the IT. S. Naval 
Observatory;" Washington, 1891. 

"Die WiUkurlichen Functionen in der Mathematischen Physik — Inaugural- 
Dissertation zur Erlangung der Doctor wiirde, zu Konigsberg i. Pr." (24 Okt., 
1891), von Arnold Sommerfeld ; Konigsberg in Pr., 1891. 

" The Mathematical Magazine : a Journal of Elementary and Higher Mathe- 
matics," edited by A. Martin, Ph.D., Vol. ii., No. 5, Oct., 1891 ; Washington, 
1891. 

** A Direct and General Method of Finding the Approximate Values of the Real 
Roots of Numerical Equations to any Degree of Accuracy," by J. W. Nicholson, 
A.M. ; New Orleans, 1891. 

**The Life-Romance of an Algebraist," by George Winslow Pierce ; Boston, 
1891. From the Author. 
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Note on BirichleVs Forrmdafor the Number of Glasses of Binary 
Quadratic Forms for a Complex Determinant. By Professor 
G. B. Mathews. Eead January 14th, 1892. Received, in 
amended form, February 15th, 1892, 

In the memoir on binary quadratic forms with complex coefficients 
(CreZZe, xxiv., p. 291, or Werhe^ i., p. 612), Dirichlet has given a 
formula for the number of classes for a given determinant D. In 
the simplest case, when the determinant is not divisible by any 
square, and D=a+/3^ 

with a = 1 (mod. 4), /3 = (mod. 2), 

the formula in question reduces to 

,^8ID| ^/Xo+^x 1 
Trlogo- \ m I \*H-v'' 

where m = a*H-/3^, |D| = + \/a^H-/3*, j is a Legendrian 

symbol of reciprocity, and \, v assume all real integral values, such 

A = l(mod4), v = 0(mod. 2). 

Moreover, <t denotes the norm of (T-f- UVB)^ where (T, U) is the 
fundamental solution of 

Dirichlet observes that the value of h may be expressed in finite 
terms by means of the elliptic functions of modulus and then 
proceeds to say that although the result may be obtained without any 
difficulty, the appreciation of its true character depends upon the 
algebraical theory of the division of the period for these particular 
transcendents, the discussion of which he reserves for the second 
part of the memoir. This second part was never published, if indeed 
it was ever written ; and I am not aware that, anything has been 
done towards, completing Dirichlet's investigation on the lines that 
he has indicated. In the following note, the explicit value of 7t, in 
terms of elliptic functions, is obtained by elementary methods for the 
particular case above given ; there would be no particular difficulty 
in treating the other cases in a similar manner. 
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If r denotes e^*'"*, then, by a formula due to Gauss (Swnvmcttio 
quarumdam serierum^ Ac), 

t. = l,2,3...(™-l)], 

— j is to be put equal to zero, when h is 

not prime to m. 

Hence Ji = ^ S ( A\ e'*-'^^*-^>^'" 

irlogcr \m/ X'4->^ ' 

and this is easily transformed into 

.r. / z. V COS COB— ^ 

Id ^ / A; \ m 



IT log o- \ m / X' + ' 

where X now assumes all positive odd values, and v all positive even 
values ; and it is understood that when v = 0, the corresponding term 
of the series is multiplied by ^ instead of 1. 

Now consider the elliptic functions for which 

then (Jacobi, WerTce, i., p. 155), 

, , 2Kx , / / , 2 cos 2aj , 2 cos 6aj , 

log dn = log v^ic'H- -— — + o . . Q + — 

TT smb IT 3 smn Stt 

Write successively 

and add; thus log j dn^-I^lM^dn ilEU^^ j 
Km m ) 

4 cosh ^ 4 cosh ^ ^ 

= log K H — cos h ___-cos h ... 

sinnTT m osinh ojt m 

Changing /3 into — /5, = /3' say, and making use of the formula 

dn (t.~i^') = - — , 
sn u 
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constant + log 



cn - 



sn — ^ — ^JlU. — sn — ^ — 



4 cosh . 4 cosli ^ 

= A0g»C+ cos- + 0-1,0 +• 

Sinn TT mo smn 3ir m 



Adding this to the previous formula, and writing, for convenience, 
we have 



4}co8h2^+co8h2^] 

i m m S 



= 0+ 



sinhi 



cos- 



2air 



I j cosh 



H-cosh 



6/3'7r 



icos^ + .... 



3 sinh Sir 

where is a constant. 

Now (Todhunter's Int, Gale, p. 300, 4th edition), 

cosh g (tt— a?) H- cosh aa ;_, 2(1 2 cos 2a? 2 cos 4a; . 1 
a sinh air " tt I a« 2«+a* /" 4«+a« 5 ' 

consequently 



VOL. XXIII. — NO. 440. 



162 Prof. G. B. Mathews on Dirichlefs Formula, 8fc. [Jan. 14, 



Comparing this with the expression for fe, and observing that, for a 
complete set of residues, 5 ( ) = 0, so that need not be determined, 
we find that 

[fc = V2,3...<m-1)]. 

If a stands for a quadratic residue of m, and h for a non-residne, we 
may write 

/ a(a-h/3t)g \ ^ l a(a^Pi)K \ 

. V m / V w ) 

* = / Ha+/3t)g )W 6(a-/3i)X ^ ' 

\ m / \ vr I 

It is interesting to see that we. thus obtain, in. an. elliptic function 
form, an expression for 

where (r*, [7;^) is a solution of T^—DU^ = 1. 

Objections might no doubt be raised to the details of the preceding 
analysis ; in fact, it cannot be said to be rigorous ; still I believe the 
result is cprrect, and that the process may be justified to some extent 
by observing that the transcendental series equated to each other 
present exactly the same kind of discontinuities at the same critical 
points. 

It ought to be said that the series for h in its first form is similar 
to those considered by Kronecker (Berlin Sitzungsher., July, 1885), 
so that the result finally obtained ought to agree with his results 
(I.e., p. 764) ; but, on account of the difference of notation, and the 
fact that Dirichlet's X, v do not agree with Kronecker' s m, w, the 
identification is very troublesome. 

Anyone who is inclined to undertake a numerical verification might 
consult with advantage Schwering's memoir on the ''Multiplication 
of the Lenmiscate Function '* (OreZZe, cvii., p. 196) ; it should be 
observed, however, that Schwering's snu does not correspond to the 
BTiu of the present note, but is Ga.uss*s sinlenm u. 
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Thursday, February llth, 1892. 

Professor GRBBNHILL, F.R.S., President, in the Chair. 

Messrs. E. T. Dixon and R. Holmes were admitted into the 
Society. Mr. James William Nicholson, M. A., President and Professor 
of Mathematics, Louisiana State University, U.S.A., was elected a 
member. 

The following communications were made : — 

On the Logical Foundations of Applied Mathematical Science : 
Mr. Dixon. 

Note on the inadmissibility of the usual reasoning by which it 
appears that, the Limiting Value of the Ratio of two Infinite 
Functions is the same as the ratio of their first derived, with 
instances in which the result obtained by it is erroneous : Mr. 
Culverwell. 

On Saint- Venant*s Torsion of Prisms : Mr. Basset. 
The following presents were received : — 

** Proceedings of the Mathematical Society of Edinburgh," Vols, ii., m., iv., 

v., VI., VIII., IX. 

** Beiblatter zn den Annalen der Physik und Chemie," Band xv., St. 12, 1891 
Band XVI., St. 1, 1892. 

•* Royal Society— Proceedings," Vol. l., No. 304, January, 1892. 

** Nyt Tidsskrift for Mathematik," B. Anden Aargang, Nos. 2, 3, 4. 

** Leipzig. Gesells. der Wissenschaften — Berichte uber die Verhandlimgen," 
Math. Phy s. Classe, 1 89 1 , iii . 

** Bulletin des Sciences Mathematiques," 2« S6rie, Tome xv., December, 1891. 
Leipzig. Gesells. der Wissenschaften — Ueber einen eigenthiimlichen Fall 
Elektrodynamischer Induction," ii. 

** Educational Times," February, 1892. 

**Atti della R. Accad. dei Lincei— Rendiconti," Vol. vii., Fasc. 12, e Indice 
del Volume, 2° Semestre, 1891 ; Roma. 

Cambridge Philosophical Society— Proceedings," Vol. vii., Pt. 6. j "Trans- 
actions," Vol. XV., Pt. 2. 

" Toulouse— Annales de la Faculte dtes Sciences," Tome v., 1891, Fasc. 3, 4. 
"Napoli — Rendiconto dell* Accademia delle Scienze Fisiche e Matematiche,"* 
Serie 2, Vol. v., Fasc. 1-12„ 189 J. 

Surveyor," Vol. i., Nos. 1, 2, 3, 1892. 
" (Euvres Compldtes de Ohristiaan Huygens," Vol. iv. ; Le Haye, 1891. 

Royal Society's Catalogue of Scientific Papers," 1874-1«83, Vol. ix. 
•* Mendi^bul Tamborrel <i6}» Tables des Logarithmes," Paris, 1891. 
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Thursday, March \Oth, 1892. 
Professor GREBNHILL, P.R.S., President, in the Chair. 

Abinas Cbaudra Basu, Professor of Mathematics, Agra College, 
Agra, was elected a member. 

The President and Mr. S. Roberts spoke of the services rendered 
by the late Dr. Hirst to the Society, and upon the loss sustained by 
the mathematical world in consequence of his decease. 

The President announced that the Council had just selected the 
six following mathematicians for the compliment of foreign member- 
ship — viz., Messrs. Poincar^, Hertz, Mittag-Leffler, Schwarz, Beltrami, 
and Willard Gibbs ; and, in accoi-dance with Rule 29, he nominated 
them for election at this the first subsequent ordinary meeting, with 
a view to their being ballotted for at the April meeting. 

The following communications were made: — 

The simplest Equivalent of a given Optical Path, and the 

observations required to determine it : Dr. J. Larmor. 
On cases in which a Hyperelliptic Integral of the First Order can 

be expressed as the sum of two Elliptic Integrals : Professor 

W. Bumside. 

On the Analytical Theory of the Congruency : Professor Gayley. 
Notes on Dualistic Differential Transformations: Mr. E. B. 
Elliott. 

On certain Curves of the Fourth Order and the Porism of the 
Inscribed and Circumscribed Polygon : Mr. R. A. Roberts. 

Professor M. J. M. Hill made a few remarks on Singular 
Solutions, and the President spoke on the Rectification of the 
Cartesian Oval. 

A Cabinet Likeness of Mr. S. Roberts was presented by that 
gentleman to the Album. 

The following presents were received : — 

Beiblatter zu den Annalen der Physik und Ghemie,** Band xvi., St. 2 ; 
Leipzig, 1892. 

" Actuaries — Journal of Institute of," Vol. xxix., Pt. 6, January, 1892. 
*^ Jahrbuch iiber die Fortschritte der Mathematik," Jahrgang 1889, Band xxi., 
Heft 1 ; Berlin, 1892. 

" Nieuw Archiev voor Wiskunde," Deel xix., St. 1-2 ; Amsterdam, 1892. 
Jomal de Sciencias Mathematicas e Astronomicas," Yol. x.. No. 4| Goimbra, 
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" Biilletin des Sciences Math^matiques," 2nd Series, Tome xvi., January, 1892. 

** Sitzungsberichte der K. Preuss. Akademie der Wissenschaften zu Berlin,** 
41-53, and Jahrgang 1891 ; Berlin, 1891. 

" Atti della Reale Accademia dei Lincei — Rendiconti," Vol. i., Fasc. 1-2, Sem. 1 ; 
Roma, 1892. 

" Educational Times,'* March, 1892. 

'*Aunal8 of Mathematics," "Vol. vi.. No. 4; University of Virginia, January, 
1892. 

Journal fiir die reine und angewandte Mathematik,'* Band cix, H. 2. 
<* BoUettino delle Pubblicazione Italiane ricevute per diritto di stampa," 1892, 
No. 148, in duplicate ; Firenze, 



The Simplest Specification of a given Optical Path, and the Obser- 
vations required to determine it. By J, Larmor. Read 
March 10th, 1892. 

1. The complete specification of an optical path through a hetero- 
geneous medium like the atmosphere, or through a combination 
of transparent substances which may form an optical instrument, 
requires not merely the form of the curve which a narrow beam or 
filament of light traverses, but also a statement of the character of the 
modification impressed upon the filament by traversing that path. 
The mode of division of a beam of light into filaments, or linear 
elements of waves, in the way thus suggested, corresponds much more 
closely to the physical reality than the more ordinary analysis which 
splits these filaments up into the rays of which they are supposed 
to be constituted ; and it is fortunate that, by making use of the 
dioptrical methods introduced by Sir W. R. Hamilton, and further 
developed more recently by Maxwell, the consideration of filaments 
leads to a deeper and more coordinated analysis than that of rays. 
That this is the case follows from the fact that the effects impressed 
upon all filaments by traversing a given path may be determined in a 
simple manner by observation or calculation relating to a few cases, 
and may be considered as expressed in terms of certain optical 
properties of the path. In addition to the geometrical gain which 
results from recognising that the treatment of a group of rays is 
nearly as simple as that of a single ray, there is the fact that all 
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phenomena of diffraction, arising from limitation of the beam, are 
most simply connected with the form of the wave-fronts which 
determine the filaments. 

2. In the Proceedings, Vol. xx. (1889), p. 185, it has been explained, 
after Maxwell,* that the characteristic function for an optical path, 
from a point (xi, y^, 0) at one end of it to a point (ar,, y^, 0) at the 
other end, is of the form 

U = const. + ^aix\ + CiX^y^ + ^hiy] 

+px^x^ + q^y^ + rx^i + my^ 

+ ia^J+c^,yj + i&2y2» (1) 

the terms of the first degree being omitted when the axes of and 
are tangential to the path. 

The course of a ray, from a point (ii, i/i, yf*) at one end to a point 
(^81 Vii 72^) at the other end, was then determined by the fact that the 
ray must strike the planes Zi = and «j = at points (aj^, y^, 0) and 
(•^ij ya which satisfy the condition of making the characteristic 
function stationary for all variations of these points. When the 
media beyond the two ends of the path are homogeneous and isotropic, 
this leads to the determination of these points by the equations 

(/^iVi + ^i) + Ci2/i H-i^a-j -f qy^ = fi.y^i^ ' 

When, however, the media beyond the two ends of the path are 
isotropic but not homogeneous, these equations determine the incli- 
natioDS of the ray, as it enters the path at the point (04, yi, 0), and 
emerges from it at the point («„ y,, 0) ; for its direction cosines 

(Zi, mi, and (Z,, m^, n^) 
at these two points are equal to 

{viC^i-a^i)* ViC'/i-yi)* 1} {ya(£,-a;.2), r,(»7,-ys), 1}, 



• Froc. Math. Soc, vi. (1874) ; Collected Papers^ ii., p. 381. 
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which are 

and (3) 

as they ought to be from the fundamental properties of the characterist ic 
function. This remark in Pact suggests an alternative method of 
stating the proof of the formulae (2). 

When the determinantal equation 



A = 



/xiri+ai (h p q 



= (4) 



is satisfied, there is a plane sheaf of rays from the point i/^, yf ^) to 
the point (fj, i/g, yl^), which intersect the plane «i = along the line 
(of constant direction) 

8x^ + Qyi = constant, (5i) 

and also the plane z^ — along the line 

Qx^+Fy^ = constant; (5j) 

while we have the identical relation 

Af^iViii + ^i/'iyi'7i + Pf^^yA + QhiYtni = 0, (6) 

the capital letters representing the minors of the corresponding small- 
letter constituents in the determinant A. 

The interpretation of these formulae is that, under the condition (4), 
a plane sheaf of rays, instead of a single one, passes from any point 
in the plane = yf^ to any point in the plane = y^^ ; that the planes 
of all these sheaves are parallel at each end of the path, being given 
by the equations (SJ and (5j) ; that all rays issuing from a point in 
the plane z-^ = yi"^ converge to a line in the plane = y2^; or, more 
generally, all rays issuing from the line 

^i/^irA + C'/Xiyif/i = B" (7 J 

converge to the line 

-PAi2r2^2+Qf*,y,'?, = -H, (7,) 

and vice versa. 
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3. The equation (4) establishes a 2-to-2 correspondence between 
the planes = yf * and = y^^ Any point-focus on one side of the 
path has, for its conjugate, two focal lines on the other side of the path, 
whose distances from the origin are determined by this equation, and 
whose actual positions are determined by the equations (7). 

The roots of (4), treated as an equation in or y„ are necessarily 
always real ; a result which admits of exteosion to any determinantal 
equation of this type, and so leads to a generalization of the propo* 
sition which asserts the reality of the roots of the period equation for 
the vibrations of a friotionless dynamical system with a given energy 
function. The roots of any determinantal equation of this type ^re 
in fact separated by those of the equation obtained by equating to zero 
the leading minor determinant ; and in this way a system of equations 
of orders diminishing by units may be obtained, each of which 
separates the roots of the one before it, thus showing, on Sturm's 
principles, that the roots of each are all real. 

When the two values of y^ in (4) are equal, their common valae 
might at first sight be taken to be the root of either first minor ; this 
would lead to 



p q 



6, r 8 



so that there would be two values of which lead to equal roots for 
yi. But this argument is vitiated by the fact (noted below) that the 
values of y^ thus obtained are imaginary, while Sturm's theory relates 
only to equations with real coefficients. A direct procedure shows 
that there are four such values of yg. 

The interpretation of these results requires some care. It might 
appear at first sight that any focus in the plane = y^ ^ has two 
coincident focal lines, and therefore a conjugate focus, in the plane 

= yf* ; and thus that there are always four pairs of planes of con- 
jugate foci. But we shall see presently, on other grounds, that this 
cannot generally be true. The explanation of the apparent paradox 
is that the equation (4) only insures that a certain plane sheaf of rays 
from the one point converges as a plane sheaf to the other point ; and 
that the equality of the roots further insures that two plane sheaves 
from the one point converge as plane sheaves to the other point. But 
any two plane sheaves from a point to another do not make up a 
wave-front; that they should do so another condition is required, viz.. 
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that the time of passage should be the same for each — in other words, 
that they should have the same characteristic function ; and this has 
not been secured. 

The state of matters may be illustrated geometrically by the 
Poncelet 2-to-2 correspondence of points on two conies. Each point 
on a conic is given by its parameter ; to a point on one, say the outer, 
there correspond, on the inner, the two points of contact of tangents 
from it ; to a point on the inner, there correspond, on the outer, the two 
intersections of the tangent at it. There are four points of intersection 
of two conies, and four common tangents, which are the correlatives 
of the two sets of four points referred to in the last paragraph. It is 
at once evident geometrically that the correspondence is not sym- 
metrical ; where a coincidence occurs on one conic it does not occur on 
the other. To make a coincidence at the same point on both conies, 
the conies must touch at that point, instead of intersecting. Similarly, 
to have conjugate foci, not only must the values of yi obtained from 
(4) be equal, but also the values of J ^ make the conditions for 
both these equalities consistent, a relation must hold between the 
coefficients, and therefore the optical path must have a special 
character. 

That the geometrical may agree with the optical correspondence, in 
referring only to real points, the conic which we have called the 
inner one must lie wholly inside the other ; otherwise the tangents 
will become imaginary over a certain range of the correspondence. 
The conies cannot therefore cross each other in real points. Thus the 
values of which give equal roots for y^ in (4) must be imaginary, 
a fact which we have already used in the analytical theory. 

3. If we revert for a moment to the more general question in which 
no part of the medium, is homogeneous, the planes s^i = 0, z^ = 
will be in correspondence if 

A'= a, c, p q =0 (40 

Ci hi r 8 
p r aj Cj 

The rays from a point in the plane = 0, which emerge from the 
plane afj = in a constant direction, there form a plane sheaf parallel 
to the plane 

S'ah+Q'yi = o, ; ...(50 
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and vice versa. The identical relation 

^Vi2i + Oi>xmi+PV32,+ Q>,7n, = (6') 

connects the direction cosines (ij, m,, 1), (Zj, m,, 1) of the same ray at 
incidence and emergence. In this statement, the capital letters 
represent the minors of the determinant A^ 

4. These considerations will in their analytical form be much 
simplified if we refer the path to its two cardinal points, so that in 
the characteristic function p = «, while q and r vanish. The deter* 
mination of the emergent beam 

which corresponds to an incident beam 

is completed in § 15 of the previous paper already quoted (Proceedings, 
XX., p. 190). The result is 

a, + ^ _ h^ + B^ _ Ca-f Ca -. ] 

b, + A, a, + B, c, + 0, Ai'V (8) 

where = (oi-f ^i)(6i+^,)-(ci+O0». ^ 

To obtain a pair of conjugate foci, we must have together 

A = ^i, Oi = 0, 

A,=^B,, (7s = 0, 

which leads, on subtraction of numerators and of denominators in (8), 
to a relation between the constants 

(9) 

— Oi Ci 

This is exactly the condition that, by a rotation of both systems of 
axes through the same angle, the characteristic may assume the form 

U= const. -^^a^xl-^ih^yl+p (aJiaJt'+'yi^/s) +i«2«2+i^82/l- - (lO) 

The path is then such that the equations connecting aj, are inde- 
pendent of the equations connecting y-^, ^3, each set being the same as 
those for an ordinary two-dimensional Gaussian system, except as 
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regards an absolute rotation round the tangent to the path at either 
end. The focal lines corresponding to all foci will then be parallel, 
and will determine the directions of these principal sections at the 
two ends of the path. 

To pass to the case of symmetry round the axis, two further con- 
ditions are necessary, = b^, and Og = 63. 

6. It will be observed that there are these two pairs of planes of con- 
jugate foci, and no more ; the conies of the analogy have double contact, 
and cannot touch again. The images formed in these planes will 
have a linear correspondence, and by means of them the path of any 
ray may be constructed. For the ray which connects any two points 
OQ one side must connect their image points 011 the other side, when 
such exist. 

The tact that it is only under a special condition that two sets of 
image points exist, and that there cannot be more than two sets, may 
be more directly demonstrated, as in the following sketch. Let the 
points {(IX, by, z) and {ax, by, Zi + Ri) on one side correspond to the points 
{^1 ^i) cos e—fiy sin e, ax sin c -h /3y cos €, + B^) on the other 

side, the correspondence of the second pair thus involving a rotation 
through an angle e. As the incident rays form a parallel system, the 
emergent rays must be normal to a surface 

z^z^+iAx' + Cxy + iByK 

Therefore, for all values of x, y, 

(1 — a cos c) x+(^ sine y — a sine a;-Kl--/3 cos e)?/ — 

Ax+Cy " Cx-^By 1 ' 

therefore 1 —a cos c = — B^A ) a Bin e = B^G ) 

/Bsine = -EjC) ' 1— /3cos€ = - B^B) 

so that 6 = 0, or else a -|-/3 = 0. 

The first alternative gives principal sections at each end of the 
beam, the case discussed above. The second alternative requires also, 
by consideration of a parallel beam incident on the opposite side of 
the path, that a+b = 0; thus fhe two image planes must be similar 
to the two object planes, but turned through different angles ; but 
even then it will be found that any other beam incident normally to 
one surface will not emerge normally to another. 
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6. The theorem of Proceedings, xx., p. 192, which gives the simpleBt 
equivalent of a general optical path, may be expressed in a somewhat 
simpler form, which is worth notice. The modification follows on 
observing that an optical instrument symmetrical round its axis may 
be replaced by two thin lenses at any two specified points on its 
axis. 

Consider any unsymmetrical optical system, separating two homo- 
geneous media ; and let the path of a central ray through it be con- 
sidered as its axis. Then the system is optically equivalent to two 
thin astigmatic lenses placed at definite points Oi and on a straight 
axis ; and that in two ways. It may, however, be necessary, in order 
to make these points real, to add on a simple lens to the original 
system. The positions of these cardinal points may be found experi- 
mentally, without any previous knowledge of the constitution of the 
instrument, on making the incident pencil symmetrical round the axis 
by the use of a circular stop, and shifting the luminous point from 
which it comes, until, on emei'gence into the second medium, it 
diverges symmetrically from either of its focal lines, as may be tested 
by focussing that line in an observing telescope and examining the 
appearance when it is put slightly out of focus. The focus of the 
incident beam is then the point Oj, and the circular section of the 
emergent beam is the point Oj. The determination may be checked 
by passing a beam over the path in the opposite direction. The 
astigmatic lens to be placed at 0^ is now determined as that lens 
which will refract an incident pencil from Oi to the same focal lines 
as the actual instrument does ; these focal lines are parallel to the 
principal sections of the lens, and its focal lengths in these sections 
are at once determined. In a similar manner the astigmatic lens to be 
placed at Ojis determined. The instrument is then optically equivalent 
in all respects to this pair of lenses, with the exception that all emer- 
gent beams may in addition have to be rotated round the axis through 
a constant angle, which, however, is optically of no consequence. 
When the axis of the emergent beam is in a different direction from 
that of the incident beam, these points Oj, O3 must be laid off on a 
subsidiary straight axis. The distance between them is to be adjusted 
by the fact that the section on the plane O3 of a given beam from the 
side of Oi mast be the same on the subsidiary axis as on the actual 
path. The astigmatic lenses are then determined, with reference to 
the distance OjOj, and in the result the incident and emergent 
beams will correspond exactly in both systems. 

The system of observations here sketched therefore suffices 
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theoretically to determine the optical e£Eect of any transparent 
system, however complicated, on all beams of light passing across 
it in a given path, straight or curved. 



On the Form of Hyperelliptic Integrals of the First Order, which 
are expressible as the Svm of two Elliptic Integrals. By 
W. BuRNSiDE. Received March 7th, 1892. Read March 10th, 
1892. 

The reduction of the integral 

r ( oH-fea?)<fa 



J '/x (aj-l)(aj-ic)(aj-X)(aj-*:\) 
to the sum of two elliptic integrals is due originally to Jacobi. 

The transformation is most simply exhibited in the following form. 

If ^ = 0?+!^, 

X 

then (oj — !)(» — «fX) = aj (2?— 1— icX), 

(» — ic)(aj— X) = X («— ic— X), 



5— -/ieX = »/x \/ z—2 icXj 



\/icX = y/x y/ 2\/icX, 
(aj— \/ icX)(ajH- VkX) dx = sfdz^ 

and hence 

{x+ */k\) dx dz 

^x (;c-l)(aj-ic)(aj-X)(aj-icX) -v/(«-2v^)(^-l-icX)(a?-<e-X) ' 

and 

(a;— \/icX)cZa; da 

Vx (a;-l)(aj-ic)(ic-X)(aj-ricX) y/ {z + 2'/!^){z'-1-k\){z'-'K^\) 

It has also been shown by Herr Konigsberger {Borcha/rdfs 
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Journal^ Vol. Lxvn.) that if a hyperelliptic integral of the first oi-der 
is reducible to the sum of two elliptic integrals by a quadratic substi- 
tution, it can always, by a linear substitution, be expressed in the 
above form. 

1 discuss in this paper the corresponding question for rational sub- 
stitutions of a higher order than the second. For the case of a cubic 
transformation the problem is treated completely, the general form of 
the integral, and the two substitutions that are necessary to transform 
it, being given explicitly. For the case of the quartic and quintic 
transformations the equations of transformation are explicitly ob- 
tained "with the general forms of the integrals to which they apply. 

The general theory of hyperelliptic integrals of the first order 
shows that when one integral of the first species belonging to the 
equation 

=/.(«), 

a sextic function, can be found -wifth only two independent periods, a 
second with the same property always exists ; and that, if suitable 
multiples of these are chosen as the normal integrals, the four periods 
of each are expressible in the form 

1, 0, — , 

n 

0, 1, — , w\ 

n 

where n is an integer. 

It follows from this that a-double ^-function, whose arguments are 
any two independent integrals of the first species, can in this case, by 
a transformation of the n*^ order, be expressed as a product of two 
simple ^-functions, and hence that the normal integrals can, by trans- 
formatioDs of the n*^ order, be reduced to elliptic integrals. (See a 
paper by the late Mme. S. Kowalevski, Acta Mathematica, Vol. iv.) 
The transformations will generally be distinct; that they are the 
same for the above-quoted case of the quadratic substitution results 
from the fact that for that case the equation 

is rationally transformable into itself. 

These considerations suggest starting with the elliptic integral, 
and determining the form of the substitution which will transform it 
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into a liyperelliptic integral of the first order. If the elliptic integral' 
be of the first species, i.e., everywhere finite, the hyperelliptic integral 
will necessarily be so also. 

Suppose, then, that the elliptic differential 

dz 

a . 2— /3 . »— y . 2;— ^ 

is transformed by the substitution of the n*^ order 



where 17, Fare functions of x, either both of the n*^ degree, or one of 
the w*^ and one of the n—V^ and for the present let n be odd. If 
the result is a hyperelliptic differential of the first order, 

must be the product of a sextic function of a;, and a perfect square ; 
and this can only be the case when three of the factors are products 
of linear functions, and perfect squares, while the fourth is the pro- 
duct of a cubic function and a square. 

The substitution may therefore be written generally in the form 

0— a : z — (3 : z—y : z — B 

:: (aj-oji) Xl : (x-x^) X] : (a?— ojj) X] : (a -ajJC^-^s) -Xj, 

where X^, X^, X^ are rational integral functions of x of degree 

and is of degree ^ ^ . 

By linear substitutions, performed on z and x, this may always be 
written in the standard form 

z : z—1 : 1 : z—z^^ 

:: xX", : (aj-l)Z^ : X] : (x-K)(x-\)(x'-f^) Xl 

the coefficients of the leading terms in X^, X^, X^ being unity (or all 
the same). 

The relations between the constants in this equation are mos 
easily obtained by a consideration of the corresponding Biemann's 
surface. 

The surface is Ti-sheeted and simply connected. 

At each of the points a? = 0, 1, 00 , w— I of the sheets are connected 
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in pairs by branch-points, and B,t z = z^, n—S sheets are so oonnected 
in pairs ; this gives 2w— 3 branch-points, so that there mnst be one 
more to make the sui'face simply connected. Hence the equation of 
transformation can be written more completely 

z : z—l : 1 : z—z^ : z—z^ 

:\ xX\: («- 1) X\ : X] : (aj-ic)(aj-^X)(aj-^) X\ : X5 («-a^)*, 

where X^ is a rational integral function with a?""* for its leading 
term. 

Now when Zq and z^ are given, there is only a finite number of ways 
of connecting the sheets of the surface together, and, for each way of 
connecting, x is a perfectly definite function of z, since it is a one- 
valued function on the Riemann's surface, with given values at three 
given points. Hence the constants in the above equation are algebraic 
functions of Zq and z^; or, more conveniently, of two arbitrary para« 
meters. 

When ic, \, fji are so determined as functions of two arbitrary 
parameters, 

(a + hx) dx 

-/ X (a;— l)(a;— If) (a;— X)(aj— /u) 

is a hyperelliptic integral of the first order, which, by transformations 
of the order, can be expressed as the sum of two elliptic integrals, 
and the method by which it has been obtained shows that it can only 
differ by a linear transformation from the most general integral so 
expressible. The above transformation only changes the hyperelliptic 
integral into an elliptic integral for a particular value of the ratio 
a/h ; the general theory shows that another transformation of the n*** 
order must exist, which will apply to another value of the ratio. 

The differential coefficient dz/dx vanishes only at the finite-branch 
points of the surface ; hence 

^ = ^lZi^i?Z:?L)x constant; 

and therefore 

dz _ constant x (a;— a^) dx 

y z (z—1)(z—Zq) \/x (aj— l)(a;— ic)(a;--X)(a;— /u) 

determining the particular value of the ratio a/b to which the given 
substitution applies. 
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Guhic Transformation, 

The equation for the cubic transformation involves only one arbi- 
trary parameter, and so differs from the general case of any odd 
number ; for in this case there can only be four branch-points on the 
surface, and of these three can be chosen arbitrarily. The coefficients 
in the hyperelliptic integral will, however, still involve two arbitraries, 
for the equation connecting the two differentials now becomes 

dz constant x (x—x^) dx 

'/ziz^Vjiz-z^) 'yx{x-l){xX\-z^X[) 

where z^ is one arbitrary, a nd the coefficients of and X^ involve 
another. 

The equation of transformation is here the same as for the 
cubic transformation of an elliptic integral ; as, however, it is to be 
used for a different purpose, it is convenient to put it in a slightly 
altered form. 

I shall therefore write 

2:^5-1:1 

:: xix+^t-^ty : (a;-l)(aj-0' : [(1+2^ 
This gives 

dz ( a?+2^ + 0(a?~0 [(l+20a;-(2^+^)] 
dx [(1 + 20 aJ + ^']' 

and hence 

dz ^ [(l+20a;-(2^-f Ojc^a; 

^z{z-'l){z-z^) v/a5(aj-l) [a; (aj-f 2* + ^*)«-^o {(1+20 aJH-^*}'] 

The general form of hyperelliptic integral, therefore, which can be 
expressed, by cubic transfonnations, as the sum of two elliptic 
integrals, is 

(a + 6a?) dx 

\/x{x-l) [aj(aj4-2i + 0'-«o {(1 + 20 » + ^']'] ' 

where t and 2?o are arbitrary. 

It is worth observing that, from the properties of the equation for 
the cubic transformation of elliptic integrals, this may be express 
VOL. XXIII. — NO. 441. N 
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in the form 

(a + hx) dx 



1 



^x(x-lKx-sn'u) [„-8n'(«+^)][x-sn' («+ y)]' 



2*1 being any complete period of the elliptic function. 

As regards the second transformation, it seemed natural to snppose 
that the two cubics 1) and xXl^z^X^ into which the sextia 

under the square root naturally divides itself in the above analysis, 
would interchange parts, and I have found that such is the case. 

This is perhaps most easily verified as follows. The equation for 
the second substitution 

is, by supposition, to have roots 0, 1, oo for a particular value of m ; 
hence, by a linear transformation of it can be thrown into the form 



z = 



and it is to be shown that a and b can be so determined that this 
equation is consistent with 

«(aj-l) 

_ (x-Xi)(x-x^y 
' x(x-l) ' 

» x(x-l) ' 

where (»— aa)(«-«2)(«'-i*^s) = ^o-^s* 

Now (af-^-ax+b) (ajj-aji) — + 2') = 0, 
after casting out the factor a— o^, has equal roots when 

xl + (2a'\-4ib) xl-hia^-^b) »! + (2a&4-46) x^ + V = 0. 
It is then to be shown that this equation is the same as 

(aj-ajo) [aj(aJ+2^ + 0'-^o{(l+20aj+^}'] =0. 
A comparison of the coefficients, which is somewhat tedious but in 
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no way difficult, shows that the four equations of conditions, to which 
the identity of these equations leads, can be satisfied by the following 
values of a, b and x^, viz. :— 

a = <* + 2Kl-i?o)-^o» 

Xq = Zq, 

The second substitution is therefore 

a;(aj— 1) 

Differentiating and simplifying, this leads to 

dz _ {x^t)\_a?-{2 + t)ix?+z,{(2t+l)x'-t]'] 
dx a^ix" ly 

and, since again dzldx only vanishes at the branch-points, this must be 

dz {x + (x —x{) (x — X2) (x — Xj) 
dx (x— 1)* 

Hence, finally, 

dz (aJ+O 



>/{z- ZiKz-'Z^){z-'Zi) v/aj(aj— l)(aj— aH)(«~«3)(»--«8>) 



v/'aj(aj-l)[a-(a5H-2^-hO'-^o [(1 + 20 

Collecting the results that have been obtained for this case, they may 
be stated thus : — 

The integrals of the first species, belonging to the equation 

=x(x-l) [x(x + 2t'^t*y'-z^{(l + 2t)x+t^y] 

can always be transformed into the sum of two elliptic integrals by 
the substitutions 

_ a? (a; 4- 2^+^')* 
[(l+20aj-|-^»}«. 

a5» + ^»a;+ 2^— «o lx(l-h2t) + fi'\ 

and z = ^ -* » 

aj(aj— 1) 

n2 
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and any form for whicli such a reduction can be effected by a cabic 
substitution can be transformed to the given one by a linear sabsti- 
tution. 



Quintic Transformation. 

For this case the equation for the quintic transformation of elliptic 
integrals is of no assistance, as it corresponds to an essentially 
different form of Biemann's surface. 

The problem of finding the equation of transformation may be 
stated thus : — 

To determine p\ q as functioos of two parameters, so that 

X (aj«4-l?aJ+3)'-(a;-l)(aj* 

shall be a perfect square. ' ' , 

By a linear integral substitution for this may be thrown into the 
more symmetrical form 

(«+a)(aj«-f ^aj+l)'-(«+i3)(a^+J5ajH-l)« = perfect square. 

Taking (a— j3)(waj'H-i?aj + l)* for the perfect square, and equating 
coefficients, there results 

a— ^ 



a-./3 ' 
a~/3 



= v. 



2«(t*-l), 
:t;«-(t*-l)«. 



The solution of these equations presents no difficulty, and the only 
irrational quantity which appears is the square root of v'— (u-f 1)'. 
Writing w for this, the values at once obtained are 
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The coefficients A, a, /3 may be expressed rationally in terms of 
two parameters, conveniently, by taking ; 

_Li 2 1: . 1 

11 

giving ^-Y"'!' 
and immediately leading to 

The equation of transformation can then be written 
:: («,+««)[«•+ (2-1 + + 

: (a,+0 (2 f + -i— i) 0,+!]' 
On differentiating and simplifying, this gives 



The values of x at the remaining two branch-points are therefore 
given by 

(I -1) (i. + i-) (2^/j-l) aj+4fe-3 = ; 
and, if r is a root of this equation, the equation of transfoi 
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may be written 

z : z—l : 1 : z-^Zr 
:: X square : (ajH-^*) x square : O x square 

: («-r)*(aj*+aaj« + te+c), 

where a, h, c are rationally expressible in terms of r, t 

It may be noticed that the coefficients wbicb are rational in s and 
t are also rational in ts and t/s, and tbat» writing 

to = r, — = <r, 

the equation defining r takes the simpler form 

(2- r) r>+ (<r+ i- ) (2r-l) r+r (4r-3) = 0, 

which is quadratic in each variable ; but I have not been able to 
determine whether the three quantities r, a, r can be expressed as 
rational functions of two suitable chosen ones. 

The hyperelliptic integral which this transformation immediately 
leads to is 

r (mx+n) dx 

J ^/(x'\-^)(x + ^){x*-hax*+bx+c)' 

where a, c are the determinate algebraical functions of s and t 
just introduced, and to this form every hyperelliptic integral can be 
brought which is reducible to two elliptic integrals by quintio 
transformations. 

Transformations of Even Order. 

When the transformation is of even order the product 

(ir-aF)([7-/3F)(?7-yF)(Z7-«F) 

may be the product of a sextic and a perfect square in two ways. 
Either (i.) the first two factors may be perfect squares, while the 
third and fourth consist of the products of a quadratic and quartic, 
each with a square ; or (ii.) the first factor may be a perfect square, 
and each of the others the product of a quadratic and a square. 

The first case is clearly equivalent to the combination of a quad- 
ratic transformation of the elliptic integral into another elliptic 
tegral, and then a transformation of this by a substitution of 
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degree — into a hyperelliptic integral ; and hence is not to be con- 

sidered an independent transformation of order n. The second case 
need therefore alone be treated. 

Considerations exactly parallel with those for a transformation of 
uneven order give, for the form of the equation of transformation, 

2? : 2— 1 : 1 : z—z^^ : z—z^ 

:: X\ : {x-\)ix^K) X\ : xX\ : («-X)(a5-;.) : X,(x^x,)\ 

where Xi is an integral function of x of degree n/2 ; X,, X,, are 
integral functions of degree fn— 1, and Xg is of degree n— 2; the 
coefficients of the leading terms of X^, Xj, X4, Xj are all unity (or 
the same), and the constants are all algebraical functions of two 
arbitraries. Supposing the coefficients so determined, then 

^ == constant X^L^i^^Lf?:!^, 
dx x'Xl 

dz constant X (a?— a^) c?a; 

y/z (z—1)(Z'^Zq) y/x (x — l)(x^K)(X'—\){X'—fJl) 



Quartic Transformation, 

In this case Xj is a quadratic, and Xg, Xj, X4 are linear factors. 
As in the case of the quintic transformation, the coefficients are most 
easily determined as functions of two arbitraries by performing a 
linear transformation on x^ so as to make the forms more symmetrical. 
In particular, I suppose the variable so taken that the roots of Xi=0 
are zero and infinity, and for convenience write 1/(1— ^r) for The 
equation of transformation takes the form 

z : z—l : 1 :: (aj+2aaj-ha)(aj+a)* : (aj'+26aj+6')(«+/5)' ^ Oaf. 
This gives aV-y/? = 0, 

a— 5 = /3— a, 
aa'-b/P = Vfi-aa, 
4 (aa-6/3)+a'-y+a'-i8» = 0, 

^_ (l-^>)(a-/3)» 

^ 7^ '. 

where v is a new arbitrary. 
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Writing now ax ior x and u for the eqnatu>n hecomes 

I : ^-1 : 1 

On differentiating and reducing, this leads to 

dx (t7-l)(«-l)* 

The values of x at the other two hranch-points are therefore giTen by 
li 8,t are the roots of this equation, 

and all the coefficients of the equation of transformation are rational 
in 8 and t. When they are so expressed, the equation in its complete 
form is 

I 

' (8 + t^8t)(l^8'-ty 

./^^lol— * + 8(8-^t^st)\^ .vj ) 

The sextic function / (a;), such that j* (a+fea;) dx / \// (a;) is reducible 
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to elliptic integrals by a quartic transformation, may then be written 
in the form 

x[aj*+2(l-< + t^)a;-^ o], 

where G = + 

For transformations of a higher order than the fifth, the relation 
between z and x becomes very much more complicated, as it appears 
to be then impossible to express it in a form in which the coefficients 
are rational functions of the parameters. The problem, too, of deter- 
mining in each case the invariant character of the sextic, correspond- 
ing to the vanishing of the skew invariant for the case of the 
quadratic substitution, is undoubtedly one of considerable difficulty ; 
this I have made no attempt to solve. 



On the Analytical Theory of the Gongruency. By Professor Cayle y. 
Eeceived February 27th, 1892. Read March 10th, 1892. 

If the lines of a congruency are considered as issuing from the 
several points of a surface, or say as the quasi-normals of a surface, 
then the fundamental geometrical theory is established by an analysis 
closely similar to that for the theory of the curvature of a surface ; 
viz., it is shown that each quasi-normal is intersected by two con- 
secutive quasi-normals in two points respectively (corresponding to 
the centres of curvature), or say in two foci ; we have on the surface 
two series of curves of quasi-curvature — only these do not in general 
intersect at right angles ; the intersecting quasi-normals form two 
series of developable surfaces, each touching the surface of centres (or 
focal surface), along its cuspidal edge, &c. ; and, in particular, each 
quasi-normal is a bitangent of the focal surface, touching it at the two 
foci respectively. 

But the analysis assumes a very different form if we consider the 



congruency by itself, without thus connecting it with a si 
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Regarding the congraency as determined by means of two equationSf 

TT(a, h, c,f, g, h) =0, F(a, h, c,f, g, h) =0, 

between tke six coordinates of a line (a/4-2)^ + cA = 0, as nsxuJ), I 
take (a, 6, c, /, g, h) for the coordinates of a particnlar line of the con- 
gmency, (oi, c^, /i, g^, 7i^) for those of a consecntive line. Denoting, 
for shortness, the derived functions (9„, 9^, 9„ 9/, 9^, 9*) U by jP, JET, 
A, B, C, and similarly those of V by F, ff, A\ B\ 0\ we have 

a,r + h,ff-\'C,H'^f,A'-^g,ff-^h,O' = ; 

viz., the consecutive line (a^, 6i, Ci, /i, gr^, ^) belongs to the linear con- 
gruency defined by these two equations. 
Forming with these a linear combination 

+ (\A-^fjLA')f,+ (XB-^fjB') g, + (XG+,i(r) ^ = 0, 
we may determine the ratio by the equation 
(\A 4-M') (X-^+iuF) + (XB-^fiB") (XO'hfiG') 

+ (XaH-Ai(r)(XJ3'+;iff) = 0, 

that is 

X' (AF-^BO+GH)+\fjL(AF'+Ba+CH'+FA'+GB'+HCr) 

-f (A'B'+B'ff+G'H') = ; 

we have thus two values of A : /i ; and, denoting the corresponding 
values of XF-^fiF', ... XG-i-f^G' by (/„ gf„ ^„ a„ Cj) and (/„ gr„ ^ 
<*s» ^s) respectively, we have 

«i/a + h9i + <^a^2 = 0, a,/, -f tagr, + Cj^j = 0, 

and aJi + ftigTa + Ci^j+Ziaj+S'i^a+^ic; = 0, 

viz., we have thus two lines (a^, Jg, Cj,/,, g^a, ^a)* («8» ^8> Cj,/,, gr„ 
not in general meeting each other, each of which is met by the line 
(ci, &i, Ci, /i, ^1, ^i) ; say, for shortness, the lines (a, 6, c, /, gr, 
(ai, Ci,/x, gfi, ^i), (ttj, 62, C8,/3, gTj, ^2), (a„ 63, c„/j, gr,, A,) are the lines 
0, 1, 2, 3 respectively. 

We may, in the foregoing investigation, substitute, for the coordi- 
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nates of the line 1, those of the line ; and it hence appears — ^what is 
indeed obvions — that the line meets each of the lines 2 and 3. 
Supposing now that the lines and 1 meet each other, that is, that 
we have 

then it is clear that the line 1 must pass throngh the intersection of 
the lines 0, 2, or else through the intersection of the lines 0, 3 ; in fact, 
if and 1 intersect in a point not on the line 2 or 3, then we have the 
line as a line passing throngh this point and meeting each of the 
lines 2 and 3 ; and also the line 1 as a line passing throngh this point 
and meeting each of the lines 2 and 3 ; that is, the lines and 1 
would be one and the same line. 

It thus appears that, considering the line as given, we have two 
lines 2 and 3 each meeting this line, say in the points and P, 
respectively ; and that, this being so, the consecutive line 1 meets the 
line either in the point Pj or else in the point P„ viz., that there are 
two consecutive lines 1, say Ij and 1„ meeting the line in the points 
2 and 3 respectively. These points are thus given as the intersections 
of the line (a, 6, c, g, h) with the lines (oj, 63, c„ /„ g^, (oj, 6„ c,, 
/j, gr„ A,) respectively; viz., supposing that X : /i is determined by the 
above-mentioned qaadric equation, and calling its roots : /i, and 

• f s» then we have 

«s> K Cj,/2, fl'a* ^1 = KA+t^iA\ X^H-^HtW, 
6„ Cg,/„ gt, hi = XiA-\^fiiA\ X^H-hfi^H'. 

For the point 2, we have 

hy-gz + aw = 0, . h^y—g^z-i-a^w = 0, 

— ^ . +fz -f 6m7 = 0, — h^x , '\'f^z -f h^w. 0, 

gx—fy . +cu;=0, giX—f^y . 03^ = 0, 

— CMJ— C2 . =0, —a^x — h^y^CiZ . =0, 

each set of four equations being equivalent to two equations, in virtue 
of the relations af-{-bg-^ch=0, Oj/j + ^jg^a+Cs^ = respectively. 
There is no completely symmetrical expression for the values of x, y, 
Zy w ; according as we derive them from the first equations, the second 
equations, the third equations, or the fourth equations of each aet. we 
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obtain 



^hf.-fb,: e, :bh,'-hb^:hf^-fk^ 
= qA -/C2 : cg^-gci : 8, : fg^ - g/;. 



where 



Gj = —/a, — 6gr, — cA,, = a/j + grft, 4- Ac,, 

e, = -o/,-5r5,-cA„ = /(h + hg^+hCf, 

©8 = — a/s— ^fl's— Ac,, =/a,+5r6,4-cA„ 

e = -a/j— ftgr,— cA„ =/a,+sr6,4-Ac,. 



For the point 3, we have, of coarse^ the same formnlfld, with the 
suffix 3 instead of 2. 



Notes on Dualistic Differential Transformations. By B. B. 
Elliott. Eeceived and read March 10th, 1892. 

In these notes I have found it impossible not to introdn'ce mnoh 
that is well known. I believe, however, that no one else has called 
attention to the coincidences with established theories, which give 
completeness to the later results of the first section, and olnes towards 
completing those of the second ; and I am not aware that anyone has 
spent time upon the case of three independent variables, considered 
in Section III. 

I. Transformation of Ordinary Differential Expressions, 

If, as usual, p denote and |)' denote the transformation 
dx dx 

for X and in terms of x' and y', 

oa?-f Ay-fflr _ hx-^hy+f _ gx-^-fy+c 



1 
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1 

^Qp' + F-^CipX'-y')' 

are non-vanisliing reciprocal deter- 



where 


a, h, g 


and 


A, ff, G 




K h, f 








9* A c 




G, F, C 



minants, is one possessing the qnality of duality ; in other words, 
^\ y\ ^1 y> P replace x, y, x, y\ p' in the formulae given. The 
transformation, in fact, effects polar reciprocation with regard to the 
conic 

aa?-\-2hxy'\-by^+2gx+2fy + c = 0. 

In general the transformed expressions, for second and higher 
derivatives of y with regard to », involve the variables x\ themselves 
as well as derivatives. This is not the case, however, if ^ = and 
6 = 0, i.e., if the base conic be a parabola with axis parallel to aj = 0. 
In such a case 

da?dx^'"f' 

Since we can at any time re-introduce the right power of 

— y- as a factor by mere consideration of dimensions, we lose no real 

gene^lity by putting a = 1, / = — 1, and so taking as our base 
parabola 

a:*— 2y+2graj+c = 0. 
The formulae of transformation then become 

« S', y = grp'-f i5+jpV— 2/', 

x^^p—g, y'^^gp + B-i'pX'-yy 

where B = c—g*. It is, of course, generally convenient to take g 
and B zero. 



We notice at once that y„ y„ y^, the second and higher deriva- 

dx^ 

dx ' dg? 



dx d^x' d^x 

tives of y with regard to a?, are merely — , — , — ^, while 
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yif yz, yl, tlios© of y with regard to x\ are . 

Thus the transformation of second and higher derivatives amounts 
simply to the interchange of dependent and independent variables in 
a set of first and higher derivatives. Now, of this interchange a com* 
plete theory is at our disposal. It tells us that 

and that ~ = i 

ax y2 dx 



To transform any function of the derivatives, it is not, however, 
necessary to substitute for all derivatives separately the values 
thus given. We have only to adapt as above a theorem of Mr. 
Leudesdorf 's {Froc. Land, Math. 8oc,, Vol. xvii., p. 333). The theorem 
at which we arrive from it is that, if 

Z7= Sy\ ^ + lOy.y, ± + (15^,2/5+102/!) + ... 
ay* ay^ 



where (m)r-i denotes the number of combinations of m things r — 1 
together, and, if / denote a homogeneous isobaric function of second 
and higher derivatives, of degree i and weight w, 

fiy'i, y'z, yl, ••.) = (-iyyre-'"" ''f(-y„ y., y„ ...). 

Thus, if any differential expression is the sum of such terms as 

y\ plfiyi, y's, yi, ...)i 

where / is homogeneous and isobaric, its dual consists of such 
corresponding terms as 

(-1)> (p-g^ gp+B-hpx^y, x+g) y2'' (-y^, t/s. 2/4» •••). 



Another remark, of very comprehensive importance, to which the 
simple fact we have noticed leads, is that the whole theory of recipro- 
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cants has its direct application to our dualistic transformation. If, 
in fact, 

be any reciprocant whatever, pure or mixed, and if in it we replace 
each derivative by the next higher, we thus obtain 

■K (ya, y^, ...)> 

a function of the second and higher derivatives which, but for a power 
of t/j as factor, is its own dual. In other words, such functions are 
the criteria of curves whose reciprocals, with regard to a parabola with 
axis parallel to that of t/j, constitute the same family. 

In particular, functions of y,, y^^ y^y ... without y,, or with only odd 
or only even powers of t/j, which U annihilates, are such functions. 
They correspond to pure reciprocants, or sums of products of pure 
reciprocants and odd or even powers of the first derivative. 



II. Partial Differential Expressions with Two Independent Variables, 

1. In this, the case of ordinary three-dimensional geometry, let, as 

1 -i , dz dz 
usual, p, q denote rr- , • 
dx dy 

Two classes of transformations, expressing aj, y, z homographically 
in terms oip', q\ p'x ■{-q'y'—z', have the dualistic property, and corre- 
spond to two kinds of geometrical reciprocity of surfaces. The 
homographic formulee have been given by Ghasles (Aper^u Historique^ 
Note XXX.) for the first class, and he has also indicated the second 
class by means of its most important case. The classes are (A.) that 
of transformations in which the coordinates of a point of a surface 
are expressed by means of a corresponding point on the surface which 
is the polar reciprocal of the former surface with regard to a fixed 
quadric, and (B) the class in which the coordinates of a point of a 
surface are expressed by means of the coordinates of the point of con- 
tact with the surface, which it envelopes, of a plane passing through 
the first point and orthogonal to the direction of its motion on an 
instantaneous screw of given pitch and axis. 

(A) The formulas given by Ghasles for the first class are in efiect 

ax+hy-j-gz-^l _ hx+hy -\-fz-\-m gx+fy-\-cz + n _ ^-f my-fng+c? 

-q ""1 ~ p^x' + qY^z' ' 
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t.e., 



— 


y 




-Bp'- 


z 


-«') 


-Gp'- 


1 


■z') 


-Lp'- 




-z') 



where 


a, A, gr, 


I 


and 


A, JT, Q, L 




^, 6, /, 


m 




H, JB, F, M 




/» c, 


n 




6?, ^, 0, 




Z, wi, w, 


d 




L, M , J^, D 



are non-vanisliixig reciprocal 



determinants. 

» 

Of these the Monge-De Morgan formnlas 

^ = p\ y = 3'i « = i> + — «' 

are a particular case. 

(B) The general formnlsB for the second class of dnalistic trans- 
formations are found by identifying 

with [vl+o) (mz^ny)] (i—x) + [vm+o} (nx—lz)^ (jl—y) 

+ {rw + w (Zy— 7w5)} (4—2?) = 0, 
where x, y, z stand for 35— a, y— 6, 2?— c, where 

a;— g z — c 

I m n . 

is the axis of the screw, and vu)"^ its pitch. They are of the form 

—p' — — _ 1 z —p'x ^q'y 

mz—n'if-\-\ nx — lz-^fi J/y — mx+y Aaj+/uy-fv« * 

which may be written 



JL 



t (2; — a; —5 y ) —vp — A— m (2? — p x — q y ) 



hp' — — w {z* —-px'— qy) Ip -|- 7nq' — n' 
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The only restrictions upon- the constants are that they be finite and 
snch that ZX+wft-f-nv, t.e., do not vanish. 

The included transformation discussed by Chasles is 

2. Regarding Class (A) first, I have considered the transformation 
of second and higher derivatives only for the included cases where 
x\ y\ z are linear in gr, 'pX'\-C[y—z, With altered notation we have 

y = hp+hq'—f, 

leading to x' = ap + hq—g, 

y = hp + hq—f, 
z — gp-{-fq + o-hpX'\'qy—z. 

We have at once 

= (ah^h'Xrr^s-^) = 



where r, M, r,.,^ denote -, — ^, — , _ 

{ab-h^f (rt-s'Xrr-s'^) = 1. 
We have also, since 



du _ d (u, y') d (x, y) 
dx d (x, y) ' d {x\ y) ' 

and — ^ ^^^^ (a;, y) 

dy d{x, y) ' d(x\ y'Y 

the operator equivalents, sufficing to produce derivatives of any 
order from those of the order preceding, 

dx' (a6-A*)(r^-s*) I ^ ^ dx _ ^ dy ) 



dy 

VOL. XXIII. — ^NO. 442. 



ISj mmk^d ^hem. or bf toe waeAcd Forntk's - DlfiBiciial Sqn- 
1 iV^iW^-**# 



1 mkr-i^fmh^lri M^lbi 



whencn th^ denTrndoo of the tnmtfomied rallies of Inglier derirmtives 
i# direct, tboogli soon Imbonoos. 



3. The Monge-De Morgaui < 

«' = p, *'=iw+5y~^ 
or th« rerj slightlj more generml 

which in that of reciprocation with regard to a paraboloid of rerola- 
iion with itn axis parallel to that of z, is of special interest ; and here 
a amtact with an existing tbeorj affords, as in the corresponding case 
in Section I., a means of elaborating maoj interesting results. 

We notice, in fact, that the second unaccented derivatives are 

merely ^s^, and that the correspondinc: accented 

dx dy dx ay r o 

derivatives are f*^, ^=^, and generally that the theory 

dx dy dx dy •'^ 

of the expression of the second and higher derivatives of z\ with 
regard to x' and y' in terms of those of 2? with regard to x and y, is 
included in the theory of the interchange of the dependent and the 
independent pairs in functions of the first and higher partial deriva- 
tives of one f)air of variables with regard to another pair of which 
they are regarded as functions. A paper by the present author on 
this latter theory will be found in the Proc» Lond. Math. jSoc, 
Vol. XXII., pp. 79, &c. It must be remembered that the theory whose 
apf>lication to the purposes of the present article is immediate is 
included in, but less general than, that developed in the paper referred 
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to. The fact that, as above noticed, — = -f-, has nothing corre- 

dy dx 

spondins: to it in the paper quoted. The -:; rr- ai^d , of 

that paper have here both the same meaning, namely. 



Similarly , . , . . and - , both mean — — _. 

dx '^'^dy *' dx^'dy **-^ dx dy 



daS^dAp 



For instance, what is given by the last result of the paper is that 

the discriminant of (^^"*"^^^) ^' * power of rt'—^ 

as factor, unaltered by our dualistic transformation, t.e., is the 
criterion of a family of surfaces whose polar reciprocals, with regard 
to a paraboloid with axis of revolution parallel to the axis of are 
surfaces of the same family. The fact is otherwise at once clear from 
the equalities, written down by the means already described, 

the common denominator being (r^— 5*)'. 

The transformed expressions for higher derivatives are deduced by 
aid of the operator equivalences 

Ax rt—^ \ Ax dy ) ' 

dy* rt—i \ dy dx) 
Elementary absolute self-dual functions are 

of characters — , +, — respectively; and, m, v being any two abso- 

o2 
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lute self-dual functions, another is 

-We may, for instanced, conveniently take for u and v the two 

in the first place, and successiyely afterwards others derived 

from those two. 

4. For the linear case of Class (B), 
x' = hq + g, 

which is only in appearance more general than that of Charles, 
we have (rt''^){rt'''s'^) = 1, 



and 



rat ' rt—f^' 



We have also A = _i_ {r 

A ^ _ 1 r 

Hence, quite readily, 

4 = {— ^*08o+3s*^02i-35^'%4-«'%} -5-, 
the common denominator of all four being A'(r<— 
If h be unity, 

{rt-^y^r^ (r^-«*)-»fi, (rt-^^yH 
are elementary self-dual functions, absolute, and all of negative 
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character. From any two such, and v say, we can at once derive 
another of higher order, viz., 

''^ d{x,y)- 

r t 

For instance, we may, in the first place, take — and — for u and v. 



III. Partial Differential Expressions with Three Independent Variables. 

1. If is a function of three variables x, y, z, and Hp, q, r denote 

now — , ~f dualistic formuleB of transformation analogoas to 
dx dy dz 

those of Class (A), Section II., are with ease developed. In what 
follows attention is confined to those in which new independent 
variables x\ y\ z are expressed linearly in terms of p, r and 
px'\-qy'\-rz—u. They are 

x' =ap-{-hq +5'r— Z, 
y = hpi-bq +fz —m, 

M = lp+7nq-{-nr-{-d-\-px+qy-{rrz-'U. 

Without real loss of generality, we may put aj, x', y, y, z, z' for 
aj-fZ, oj' + Z, y+m, y'-fm, z-Vn, z'+n; and write 

X = api-hqi-gz, 
y = hp + hq+fz, 
z = gp-\-fq+cz, 
v! = px-^qy + rz—u + d, 

of which the first three, otherwise written, are 

J^kp^Ax+Hy-^Oz, . . 

Aq =zHaf+By+^Fz\ 
Ar = Gx+Fy-^Oz, 

where -4, j5, 0, J, G, £F are the minors corresponding to a, 6, c, /, ^r, A 
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in the non-va nishing determinant 

A = a, ^, 

K 6, / 

By differentiation of u', we have 

p'dx'+q'dy' -{-rdz' = xdp-^-ydq+zdr 
= -i {(Ax-^ Ey-tGz) dx-{-(Hx+Byi-Fz) dy'+ {Ox+Fy-\-Gz) dz]; 

from which it follows that 

Ap = Ax-^Hy-^-Gz, 
Aq = Hx-^By-^Fz, 
Ar = Gx-^-Fy ^-Gz, 

which, with 

u = px+qy-^rz—u'+d 
= ^:^,(Ax'-j'Ey' + Gz'Xap'+hq'-{-gr')^u'+d 

^px-hq'y-^rV-u'-hd, 
show that the duality is complete. 

2. Let Wii, w„, un, u^, 

d^u d^u d^u d?u 



denote the second derivatives 



dx^* dxdy^ **' dx'^* dx'dy^ ' ' ' and let 

^21> 

i ^Sl* ^82» «*M 

a determinant whose minors will he called /„, 



Moreover 



«^» «^'i> '^laj ••• are the like functions of accented derivatives. 

By differentiation of x\ y\ z\ we ohtain 
dx — (awii + ^^18 4- grwia) dx 4- (aw^ 4- ^t*8i + 9^%$) + (aWi, + + qu^ dz, 
dy' = ( hu^i + bu^^ ^/Wis) + (^12 + Jt^as 4-/w») + (hu^^ 4- &t*85 4-/tt88) 
= (9'Mn4-/«,j4-cwxs) (^aj+(sft*i8 4"/w2i+cwj,) dy4"(9^Wij+/w„4-cw88) 
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We have also, by difPereutiation of Aj?', A/, 

A {u[xdx -^Ui^^dy* -^rUiidz) = Adx-\-Hdy-\'Qdz^ 
A {uyidx -^-u^dy' -{-u^idz') = ndx-^Bdy-^-Fdz, 
A {u[zdx' ^-u'^dy -^-u^^dz') = dx i- Fdy + C dz, 

which give other linear expressions for dx\ dy\ dz\ in terms of di» 
dy^ dz. The identification of these with the former gives at once 

AJ' (az^ii + ^^M+S'Wia) = ^J"u-f JET/i'sH- QJ[z, 

A/' (^t^ii 4-/Wi2 4-Ct*i8) = -dl/ia 4--H723+ G^«^33> 

A J"' (awi2 + ^Wj2 + gu^) = ffJu + BJ^ + FJ[z^ 
A/' + feujj +>28) = HJIa + J5 + FJi, 

A/' Qiu^^ + 6t*28 = ^Jn + + CJ; 



13) 



23) 



These express for us «,„ u,„ ... iu terms of J' and its minors. They 
give ns, in fact, 

A'/m,j = AEJ^i + (AB+H') J(,+ (AF+ GH) J{,+BHJi, 

+ (nF+BG)JU+FGJU, 

AV'«„ = AGJii + {AF+ GH)J[,+ (AG+G^) Jlz+BFT^, 

+ {GH+FG)Jit+CGJ'„, 

A'J'u„ = GHJ'n + (BG+HF) Ji,+ {GH+FG) r^+BFr,, 

+ iBG+F')JU + GFj;>. 

We may briefly express the facts arrived at by saying tl 
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linear transformation 

a = oa'-h^/B'+gry', 

produces y {/;,a'» + 7^2/3''+ /47'>+2/i,i3y + 2/(37 V + 'i3'], 
as the equivalent of 

One coDclnsion hence is that 

AV/'=1; 

and this might at once have been written down by noticing that 

and d{x,y,z) 

3. A few words as to the particular dualistic transformation 
X = p, 

/ = r, 

u = px-^-qy-^rZ'-Uf 

which, as in Section II., 3, may be given an apparently slightly more 
general form, will conclude the present paper. The formulsB of 
transformation of second derivatives become now 

Jll J\2 J\z J22 JtZ «^ 

U[i U12 Ui3 l4s U33 



As an example ^ of conclustons arnved at it may be noticed that 
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every solution of an equation linear in w^, &c., corresponds to a 
solution of a corresponding equation linear in /Jg, <fec. 

In particular, to every spherical harmonic, or solution of 

d^u dSi ^ 

coiTesponds^ a single solution of 

2 I ^ d^u I d^u y ) Q 
(dx^ dif \dxdyl ) 

For instance, u=. (a5* + y*+2?')~* = jo"^ is a spherical harmonic. The 
corresponding solution of the dual equation last written is obtained 
from 

a;' = j9 = — a;p~^, 

2/' = 3 = - yp"^^ 



Thus u = p'* is a solution as required. 

More generally, let be a spherical harmonic of degree n. It is 
homogeneous in x, y, z, A corresponding solution u of the dual 
equation is given by 

^/ __ d^ 
dx ' 

dz ' *~ 
u = (n— !).«*„ 

= a homogeneous function of degree — ^ in x\ y\ z. 

Thus the degrees n, n of the spherical harmonic and its dual are 
connected by the relation — + i-= 1. Moreover, to the relation 
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ni+nj= — 1, connecting the positive and negative degrees of two 
associated spherical harmonics, corresponds the relation 

3w;ni-2 (n{ + ni) + l =0, 

connecting the degrees of two associated solutions of the dual eqna- 
tion. Such two associated solutions differ by a factor which is a 

power of ( J^] + (^) (J^) ' ^' ^® either of the two. 



On certain Quaitic Curves of the Fourth Class and the Po^'ism of 
the Inscribed and Circumscribed Polygon. By R. A. Robebts. 
Received March 8th, 1892. Read March 10th, 1892. 

In a former communication to the Proceedings of the Society, I 
showed (see Vol. xvi., p. 53) that for certain plane curves of the 
fourth degree there existed an infinite number of polygons simnl* 
taneously inscribed in and circumscribed about the curve ; and I gave 
the means of determining the parameter in the equation of the curve 
i n the -same way as Professor Cayley has done for the similar problem 
of two conies, namely, by equating to zero determina,nts formed by 
the coeflBcients in the expansion of a radical expression. It may be 
worth while, however, making the investigation directly, with the use 
of the elliptic integrals by means of which the results are arrived at. 

In the place referred to, I showed that the curves are unicnrsal 
and possessed of two cusps and a node. Slightly altering the nota- 
tion, I write the curve now 

(xy zx-^yz)'^ —m^s^xy — 0, 

where xz, yz are the cusps, and xy is the node. This equation, it is 
easy to verify, is satisfied by taking 

X = l^e'^md, 2/ = 62 (l-62-'m6), z = e\ 

where 6 is a parameter. Hence, if a line 



Xx-\-fjiy-\-vz = 
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meet the curve, we have 

X ( 1 - ^ - md) -f /la* ( 1 - ^ - md) + = 0, 

from which we find that the four parameters of the points of intersec- 
tion are connected by the relations 

Se = --m, %\ — m. 

o 

Hence, if the tangent to the curve at the point $ meet the curve 
again at the points 6i, d„ we have 

whence, eliminating 0, we obtain 

(Qi+o,y+m (e,+e,)a -o,03)-(m«+4) e,e, = o (i), 

which is consequently the relation connecting the parameters of two 
points, such that the line joining them touches the curve. Now this 
is of the well known form which occurs in the case of two conies ; in 
fact, if we consider the conic oj = 1, y = 0*, 2? = 20, i.e., z^'-4ixy = 0, 
the tangents at the points 0^, 6^ intersect in 

so that (1) expresses that two tangents to s^ — Aayy = intersect on 
the conic 

^-\-mz{x—y)'-{7n?-\-4i)xyz=:0 (2). 

The problem is thus reduced to finding the conditions that it 
should be possible to inscribe an infinite number of polygons in (2), 
so that they ^ould be circumscribed about s^^4ixy = 0. 

It will now be very convenient to make use of a result given by 
Mr. L. J. Rogers (Proceedings, Vol. xvi., p. 306). 

Let 8 = s^'\'mz (aj— y) — (m'-f 4) xy, 

S'=si'''4aiy; 

then let us form first the discriminant of iS' + 8j when we find 

1^44 + + 4] + (^8 _^ 8) £+4} . 

Now, in order to render all the factors rational, we put 

2 4(^-1)' 



204 Mr. R. A. Roberts on [March 10, 

when the discriminant becomes proportional to 

But Mr. L. J. Rogers has shown that, if the discriminant is pro- 
portional to 

the condition for a polygon of n sides is 

n 

In this case we have = — ^, 

, 8 1 cn'v l-f^^—^ 

whence fe« = ^ZI^ = _J!_. 

l-cn^w 

We thus have sn i; = ^^^^ cn » = -i- , 

t t 

d-=7(rT?=o ^3). 

To find sn 2v, we have 

nn2t; = 2 sn t; cn t; dn i; ^ 2 v/{(^~l)0»+l) ] 
1-A;*sn*t; ^(2^-1) 

, o l-2sn't7-f-A;»8n*t> 2-< * 

and cn 2t> = — ^ = — - — , 

l-A^snS *(2*-l)* 

J o 1 — 2A;* sn' v + A;' sn* V 1 

dn2v = — -j-^ = — — (4), 

A • • o sn' 2i; — sn'"^ V 

Agam, since sn v sn 3i7 = - — - — - — , 

1 — Arsn'i?sn'2v 

we get sn = ^^^^^^^ (^) » 

, Q 5-4/ , Q 4^-7^+4 

whence cn3. = ^, ^n 3. = , 

as can also be proved otherwise. 
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Again, we have 



en 4v 



1-2 sn' 2v + 1c'sn*2v 
1-A;2sn*2t; 



, 8(^-l)(^+l) I6t' (t^iy (^+1)^ 
t^(2^~l)' "^1 + ^ (21-^1)' 
. 16^ (^-1^(1^4-1)' 

-16^+33^-24^+8 
K8^»-24<^+33^-16) 



We may now apply these expressions to finding the valnes of t, when 
n takes different valnes. 

Let w = 3 ; then 3i7 = 2Ky and sn 3v = 0, which gives, from (5), 
^ = ± 1. Now these values are manifestly irrelevant, as, from (3), 
they actually correspond to v = 0, and v = 2K, 

Thus we see that there are no curves simultaneously inscribed in 
and circumscribed about an infinite system of triangles. 

Next, let w = 4 ; then 2v = Ky and cn 2t; = ; hence t= 2, and 



therefore the curve (xy-^zx — yzY = 2xys? 

is simultaneously inscribed in and circumscribed about an infinite 
series of quadrilaterals. 

Again, let w = 5 ; then bv = 2K or 4£^, so that 
cn 2v ± cn 3t; = 0. 

Hence, from (4) and (5), 

(2-0(5^-4) ± t (2^-l)(5-40. = ; 
which, after dividing by 1 and i+1, gives 

S^"l7t+8 = 0, 8^-ll<+8 = 0. 
Each of these equations gives only one value of m, for 



,_ 4(^-lV _g. 




thus 



i 

2 



or 



-1. 
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Henoe, for the pentagon, the curves may be written 

2 (scy zx—yzy xyz^ — 0, 

2 {xy-^zx-^-yzy—hxys? = 0, 

where, in the second case, we have changed the sign of y. 

Let w = 6 ; then Qv = 2K, Sv = K and cn 3t; = 0, so that (5) gives 
^ = f , and m' = ^ ; thus the curve is 

5 (xy+zx "^yzy —xyz^ = 0. 

Let » 2= 7 ; then 7v = 2K or AsK, and cn 3v ± cn 4v = 0. 
Hence, from (5) and (6), we get 

5~4< 16^'-33^'-+24 ^ ~8 

4 - 5^ ^ (8^» - 24^ + 33^ - 16) ' 

which, after dividing by ^— 1 and ^ + 1, gives 

32^*-37^ + 14^-37^+32 = 0, 

32^*-184^»+297t«- 184^+32 = ; 

or, putting ^-f — = X, 

t 

32\»-37\-50 = 0, 32\'-184\+233 = 0. 
Hence, since from these eqaafcions there are four real values of 

X = 2+Jm«, 

we infer that there are four curves corresponding to the figure of 
seven sides. 

Let w = 8 ; then 8v = 2K, 4^v^K, and cn 4t? = ; whence, from (6), 

16^»-33^»+24^-8 = 0. 

This eqaation has only one real root, as its Hessian quadratic 
7^—40^+22 has both its factors real. There is thus but one real 
curve in the case of the figure of eight sides. 

Let w = 9 ; then 9u = Let 3a = and a = Zv, Now it is 
easy to show that, if 3a = 2K or 4S*, then 

cna = (Idzcna) dna. 

Hence, from (5), we have 

(5-40(5jJ-4) v/(H- 25^ - jJ) = 9 (jf-l)(4?- 7^+4), 

or (5-40(5^-4) ^/{l^f^t) = (^+l)(4^8-7^+4). 
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whicli, if we put ^+ i = X, 

t 

become (20X-41)2 (\ -1)-81 (X-2)(4\-7)2 = 0, 

(20\-4l)^ (X-l)-(X + 2)(4X-7)»= 0, 
so that there are six curves for w = 9. 

Let w = 10 ; then lOv = 2K, bv = Z, 3t; = JT— 2t;, and 

sn Sv — sn (K—2v) = ; 

^ ^ dn 2t; ' 

therefore 9^* (^-1) = (2-^' (5^-4)S 

. which gives four curves for n = 10. 

A few additional remarks on the curve corresponding to the 
quadrilateral may be of interest. Patting = 2, and $ ^2 for 6, 
we may represent the curve thus 

05 = 202(26^20-1), 2/ = 20'+2d-.l, z^2^, 

in which case, if the tangent at $ meet the curve again at Oj, Oj, we 
have 

whence ^'+^,+e, + e,-2eitf,(«,+«,+2) =0. 

Now this relation may be written 

«(9i)+^(e,)=0, 
where ^(e) = »|l±|); 

and the form of the equation proves the existence of an infinite 
number of quadrilaterals ; for the four equations 

(00 +^ (Oj) = 0, ^ (^,) + ?> = 0, ^ (0.) +^ (^0 = 0, 

are manifestly equivalent to only three independent equations. 

Let a, &, c, d be the parameters of the vertices ; then, if ' X is a 
parameter, we may evidently write 

a*+a = X(2a-l), 5^ + 6 = - X (26-1) | 
c» + c = X(2c-l), fP+(2 = -X(2(i-l) J 
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from the first and third of which we get 

a + c+l = 2\, and 6 + d + l = -2X; 

similarly from the second and last. Hence 

a+6 + c+£i = — 2. 

Now, if is the point of contact of oft, 

20 = - (l+a-ft), and 2^ = - (l + c-f d), 

where 0' is the point of contact of cd. Therefore d'\-d' = 0, which, it 
is easy to see, shows that d, %' are collinear with the node. l%ns we 
see that the line joining the points of contact of opposite sides passes 
through the node ; or we may put it : the node is the intersection of 
the diagonals of the quadrangle formed by the points of contact. 

Again, if the curve be reciprocated, it will be transformed into a 
similar curve, and the property of the quadrilateral remains nnaltered. 
Hence, from the last result, we deduce that the tangents at opposite 
vertices of the quadrilateral intersect on the bitangent of the curve. 

We now prove d. property of this curve. The points where the 
nodal tangents meet the curve again are found by altering the sign of 
^ in the quadratic giving the parameters of the node, that is 

262 + 20-1 = 0, 

so that the nodal tangents cut the curve again in 

202_20-l =0; 

but these are the points of inflexion ; for the latter points, we have 

3e+e' = -i, 1+^=2. 

whence, eliminating 6', we get 

20*-2a-l = O. 

This property is the reciprocal of the result noticed by Professor 
Cayley in my former paper, namely, that the cuspidal tangents inter- 
sect the curve again in the points of contact of the bitangent. From 
the first and third of the equations (a), we easily get X = ac, and 
from the second and fourth A = — fed, from which we further deduce 

— +~ + -+-T = 4, ac-h6fi = 0. 
abed 
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And from these we propose to prove a result concerning a certain 
conic circumscribing the quadrilateral. If any conic meet the curve, 
we can easily show that 

for the eight points of intersection. Hence, if the conic pass through 
the node whose parameters are given by 

2e«-f20-l=O, 
we have for the remaining six points of intersection 

Sie = -i, Sli = 2. 

Hence, if the conic parsing through a, &, c, d meet the curve again in 
©1, 0„ we have from the above 

or 0x + a, = l, i-+-L+4 = 2, 

but these equations, as we have shown already, determine the points 
of inflexion. Thus we have proved that we can describe a conic 
through the vertices of any one of the quadrilaterals, so as to pass 
through the node and the two points of inflexion. 

Furthermore, we can show that this conic passes through another 
fixed point ; for the nodal tangents being 

{x?^y^—4!xy = 0, 

and the line of inflexion 4a'\'y—x = 0, 

a conic circumscribing that triangle may be written 

aj^-f y*— 4i;y— (Za;+wy)(4!2H-y— ») = 0, 

which intersects the curve in points given by 

(2tf»+2^-l)» (2^-20-1) 

- (2Zfl^H-m)(2fl^+2«-l)(2«^-2«-l)(l-4fl-2^) = ; 

or, dividing out by factors, 

(2«»+2«-l)«-(2Z«»-f m)(l-4«-2e«) = 0, 

VOL. xxin. — NO. 443. p 
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which becomes 

4(Z+l)(tf*+2tf»)+2(m-Z)tf» + (m-l)(4tf~l) = 0, 
of which a, 6, c, d are to be the roots. 

Now we have oc + 6c? = 0, 

which, in the case of 6*-j}6^ + g0*--r(9+« = 0, 

gives ^'-f — = 4g, 

8 

and, applied to the biquadratic just found, gives, since j9 = — 2, 
and — = 4, H-r = g. 

8 

or m — Z = 4, 

which seems to show that the conic passes through the additional 
«+y = 0, 8«-6y = 0. 

Reciprocating this result, we deduce that a conic can be described 
to touch the four sides of the quadrilateral, the double tangent, the 
two cuspidal tangents and another fixed line. 

Interesting particular cases might be found by projecting the curve. 
Thus, if the points of inflexion became the circular points at infinity, 
the vertices of the quadrilaterals woufd lie on a system of coaxial 
circles. Also, if the points of contact of the bitangent were the 
circular points, the circles circumscribing the four triangles formed 
by the sides of the quadrilateral would all pass through a fixed point. 

We might investigate the relation connecting points whose tan- 
gents intersect on the cur7e as follows. Let the tangent at meet 
the curve again in a, )8, then 

2^+a + l=-A |+L-2 = -i; 

therefore, eliminating /3, we get 

2fl« (1 - 2a) + ^ (1 + 2a - 2a«) + 2a (a + 1 ) = 0. 
Now the roots of this equation in 6 must be the points of contact of 
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the tangents which intersect in a. Hence we get 

=2a!r:2a-l a(a4-l) 
» 2(l-2a) ' ' ' l-2a ' 

so that, eliminating a, we obtain, as the relation between 6^, d,, ' 

l+4^0',-4 (^+0;) = O. 

Now, from the curve, we have 

Hence »i«a+2/iya-2 (xiy^ + y^x^) = 0, 

which shows that the two points are conjugate with regard to 

a^-|.y2_4^ = 0, 

i.e., the nodal tangents. Reciprocating this result, we find that tan- 
gents at the vertices of a quadrilateral divide the bitangent 
harmonically. Hence if the curve be projected so that the points of 
contact of the bitangent become the circular points, the tangents at 
the extremities of a chord which touches the curve cut at right 
angles ; and the tangents at the vertices of the simultaneously 
inscribed and circumscribed quadrilateral form a rectangle. 



Thursday, April Uth, 1892. 
Prof. GRBBNHILL, F.R.S., President, in the Chair. 

Mr. Arthur Lee Dixon, B.A., Fellow of Merton College, Oxford, 
was elected a member. 

The meeting then balloted for the following six mathematicians — 
Messrs. Poincare, Hertz, Mittag-Leffler, Schwarz, Beltrami, and 
Willard G-ibbs, whose names had been submitted by the Council for 
the compliment of foreign membership. All were unanimously 
elected. 
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The following communicationB were made: — 

Second Note on a Quaternary Group of 51840 Linear Snbstita- 

tions : Dr. G. Gt. Morrice. 
Note on the Skew Surfaces applicable upon a given Skew Snrfaoe: 

Prof. Cayley. 

Mr. Kempe made an impromptu commnnioation on Be||^ar 
Graphs." 

The following presents were received : — 

" Royal Society— ProceediDgs" Vol. l., Not. 306, 806. 

** Beiblatter zu den Ancalen der Physik und Ghemie," Bd. xvi., St. 8 ; Leipsigy 
1892. 

Gesells. der Wissenscbaften zu Leipzig — Berichte," Pt. nr., 1892. 
''GesellB. der Wissecscbaften zu Leipzig — AUiandlungen," Band zvm., 
Nos. 3, 4. 

** Bulletin of New York Mathematical Society," Vol. i.. No. 1, October, 1891, 
and No. 6, March, 1892. From Prof. W. W. Jobnson. 

Ejobenbavn Tidsskrift for Mathematik," A. Tredje Aargang, Nos. 1 and 2. 
" Kjobenbavn Tidsskrift for Mathematik," B. Tredje Aargang, No. 1. 

Bulletin de la Societe Math^matique de France," Tome xx., No. 1. 
" Bulletin dee Sciences Math^matiques," Tome xvi., F6v., 1892. 

Homa — Atti della Heale Accademia deiLincei," Vol. i., Sem. 1, Fasc. 3, 4, 5. 
* * Educational Times ' ' for April. 

** Toulouse— Annales de la Faculty des Sciences," Tome vi., Faso. 1 ; Paris, 1892. 
Milano-'Annali di Matematica," Tome xix., Faso. 4 ; February, 1892. 
Journal fiir die Beine und Angewandte Mathematik (Crelle)," Bd. cix., 
Heft 3 ; Berlin. 

Mathematical Questions, with their Solutions, from < Educational Times,' " 
Vol. Lvi.; London, 1892. 

Vierteljabrscbrift derNaturforscbenden Gesellschaft in Zurich"; Zurich, 1891. 
** Prace Matematyczno Fizyczne," Tome in. ; Warszawa, 1892. 

Washington Observations, 1887. Observations made during the year 1887, 
at the U. S. Naval Observatory," with 3 Appendices and 10 Plates; 1892. 

Bollettino delle Pubblicazioni Italiane ricevute per Diritto di Stampa," Nos. 
149, 150 ; Firenze, 1892. 

**J. Timtcbenco — Fondements de la Tb^orie des Fonctions Analytiqnes" 
Memoires de la Section Matbematique de la Soci6t6 des Naturalistes de la Noayelle- 
Eussie," Tome xn. ; Odessa, 1892). 
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Second Note on a Quaternary Oroup of 51840 Linear Substitu- 
tions, By Dr. G. G. Mobbice. Received and Read April 14th, 
1892. 



In considering complex numbers of the form 

we may attribute to the symbols pi, pa, Ac. any significance we 
please, provided that they conform to the proper multiplication-table. 
They may be steps along lines, rotations, strains, substitutions, or 
what not. 

In the matter now under consideration they are quaternary 
matrices. 

Let us start from a quaternion d-\'ai'\'hj-\'ck\ to multiply this by 
a second quaternion d'-^a'i+b'j+c'k is to subject the parameters 
c, h, a, d to the matrix 

( dr, a', -V, c') (1), 

—a, a, c, 
h\ — c', a' 
-c', -V, -a', d' 

viz., we produce the qoaternion 

<r+o"i+67+c"A!, 

where a" = aX ■\-a'd— (hc—h'c), 

V = hd:-\'Vd-{ea'-da), 
c" = ar+c'<i-(a5'-o'6), 
i' = — aa'—hV—cc'+dd'. 

The matrix (1) maj be exhibited as a linear fnnction of the matrices 



(0100), 
-10 
1 
0-10 



(0 0-1 0\ 
1 
10 
0-100 
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1), 

10 

0-1 

-10 



(1 0) 

0.1 00 

10 

1 



•(2), 



as appears at once if we multiply these severally by the scalar para- 
meters a, 6, c, d and add. Moreover these four matrices form a 
group, and indeed we might regard the symbols i, A;, 1 as being 
nothing else than symbols for these matrices. That a quaternion is 
a binary matrix has long been recognised, but it appears to me that 
its connection with quaternary matrices is even more obvious, and 
has a better claim to notice, because without it the composition 
formulsB 

a" = ad'+ad- (hc-Vc), Ac. 

present no definite idea to our minds. 

The process of exhibiting a matrix as a linear function of matrices 
of special forms occurs in kinematics. A strain is split up into the 
sum of a uniform dilatation, a skew strain, and a wry shear. The 
fact that th(B components form a group is not emphasized. 

I now recur to the note on this subject which I had the honour of 
reading to this Society on December 12th, 1889. 

We have four functions 2?,, z^, z^^ z^ connected with the multiplica- 
tion by 3 of the normal periods of the double theta-functions, viz., 

^1 = -^01 """-^WJ 

z^ = Xij— Xjj, 
where X.^ (vp v, ; r^i, ri„ r„) 

= + . 



I found a sub-group of 4 linear substitutions of the periods «, all of 
which were also to be found in the 2;-group, t.e., the group of 51840 
linear substitutions which the functions z^^ «5, z^ undergo ; but I 
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did not notice tliat the simplicity of the group was accounted for by 
its isomorphism with quaternions. In fact my to sub-group is 
exactly (2). 

Following Heinrich Burkhardt, " TJntersuchungen aus dem Gebiete 
der Hyperelliptischen Modulfunctionen," Math, Annalen, xxxviii., 2, 
our matrices (2) are 

E'D, (BDyS", BDB, 1, 

to which we have, as corresponding matrices in the 2-group, 

0), (-1 0-1 1). 
111 



(0 -1 
1 









1 



-110 

1 1-1 



(0 

1 



1 



1 1 
1 -1 



1 
1 
-1 





1). 

-1 



1 



(1 








1 


















1 





0) 




1 



If then we multiply by the scalar parameters a, d, and add, y^e 
find that when the periods ai are subjected to the matrix 



( d, a, —5, 

—a, (?, c, 

hj -c, (2, 

— c, —5, —a, 



h 
a 
d 



the functions z^, z^, are subjected to the matrix 

( 5, c— a, — fe+c, &H-c). 
c+a, 6, 6 + 5— c 

— 6 + c, 5+c, (2— c, —6— a 

647C, 6— c, — fe+a, d-\-c 



We should have expected to arrive at a matrix of the same form, but 
with the signs of the four elements in the top corner on the right- 
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hand side reyersed, viz., 

c2— 6, c— a, .6— c, — 6— c) (3), 

c+o, c2+6, — 6— c, — 6-l-c 

— 6-l-c, 6-l-c, (i— c, — 6 — o 

6-1-0, 6 -c, — 6 + a, c? + c 

for we can easily verify that 

( c2— 6, ... 5 — 6', . 



= (^"-6", , ... ) 



.(4), 



where d" = — aa'— 66'-cc'-|-(W, &c. ; 

that is: the matrix (3) has the same law of composition as qnatemions. 

We seem to require a notation for expressing the fact that the 
matrix (4) arises from the matrix (3) in two distinct ways : either 
by subjecting the letters c, 6, a, d in the matrix to the matrix 

( d\ a\ -6', c' ), 

— a', d\ c\ y 

b\ — c\ d\ a' 

— c, — h\ —a', d 

or multiplying (3) in the ordinary way by the matrix 
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It is only an extension to complex numbers generally of what is 
familiar in the case of vectors, viz., that the linear and vector 
function of a vector is a ternary matrix, but there should be a nota- 
tion independent of the representation of matrices by complex 
numbers. 

An example may be cited for binary matrices. Cayley, Messenger of 
Mathematics, Vol. xiv., p. 178, gives, for a binary matrix Q such that 

=0, 

the form ( — /f —grj — h(, 6{ — a v + Aw ) ^ 

I -ci+ai+gu), cti—hH+fu) \ 



and we require a notation to show that this is derived by subjecting 
the elements of the matrix 



to the matrix 



b, —a, 0, h 
—gy 0, a, g 
0, g, -6, / 



Note on the Skew Surfaces applicable upon a given STcew Surface. 
By Prof. Caylby. Eeceived March 26th, 1892. Eead April 
14th, 1892. 

The question was considered by Bonnet— § 7 of his " Memoire sur 
la theorie g^nerale des Surfaces," Jour. EcoU Polyt,, Cah. 32 (1848) ; 
I resume it here, making a greater use of the line of striction. 
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/ 



We may construct a skew surface, inex- 1^ L 

tensible but flexible about its generating 
lines, as follows : Imagine a flexible extensible 
plane, and in it the rigid parallel lines 
L, Xi, Li, Lj, <fec. connected each with the 
following one by the rigid lines PQj, PjQ,, 
PjQs, &c., where PQi cuts Lj, PiQ% cuts — ja^ 
Li, Lj, &c. at right angles ; the angles LPP^, 
LiPjPj, LiP^Pi, <fec. are taken to be w, Wi, w,, 
&c. respectively. Keeping the line L fixed, 
we may twist the whole plane L^L^L^.,, 

round PQi, so that the line becomes inclined at a small angle to 
these lines now having PQ^ for their shortest distance, and the lines 
Xj, X,, &c. remaining parallel to in its new position ; the forgoing 
twisting implies an extension (increasing with the distance on each 
side from P) of the strip or element between the lines ; after 

this twisting we imagine the strip in question to become rigid. The 
amount of the twist is such that if d<l> be the inclination of the lines 
L, Xi, we have d<l> = PQj-f-T, viz., the twist (Z0 is in a certain pro- 
portion to the shortest distance PQ^. Similarly, keeping the line Li 
fixed, we twist the whole plane L^L^ ... round PjQj, the amount of 
the twist or inclination d<l> of the lines and being = P^ -s- r^, 
and after the twist we imagine the strip or element between the two 
lines Lj, Lj to become rigid. Proceeding in this manner, we have the 
series of rigid elements LL^, LjL^, L^L^, &c, ; putting the line L in 
any given position, and then keeping it fixed, we may turn the 
element LL^ round this line so as to bring Li into a certain position ; 
then, keeping fixed in this position, we may turn the element LiL^ 
round so as to bring into a certain position, and so on. To 
further explain this, imagine through a point a series of lines 
K, JTi, JTj, JTg, &c. such that the inclination of K and is eqnal to 
that of L and L^, the inclination of -ff^ and JTg is equal to that of Li 
and Xg, and so on, but which are otherwise arbitrary ; or say that we 
have the double-triangle strips or elements KK^, -S^s-Kj, &c., 

bounded by pairs of lines, at given infinitesimal inclinations the two 
lines of a pair to each other, and forming a flexible double pyramid, 
which may be bent into any given form whatever assumed at pleasure; 
and this being so, we see that the system of the strips or elements 
LLi, L^L^, L^L^, &c. may be so bent that the lines L, Ac. 
shall be parallel to the lines K^, K^, &c. respectively. 

Supposing the distances PQ^, PjQg* P%Q^y <S^o. to be all of them 
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infinitesimal, we have a skew surface containing upon it a curve 
PiPjPj, &c., which is the line of striction, viz., this is the locus of 
the point on a generating line which is the nearest point to the 
consecutive generating line. The line of striction cuts the several 
generating lines at an angle u», variable from line to line, which is 
called the obliquity ; and the inclination between two consecutive 
generating lines is in a certain ratio to the shortest distance between 
the two Hues. Inclination = shortest distance r, this magnitude r 
being variable from line to line, and its reciprocal r"^ is called the 
" torsion " : the obliquity w and the reciprocal of the torsion r may 
be regarded as functions of s the arc of the line of striction measured 
from any fixed point. The skew surface is thus composed of rigid 
strips or elements, each included between two consecutive lines ; and 
we have further seen that the surface may be bent by turning these 
rigid elements about the successive generating lines, in such wise 
that the generating lines become parallel to the generating lines of 
an arbitrary cone, which is called the " asymptotic cone (otherwise 
the director cone) ; say the surface may be bent so that it shall have 
a given asymptotic cone. 

I consider a given skew surface ; I take x, y, z for the coordinates 
of a point on the line of striction, and a, /3, y for the cosine-inclina- 
tions of the generating line through this point ; x, y, Zy a, /3, y are 
regarded as functions of s, the length of or distance along the line of 
striction measured from any fixed point thereof, and I use accents to 
denote differentiation in regard to 8, We have 

a« + ^» + y« = 1, . 

and therefore aa' + /3/3' + yy = ; 

also x'^ + y'* + 5?'' = 1 ; 

and therefore xx" + yy' + zz'' = ; 

x\ y\ z' are the cosine-inclinations of the tangent at the point a, z, 
I remark also that, writing 

(so that p is the radius of absolute curvature), we have paj", py", pz" 
for the cosine inclinations of the binormal (or perpendicular to the 
osculating plane). 

If from the point (aj, y, z') we draw a perpendicular to the consecu- 
tive generating line through the point (x'\-dx,y +dy, z-\-dz), this will 
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also be perpendicular to the generating line throagli tlie point (x^ y, z)^ 
and we thus find 

as the condition that the point (a;, y, z) may be, as it is assamed to 
be, a point on the line of striction. 

For the proof hereof, take for the moment yi, Zi the coordinates 
of P, and ttj, for the cosine-inclinations of L ; then, considering 
the line PQi, this passes through P, and cuts the line Li ; taking its 
equation to be 

X-x _ Y-y _ Z—z 
A B G ' 



this meets the line 
and we thence find 



A ' 

A, B, G =0. 

Writing ajj, t/i, z^ = x-^x'dSf y-k-y'ds, z+zds, ds divides out, and we 
have 

the line in question cuts and L ; that is, we have 

Aa -hPjS -hOy =0; 
or, eliminating A, P, G, we find 

(/3yi -fty) Wi^'-yiv) + (y«i- yi«) (yi» - «i «') 

+ (a/3,-a,)3)(ay-Aaj') = 0, 

tbat is 

(aiaj'+iSi2/'+yi^')(««i+i3i3i+yyi)-(«^'+^y'+y^O(«;+/3J+^^^ = o. 

But we have a'+i3J-|-y^ = 1, 

and, writing a^, /Sj, y^ = a + a'ds, ^ + fi'ds, y + y'(fo, we find 

aai + i3A + yyi = a»H-i8» + y« + (aa'H-)3/3' + yy')tis = 1 ; 

the equation thus is 

(a,x'+M + y,z')-(ax'+l^y''^yz') = 0; 
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that is ax + (^'y + y V = 0, 

the required equation. 

Calling the inclination of the generating line through the point 
y» ^) ^ ^1^6 tangent of the line of striction the " obliquity," and 
denoting it by w, we have 

ax' + /3y + yz' = cos w. 

Calling the inclination of the two consecutive generating lines 
divided by the shortest distance between these lines the " torsion," 
and denoting it by r"^, we have 

/2 , /j/a , f% sin*w 
r* 

In proof hereof, if for a moment ^ is the inclination of the lines 
Li to each other, then 

COS^> = aai-h^A + yyi; 

and therefore sin' <^ = (/3ya-/3iy)*+ (yai-yia)* + (a/3i-ai/3)«, 

viz., writing ai, )3i, yi = a + a'c^s, fi-^-fi'ds, y-k-ydsi this is 

sinV = ^ {(/3y'-/3'y)'4 Cya'-y'a)«+(a/3'-a'/3)«} 

= ds' ((a«H.^» + y»)(a'«+/3'' + y'»)-(aa'+/3/3' + yy')^}, 

= (is«(a'«-h/3«+y«); 

whence, if for a moment the shortest distance between the two lines 
is called then we have 

sin0 «i sin ^ 

S ds sin (o ' 

that is 22;i? = !gl=a''+/3''+y«, 

the required equation. 

We have thus the five equations 





1, 




1, 


a'x'+fi'y+yt' = 


0, 


oas'+jSy'+y/ = 


COS 01, 




sin'w 
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and if we herein consider u> and r as denoting given functions of 
all the skew surfaces which satisfy these equations will be surfaces 
applicable one on the other. 

Adding to the foregoing the derived equations 

aa'+/3/3' +yy' =0, 
xx''+yY+zV' = 0, 
aa5"-h fiy'-k-yz' = — sin oi . w', 
aa>'"-|-iSy'"-|-y/"+ aV'+ /3y + yV' = - sin ai . ai."-oos w . oi'*, 

we find without difficulty 

„/ /?/ ^1 — /V— yy^ yaf—az ay^— /3a/ 
a,/^,y- ^ , — 1^ , ^ , 

iSy-Z^V, ya'-ya, a/3'-a'iS 

— ""aZ+a^cos (tf cosu? —g^+y cos 

" r ' r ' r • 

Putting, for shortness, 

= — sin w . w"— cos w . (aaj'"+/3y'" + yy")» 
V= a, /}, y 

ff // 

and, as above, P"' = + y"' + ^'^j 

wefind V' = Bm'w(J^^w'A, t=^ = ^ s/i::^, 

and to these may be joined 

l^z—yy = [Vaj"+w'sin w (yV— yV)}, 
yx — cu?' = { Vy" -h u) sin w {zx' —z'x) ] , 
ay—l^x' = p^ { V/' + 0)' sin y"— y') } . 

I remark that, supposing the line of striction to be given (that is, 
(», y, z) to be given as functions of s), and moreover the obliquity ia 
to be given as a function of the position of the generating line 
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through the point {x, y, z) will be given, and also the torsion r'^ In 
fact, among the foregoing equations, we have 

a« +/3' +y» = 1, 
ax -¥yz = cos w, 
cuB"+/3y"+y^'' = sin w . to/ , 

which equations determine a, /3, y, that is, the position of the 
generating line ; the position of the consecutive generating line is 
then also determined; we thus have a', /3', y, and thence the torsion, 
which is given by the foregoing equation 



sm iti 



Supposing that the line of striction is not given, but that the 
obliquity and the torsion r"^ are given as functions of s, we have 
then the foregoing ^ue equations, which are not sufficient for the 
determination of x, z, a, /3, y ; but, joining to them an assumed 
homogeneous relation between (a, /3, y), the six quantities will be 
determined. The assumed homogeneous relation between (a, )8, y) 
is the equation of the asymptotic cone ; and we have thus the 
theorem that, given the asymptotic cone, and also the obliquity and 
the torsion as functions of s (the arc of the line of striction), then 
this line of striction, and the skew surface the locus of the generating 
lines, will be determined. 

We have between a, j3, y the assumed homogeneous equation, say 
Z7 = ; and among the foregoing equations the equations 



a»+i8' + y'=l, and a'*+i3'* + y 



a given function of s ; these equations give, by means of an integra- 
tion, a, y as functions of s ; and we have then the above-mentioned 
equations 

x—a cos to), y — /3 cos o), z— y cos to) = r (/3y' — iS'y» y«' — y'o> — 

which give, by integration, aj, z as functions of s. And the skew 
surfaces thus obtained for an assumed asymptotic cone Z7 = will be 
the required system of skew surfaces applicable the one on the other. 

For example, if to), r are constants, and we take, for [7=0, the 
equation , / « . a 
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(that is, if we consider the skew surfaces of constant obliqui^ and 
torsion and which have for asymptotic cone a right circular oone), it 
easily appears that the line of striction is a helix traced apon a right 
circular cylinder, and that the generating lines are at a constant 
inclination to the axis of the cylinder, and all of them tonch tbe 
cylinder. In fact, for such a surface (a kind of helicoid) it is in the 
first place obvious that the helix is the line of striction, and next 
that the obliquity and the torsion are each of them constant. 

Supposing that the obliquity and the torsion are w, r, and that the 
inclination of the generating lines to the axis of the cylinder is 
90° — w—^, B being a given constant, we find 

r cos ^cos + / fisinw \ 

X = ; — COS I — — I, 

sm w \t COS (a» -f / 

r COR B COS (w -h 5) . / « sin (u \ 

y = i — ^ — — sm ( — ) , 

sm w \r cos (w + o)/ 

z = 8 sin B ; 

/ I 5\ ' I 8 sin \ 
a = — cos (w + o) sm ( ; r-j, 

/5= cos(a, + ^) COs( '^'^''^,, ), 
^ ^ Vrcos (w-l-a)/' 

y= sin + ; 

where observe that the line of striction lies on the circular cylinder, 

radius = r cos h cos (w + ^) -^ sin w. 

In particular, if ^ = 0, we have 

8 * 8 

£c = r cot w cos , a = — cos w sm 



T cot w r cot w 

» 8 fy 8 

i/ = rcotwsm — , p= cos (u cos , 

T cot a» r cot to 

« = 0, 7 = sin w, 

and, for ^ = — w, we have 

. « sin 01 ,8 sin oi 

oj = r cot w cos , a = — sm , 

T T 

^ . .8 sin ia n 8 sin u) 

y = T cot w sm , p = cos , 



5? = — « sin a», 



y = 0. 
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The first of these is the skew hjperboldid of revolation 

(radius of gorge = r cot w), and the second of them is the helicoid 
(radius of cylinder = r cot w) the generating lines of which are the 
tangents perpendicular to the axis of the cylinder ; these are in fact 
surfaces found by Bonnet in his memoir above referred to. We may 
imagine the surface passing from the first form, in which the semi- 
aperture of the asymptotic cone is w, through the series of forms 
belonging to the general formuleB involving 5, to the second form, in 
which the semi-aperture is = 90°, i.e. in which the asymptotic cone 
is replaced by a plane. 



Thursday, May \2th, 1892. 
Prof. GREENHILL, F.R.S., President, in the Chair. 

The following gentlemen were elected members of the Society :— 
Messrs. G. T. Bennett, B.A., Scholar of St. John's College, Cam- 
bridge, and W. E. Heal, of Indiana, U.S.A., and Dr. F. A. Tarleton, 
F.T.C.D., Professor of Natural Philosophy in the University of 
Dublin. 

Mr. A. E. Jolliffe was admitted into the Society. 

The following communications were made : — 

On an Operator that produces all the Covariants and Invariants 
of any System of Quantics : Dr. W. E. Story. 

Applications of . a Theory of Permutations in Circular Procession 
to the Theory of Numbers : Major P. A. Macmahon, R.A. 

A Newtonian Fragment relating to Centripetal Forces : Mr. 
W. W. Rouse BalL 

The following presents were received : — 

** Beiblatter zu den Aunalen der Physik und Chemie," Band xvi., Stiick 4 ; 
Leipzig, 1892. 

** Jornal de Sciencias Mathematicas e Astronomicas,** Vol. x., No. 6 ; Coimbra, 
1892. 

Berichte iiber die Verhandlungen der K. S. GeseiU. der Wiss. zu Leipzig," 
1891, V. 

VOL. XXIII. — KO. 444. Q 
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** Physical Society of London— Proceedings," Vol. xi., Pt. 3, March, 1892. 
** Physical Society of London — List of Officers and Memhers," April Ist, 1892. 
Bulletin de la Society Math^matique de France," Tome xx.. No. 2 ; Paris, 
1892. 

"Bulletin of the New York Mathematical Society," Vol. i., Noa. 1-7; New 
York, 1892. 

Bulletin des Sciences Math6matique8," Tome xvi., Mars, 1892; Paris, 1892. 
**Rendiconti del Circolo Matematicodi Palermo," Tomo vi., Fasc. 1, 2, 1892. 
" Educational Times," May, 1892. 

Annals of Mathematics,*' Vol. vi.. No. 6 ; University of Virginia, 1892. 
" Treatise on Physical Optics," A. B. Basset (London, George Bell, 1892). From 
the Author. 

Beitrage zur Geometrie des Dreiecks," Dr. Jos. Hahn. From the Author. 
* * On Bessers Functions of the Second Kind, " Dr. M. Bdcher. From the Anthor. 
" Factor Tables," Lieut.-Col. W. H. Oakes. (" Annals of Mathematics.") 



A Newtonian Fragment relating to Centripetal Forces. 
By W. W. EousE Ball. Read May 12th, 1892. 

1. The demonstrations given by Newton in his Prinoipia are 
geometrical, though there is little doubt that in establishing the 
truth of some of his results he used fluxions.* To his contemporaries 
the language and methods of geometry were familiar, while to most 
of them the calculus was unknown ; hence it was natural and reason- 
able that the proofs should be presented in a geometrical form. I 
presume that the fluxional analysis by which a result was obtained 
was generally thrown aside as soon as a synthetic geometrical proof 
had been found ; and, as far as I know, the only proposition iu that 
book of which Newton's fluxional demonstration has been published 
is his determination of the form of the solid of least resistance, of 
which the result alone was given in the Priiicipia.f 

2. Among the numerous sheets of rough work and calculation which 



* Comniereium Epistolicumy edition of 1722, p. 39; S. P. Hi gaud, ^May on 
First Publication of the Principia^ Oxford, 1838, p. 24 ; Sir David Brewster, L\feof 
Newton, second edition, Edinburgh, 1860, vol. i., p. 347. 

t Principin, hook ii. scholium to prop. 35 in the first edition, and to prop. 84 
in the second and third editions. 
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are preserved in the Portsmouth Collection is a fragment* on the law 
of the centripetal force under which any orbit — and particularly a 
parabola of any order — can be described. The theorem to which the 
analysis leads is so inconvenient of application as to be practically 
useless, and, probably for that reason, it was not inserted in the 
Frincijoia, Such interest as it possesses lies rather in its illustrating 
the way in which Newton arrived at the law given below for the 
description of any parabola under a central force. 

The fragment consists merely of a double sheet of folio paper, 
containing calculations and rough drafts of notes subsequently 
incorporated in the second edition ; but there are so many erasures 
and corrections that, were it not for Newton's proverbially clear 
handwriting, it would be difficult to read the manuscript. 

3. The two inside pages contain (i.) a note on the velocity of sound 
from which the second paragraph added in the second edition to the 
scholium to book ii. prop. 50 is taken, and (ii.) numerical calcula- 
tions showing that the moon is retained in her orbit by the earth's 
attraction. The latter calculations refer explicitly to book iii. 
prop. 4 as printed in the first edition, where the mean distance of 
the moon in syzygy is taken as 61 times the earth's radius ; but he 
here says that more accurate calculations show that the mean dis- 
tance of the moon is 59*9 (or 59*8) semi-diameters of the earth if 
the earth be at rest, and is 60J (or 60^) semi-diameters if the earth 
and moon revolve about their common centre of gravity ; in the 
second edition the distance is taken as being approximately equal to 
60^ radii of the earth : though in both editions he uses the number 
60 as giving a sufficiently close approximation. 

Of the two outside pages, the first begins with the draft of a 
scholium — ^ presumably to book i. prop. 7 — which is entitled 
" Method us in vestigandi vires quibus corpora in Orbibus propositis 
revolventur amplior reddi potest per Propositiones sequentes," and 
then follow three rules, of which the last is incomplete. Book i. 
prop. 7 is on the law of force under which a circle can be described 
about a centre of force 8 in its own plane. In the first edition, 8 is 
a point on the circumference, and there are no corollaries. In the 
second edition, 8 is any point in the plane ; cor. 1 relates to the case 
when fi^ is on the circumference ; cor. 2 is concerned with the com- 
parison of the forces to two different points about which the circle 



* Portsmouth Collection, I. viii. 2. 
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might be described ; and in cor. 3, the result of cor. 2 is extended to 
any orbit. The first rule, given here by Newton, is on similar orbits 
described about centres of force similarly situated. The second rule 
and the third (so far as it is written) seem to be the same, and are 
given in a form substantially identical with the third corollary, which 
was added to prop. 7 in the second edition. On the next 'p&ge 
Newton refers to these rules, and says that therefore ** per Prop. 10 
et Cor. 3, Prop. 7 '* the law of force under which a central conic can 
be described about any point is known, because (by prop. 10) the law 
to the centre is known. This is the alternative proof for book i. 
props. 11 and 12, which was introduced in the second edition, and is 
printed in most modern text-books. The above rules enable ns to 
find the law of force to any point under which a given orbit can be 
described, provided the law to one point is known. 

4. Newton next returns to the problem (already treated in prop. 6) 
of the direct determination of the centripetal force to any given point 
under which any given orbit can be described. This is the proposi- 
tion to which I referred above as illustrative of his use of fluxions. 
I quote the manuscript textually, merely adding punctuation. Per- 
haps it may be convenient to prefix the remark that the square of a 
quantity x is generally denoted by aj' (for x quadratus), and the cube 
is denoted by af*^. 

Si Lex vis centripetae investiganda sit qua corpus F in orbe 
qnocunque APE circa centrum quodounque datum (7 movebitur: 
institui potest calculus per methodum sequentem. 

" Sit AB Abscissa Curvae propositae, per centrum G transiens ; 
sitque BP ejus Ordinata in dato quovis angulo Abscissae insistens. 
Ducatar TPG Orbem tangens in P, et Abscissae occurrens in T ; et 




Ordinatae BP pai-allcla agatur CG tangenti occurrens in O, Ffluat 
Abscissa uniform iter, et exponatur ejus fluxio per unitatem. Et si 
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Ordinafca BP dicatnr v, vis centripeta qua corpus P in Orbe AFE 
circa centrom C movebitur erit ut 

CPxv „ 



5. Newton then applies this theorem to determine the centripetal 
force under which any parabola can be described. In this applica- 
tion, H is the foot of the normal drawn through P, and the axes are 
assumed to be rectangular. The manuscHpt continues as follows. 

" Ut si aequatio ad Carvam sit ax = (ubi a quantitatem quamvis 
datum et x Abscissam denotat, et?* index est dignitatis Ordinatae v). 
Methodus fluxionum dabit primo 

a = n V 

deinde, = (im — n) v v v v**~^, 

seu V = — ^ , 

V 

idest, ^_(n-l)xPB 

Et propterea vis centripeta erit ut 

(n-l)xPBxGP 
TB'^ X GG''^ ' 

id est (ob datum n— 1, et aeqaalia TB x GG et PB x TG) ut 

GP 



vel quod periude est at 



TBxTGxGO^' 

' GP 
PBxTG^xGG 

^ GP „ 
BHxTG'^' 



6. Newton also applies the method to the curve whose equation is 
aaj"*4-5aj** = cy^. He finds y, but the expression for the force thence 
derived is not simple or symmetrical, and he appears to have thrown 
the theorem aside as not being useful. 



7. No demonstration of the theorem quoted above in art. ^^nven 
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in the mannscript ; bat, if the axes be rectangular, the result follows 
at once from book i. prop. 6. For, with the usual notation, taking 
(see figure, art. 4) AB = aj, BF = v, and denoting OF by r, the per- 
pendicular from C on TF bj the angle T by \^/, and the radius of 
curvature at P by p, we have 

p^ dr 

p* p 

p(7(?»cosV' 

Now —1 =*A^secV 

= ^(tan,^) 



^d^(dv\ 
dx \dx) 



Hence ^ ^ ' 

8. As first written, Newton stated that the axes must be rect- 
angular, and it would seem that the subsequent alteration to oblique 
axes was an error. For, if the axes be inclined at an angle cu, an 
argument similar to that in the last ai*ticle shows that 



F=^ 



p» dr / p pCG^am^(w^il/)' 
and 

8 / =4^ -f-r^— ^|cosec^(w — i//) = -A- ~- [cot (w — 

Hence, in order that Newton's result may be true, we must liave 

cot (fci - lb) equal to ^ , that is, to ,^ : this is the case only 

dx sm {to—\p) ^ 

if 01 = ^TT, that is, if the axes be rectangular. 

9 The date of this fragment is not of much importance, but I am 
inclined to fix it as about the year 1694, when we know that Newton 
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was engaged in revising the first edition of the Principia, The refer- 
ence to prop. 7 cor. 3 looks at first sight as if the manuscript were 
sahsequent to the second edition ; but I think that this reference 
relates merely to the manuscript of his proposed addition to that 
proposition, of which the three rules mentioned above are, I believe, 
a rough draft. On the other hand, the numerical calculation re- 
lating to book HI. prop. 4 gives a number as occurring on page 406, 
line 25, and can refer only to the first edition ; moreover many of 
the remarks alluded to above in art. 3 would be meaningless if 
written subsequent to the publication of the second edition in 1713. 
Altogether I feel no doubt that the manuscript was written before 
the issue of the second edition. 



The Harmonic Functions for the Elliptic Cone, By B. W. 
HcBSON. Communicated in abstract January I4th, 1892. 
Received May 30th, 1892. 

The harmonic functions for the circular cone were introduced by 
Mehler ; an account of his theory is given in Heine's Kugelfunctionm, 
In the present communication, I give some indications of a theory of 
the more general harmonic functions which are required for the 
corresponding potential problems connected with the elliptic cone ; I 
propose to call these harmonics elliptic canal harmonics. 

It is first shown that the normal functions are of the form 

where r is the radius vector, and fi, v are elliptic coordinates, the 
latter referring to the elliptic cones, aod p is a constant ; the 
functions Ap (/i), {y) satisfy differential equations which are the 
same as Lame's, except that the degree n is no longer a positive 
integer, but a complex quantity —\'\-pCy so that the functions are 
really Lame's functions of complex degree. I have next considered 
the forms of the solutions of the differential equations satiafij^ by 
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Ap (/i), Bp (y) which must be taken for the potential problem. There 
are no solutions, as in Laiae's ease, which can be foand in finite 
terms. The constant parameter which occurs in the differential 
eqnations is determined from the condition that Ap (/u) must be 
periodic with respect to a certain angle ^, of which ^ is a function ; 
it appears that Ap{fi) falls into four distinct classes corresponding to 
Jjame's four classes, and that the constant is determined as a root of 
one of four transcendental equations. I have next considered the 
nature of the roots of these equations, and shown that these roots are 
all real and are contained between certain intervals. It is next 
shown that two solutions Bp (r), Bp( — v) of the equation satisfied by 
B, exist, one of which is finite everywhere within the cone, but 
infinite over a certain space lying in a principal plane of tbe cone 
produced beyond the vertex. 

So far as I am aware. Lame's equation has been hitherto studied 
only in the c^se in whiqh n is a positive integer (by Lame and 
Hermite), and in the case in which n is half an odd positive integer.* 
It appeared to me that the indications I have been able to give 
as to the nature of the solutions in tbe case of these more compli- 
cated functions, might not be without interest. 

It may be remarked that the problem of electrical distribution on 
an infinite plate bounded by two straight edges meeting at a point, is 
solvable in terms of these functions. Mehler's functions are, of 
course, a particular case of the functions 1 have considered. 

1. If for the rectangular coordinates x, y, z we put 



x = r~-, y=r — ^ , a? = r ^^-^^ , 

be ^ b's/c'^b' , 

where oh^ we have x'^'\~y^'\~z^ = r*, 

^ = 0, 

2 ' 2 / 2 2 2 ' 



1 = ^'^ 



thus the equations r =. constant, ft = constant, v = constant, repre- 
sent three systems of surfaces cutting each other orthogonally, tbe 



* See Halphen's Fonctions elliptiques, Vol. ii., p. 482 ; also Lindemann, British 
Association Report, 1883. _ • 
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-first being conceDtric spheres^ and the second and third two systems 
of confocal cones having their vertices at the centre of the spheres. 
We are abont to consider the potential problem for spaces in which 
a boundary is the half-cone for which v is constant and positive ; 
for the other half of the cone y will be negative. We observe that y 
may have values of to 6*, and /i' may have values from li^ to c*. 

It is known* that Laplace's equation V^F= 0, when the quantiti^ 
r, /i, V are considered as the coordinates of a point, takes the form 

where |i = c dn (K—ce, Aj), v = h sn Z?'), 

k being — \^ c^—h^, and k' the complementary modulus ; this equation 
c 

is satisfied by (Cr^+Dr-'-O A (fi) B (v), where A (/i), B (y) satisfy 
the equations 

+ {» (» + l)^«-(6«+c') a} ^ O*) = 0, 

- {« («+l) v'-(6'+c») a} Bir) = 0, 

n being any constant quantity. 

If n is determined so that the solution {Cr^ Dr""^) A (ji) B (v) , 
vanishes for two given values and r^ of r, we must have 

h2n'»-l 2n-t-l 
ence ri == rj , 

or (2» + l)log^=2A;tT, 

where « = \/ — 1 , and k is an integer ; hence 

kir 



logli 

^2 



* See Heine's Kiigelfanclioncn, p. 354. 
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Thus, as in the case of Mehler's functions, we take n of the form 
—^+ip, for harmonics adapted to the case of the cone ; the normal 
functions are therefore of the form 

when p = log r, 

and where Ap (/n), Bp (v) satisfy the equations 

^^-[(p'+iV+Ct'+c'H^W =0 (1). 

+[(p' + i)v'+(6'+c')a]5,W=0 (2), 

which differ from Lame's equation only in having — ^+p\^ — 1 forn; 
thus Ap (fi), Bp (v) may be regarded as Lame's functions of complex 
degree. 

These equations are reducible to 

+ [(6'+c') a+(p« + i) ^ 0*) = 0, 
and a precisely similar equation in v, 

2. In order to determine the forms of A (/i), we shall put 



COB <t,= yjl^^. 



and we observe that, in order that the normal function may be a 
potential function either for the space inside the half -cone y = con- 
stant, or for the space outside this half-cone, it is necessary that 
A (ft) should be a periodic function of 0, the period being 27r ; the 
values of the constant a will be determined for given values of p by 
means of a certain convergency condition. 



The equation |4 - [(p' + i) + (^' + ^0 a] ^ = 



(1) 
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is equivalent, when is the independent variable, to the equation 

+ {(6Ho») a+(/+i) ^i'} ^ = 0. 
Potting n = (6« sin' ^ + co8»», 

and making ^ the independent variable, this equation becomes 

(6= sin' + cos" 0) ^ _ (c» _ 6') sin * cos * ^ 

d<l> 

- {(6' + c2)a+ (p' + i)(&'8in^0 + c^co8»} ^ = 0, 
or, writing 7+^^""' 

(1 + K cos 2^.) f4 -'^ sin 2^^^ - f 2a + + +ic cos 2^>) } ^ = 0. 

To solve this equation, we may take A of one of the four forms 
which correspond to Lame's fonr classes, 

+ aj cos 20 + cos 40 + . . . , 
Og sin 20 + sin 40 + sin 60 + . . . , 
OiCos 0+0,008 30 +05 cos 50+ 
Oj sin 0+08 sin 30+aBsin50 + .... 

These- series are infinite instead of finite as in Lame's case. 

Substituting the first of these series in the differential equation, 
arranging the resnlt of the substitution in a series of cosines of 
multiples of 0, and equating the coefficient of the general term to 
zero, we find 

— 4»*02n— 2(n— l)'^i:o2n-2— 2(n+l)^ *fa2„^2+(»+l) 'fa2»+2— (n— l)ic02n-2 

-(20+/ + 1) a^n-ip' + i) h'<hn.2Hp' + i)i'^(hn.2=0, 

and in particular Oq (2a +/)* + i) + f^a^ (p^ + i) =0. 

Arranging the above result, we have for the equation connecting 

+ au.2{in-l)(2n-l) K+ip'+i)} fcj 
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Write -/3 = 2a+p'+i» if(p'+i) = y; 

then, ebanging n into n—l, we have 

a2n{y + w(2/i-l)ic}+a„..,{4(tt-l)^-/3} 

+ a2„-4 {(n-2)(2n-.3) K+y] = (3) 

as the equation connecting o^n, (hn-2j (hn-i- 

By means of the n equations obtained by giving n tbe values 
1, 2, 3 ... n, we can express a^n in terms of a^,, the value of (hn/^^o being 
a rational integral expression in j3 or in a of degree n. The condition 
of convergency of the series is that the limit of Oj^* when n is indefi- 
nitely increased, may be zero ; this condition gives the values of or 
a as the roots of a transccndcDtal equation which it is necessary to 
examine. 

If any one of the other three series is substituted in the differential 
equation, we shall obtain in a similar manner a relation connecting 
the coefficients, and thence a transcendental equation for the deter- 
mination of /3 or a, as the convergency condition of the series. It 
will, however, be sufficient for us to examine the first class of solu- 
tions, as the treatment of the other three classes is precisely similar. 

3. It will now be shown that all the n roots of the equation = 0, 
in the quantity /?, are real and unequal. 

Writing down the equations (3) for the values 1, 2, 3| ... n of n, we 
see that, when /3 = — oo, the functions a^,, a^, a^, ... c^n have only 
changes of sign, and when /3 = -j- oo , they have only continnations ; 
thus, as /3 changes from oo to — oo , n continuations of sign are lost. 
When = 0, where r<», we see that a2r+2 and a2r-2 have opposite 
signs; hence, as in the case of Sturm's functions, a continuation of 
signs is lost only when goes through the value zero ; it follows 
that the number of roots of the equation = in /3, between any 
two given values of ft, is equal to the number of continuations of 
sign in the series a^, ofg, a^, ... a.^n which are lost as /3 goes from the 
larger of the two values to the smaller one, and that all the roots 
are real and unequal. 

Again, if /3 = 4 (n— 1)^, we see that and Ojn-i have opposite 
signs ; hence a-^n = has one or more roots lying between oo and 
4(n-l)-. 



1892.] 



Harmonic Functions for the Elliptic Gone. 



237 



Next reduce to a coiitinaed fraction of tlie form 
flaw -2 

/3-4(n-l)*- 



where w„ = '^^^Z7^'^lt\ ' = ~ ' 

If we put /3 = 4m^, it can be seen that each denominator in the 
continued fraction is greater than 2, and thus that the whole 
expression is positive. The same is the case if f3 has any value greater 
than ; hence for the value /3 = Asu^ the signs of a2„, a2n-2» (hn^i^ ... 
are all the same, and thus there is no root of the equation = 
greater than 4n^. When /3 = 4 (n — iy, the series a2„_2> (hn-i -.• are 
all of the same sign, and thus there is only one change in the series 
<hni 02$i-2i (hn-i^ • • > ^^wd thcreforc the equation = has one and 
only one root lying between the values M and 4 (71— ly of /3 ; this 
root is the greatest one which the equation has. 

We shall next show that the equation a2„ = has r roots less than 
4r^. In the series a^, a^, ... 02^, there are ouly continuations when 
/3 = 4r' ; hence in the series a^, a^^ ... there are n—r changes ; thus 
there are n — r roots of = greater than 4?-^, and therefore r roots 
less than 4r^. It has thus been shown that, of the roots of the equa- 
tion = 0, one lies between each of the numbers 0, 2^, 4^ ... (2n)^. 
The roots of = are therefore comprised between 0, 2^, 4^, 
one root being in each interval. 

In the special case k = 0, we have h = c, and the differential 
equation reduces to , . 

+(iA=0; 

in this case the values of /5 are 0, 2^ 4*, and the corresponding 
values of the functions of this class are 0, a2COs2^, cos 40, 
ttfl cos 6^, ... ; these are the functions for the circular cone. 

In the case of the functions A of the second class, it is shown in a 
similar manner that there are an infinite number of values of /3, 
corresponding to any one of which a function is determined, and that 
these values of ft lie between the same intervals as in the case of the 
first class. 

In the functions of the third and fourth classes, the values 
in the intervals between 0, 1*, 3'^, 5'^, ... . 



^^^^ 
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In the case of the circular cone (k = 0), the four classes of functions 
A are cos2n^, 8in2n^, cos (2n + l) 0, sin (2n + l)<p, 

4. We have next to consider the form of the f auction Bp(y), a 
having a value corresponding to a particular function Ap (ft) as above 
determined. 

We have to integrate the equation 

dv^ ^ dv 

+ [{V + (?) a-h(i)'-hi) I''] B{v) = 0, 

in a form suitable for values of v numerically less than 6. The 
singular points being y = ± &, y = ± c, the equation has an integral 
of the form 

which is convergent when vKh^ A^^ Bq denoting arbitrary constants, 
and a„ a^, h^, 64, ... quantities which can be determined. When 

V = ± 6, each of the series becomes divergent, but it is possible to 
choose the valae of AJB^ so that the whole expression will be con- 
vergent for V == 6 J for this value of AJB^, the expression will be 
infinite when v = — 6. Taking for AJB^ the same value as before, 
but with opposite sign, we obtain a solation which is convergent for 
y = — 6 but divergent for y = 6. DeDoting this value of AJB^^ by 
1/X, we see that the equation has two solutions 

the first of which is finite when v = 6, and is infinite when v = — 6, 
and the second of which is finite when v = — 6, and infinite when 

V = 6. If we denote the expression 
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by Bp (y), the complete solution of the equation is 

The function Bp (v) is finite throughout the space which contains the 
infinite triangle v = 6, and is infinite in the external space which 
contains the infinite triangle v = — &. There exists one such function 
Bp(v) corresponding to each function Ap^fx). The constant \ is a 
transcendental quantity to be determined ; in the case (& = c) of the 
circular cone, its value can be determined.* 

In this last case the functions Bp{y)^ Bp( — y) become Mehler's 
functions jK^(cos 0), K{ — cobO), the first of which is finite for ^ = 0, 
and the second for $= w, 

5. As in the case of Lamp's functions, it can be shown that, if 
Ap^{/ii), Ap^ (fx) be two functions corresponding to a given value of 
and both belonging to the same one of the four classes, then 

Jo 

To expand a function of /li in a series of the functions A, we divide 
the function into four parts 

f, (^) + y/^F^' v/^^V A M + ^7^' /. M + h (f), 

corresponding to the four classes of A functions, where fi (/i), (/i), 
/s (ft) are rational functions of fx ; then, assuming the possibility 

of the expansions, the coefficients in the expansion may be determined 
as in the case of Lame's functions. 



6. Suppose it ia required to find a potential function, inside the 
space bounded by the semi-cone y = Vo> which shall have a given value 
over the surface of this boundary. Let 

be the given value of V when v zzzv^; then 



» Sco Camb. Fhil. Tratis., Vol. xiv., p. 218. 
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for all values of r between and oo . Next, suppose / (cr, /i) expanded 
in a series.of A functions corresponding to the value p, say 2 Apr ; 

r-l 

we have then 

;^/(^/^) =2;^ dp^^l,a,A,^Gosp(r-<r)d(r; 
the required value of the potential function within v = is 

The potential function for the space outside the boundary v = r^, 
which has the same value as before over the boundary, is 

Next consider the space bounded by two spheres r = a, r = 2^, and 
by the conal surface v = v^; suppose the potential function V is to 
have the value zero over each of the spherical boundaries and to have 
prescribed values over the conal boundaries. In this case the values 



of p are 



log- 



, where k is an integer. 



The value of V mu«t be of the form 



A = l y/r 



kwlog- 
logf 



the constants a being determined from the assigned values of V over 
the conal surface v = Vq. 
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Researches in the Calculus of Variations. — The Discrimination (f 
Maxima and Minima Values of Single Integrals with any 
Number of Dependent Variables and any continuous Restric- 
tions on the Variables, the Limiting Values of the Variables 
being supposed given. By Edward P. Culvebwell, M.A., 
Fellow of Trinity College, Dublin. Received July 21st, 
1892. Abstracts were communicated November 12th, 1891, 
December 10th, 1891, and January 14th, 1892. 

The subject of the discrimination of maxima and minima values in 
the calculus of variations has possessed considerable interest for 
mathematicians, although, as yet, at all events, of little if any 
practical utility. But, except for the simplest case, that of 

the investigations supplied have been so difficult, and have required 
such an amount of analytical skill, as to deter any but the most 
competent mathematicians from considering cases of any degree of 
complexity ; and, even for single integrals, the analytic method of 
solution has not, so far as I am aware, been completed when the 
variations of the unknown functions are restricted, or when a 
function of different integrals has to be made a maximum. Again, 
since the analytic solution, as originated by Jacobi, and extended 

by some later writers, requires us to employ ^when 

is the highest fluxion of y in the integral it would seem only to 

justify us in stating that the integral is a maximum when compared 

with others derived from it by variations in which ^ is never 

infinite. For instance, in the problem of shortest distance between 
two points P and Q, a variation which leads us along the zig-zag line 
joining B and Q would not be admissible, and the Jacobian investiga- 
tion does not tell us whether the straight line is a minimum compared 
with such lines or not, but only with lines which have a continuous 
change in the direction of the tangent. This is evidently a defect in 
the method of investigation, which is further defective inasmuch as it 
VOL. XXIII. — NO. 445. R 
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does not show satisfactorily that when the Jacobian conditions are 
not satisfied, the maximnm or minimum property does not hold^ 
though this is, in fact, the case. 

The simplicity of the Jacobiau result seemed to indicate that there 
must be some simple way of obtaining it, and, guided by the desire 
to ascertain the degree of continuity required in the variation, the 
simple, almost geometrical, method explained in the following pages 
presented itself to me, first with respect to the unrestricted problem^ 
and then for the more complex cases in which the variations are re- 
stricted. It appears a remarkable circumstance that in every case, 
no matter how complicated, the criteria follow immediately from the 
condition that the variations must be such as to render valid the 
expansions used in obtaining the stationary value of U (that for 
which aZ7= 0). 

The paper is divided into four parts. In all it is supposed that there 
is but one independent variable, though there may be many dependent 
variables. In Part I., the known results for a single integral U are 
rigorously established. (Essentially this is a portion of a paper in the 
Transactions of the Royal Society, Vol. CLXXViii., p. 95, but so modified 
as to render it easily applicable to the class of problem in Part 11.) 
Part II. deals with what are known as Isoperimetrical Problems, or 
Relative Maxima and Minima ; Part III. with cases in which there are 
relations among the variables in U\ and Part IV. with problems 
involving functions of two or more integrals. It is pointed out at the 
conclusion that there is no further theoretic diflSculty when the 
peculiarities in Parts II., III., and IV. are combined in one problem. 

The case in which the limits are variable is reserved for another 
communication. 

Part I. 

1. Definitions, (a) — x\x\ Z7, u, y, y, ... y^'*\ z. 

The limits of the integration are represented by x' and ; the 
integral which is to be made a maximum is denoted by 

Uj or by | udx, or by | f{x,y,y, ... y^''^) dx, 

according to convenience. The fluxional notation, 

y = dy/dx, if = d^y/dx\ y^"^ = d^'y/dx'', 

being used throughout. Where there is a second dependent variable, 
it is denoted by z. 
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(h)—h/ and a0, Uq, Ui, Z7„ Uni TI^, TJ^ffl ... IT,.,.. 

I find it convenient to use a<p for in many cases, a being a small 
constant, the order of magnitude of which determines, generally 
speaking, the order of magnitude of hy, since the function ^ is 
supposed to be finite, at least never infinite. 

When, in u or/ (a?, y, t?, ... y^**0> valae y + ^y or y+a^ is sub- 
stituted for y, and therefore 2?+a0 for t?, and so on, the result, when 
expanded in powers of 0, ^, &c., may be written 

fix,y + a(t>, y+ai>, ... y(») + a^(~0 y> V^'^V 

+ a ( [7o^> + I7i0 + &c. + Tin 

4- terms involving a' and higher powers J 
This expansion defines the coefficients £7o, &c., ZTq^, &c. 



(c) — A [7; ^[7"; S^U ; first variation ; second variation. 

By AZ7, 1 denote all the terms involving a in the integral of the 
right-hand side of (1), so that AZ7 is the complete difference between 
the values of U when y + a0 and y are successively taken as depen- 
dent variables. 

The term in A 27 which involves a in the first degree is called the 
first variation of U, BJid is denoted by SU; that involving aMs the 
second variation, and may be written J5*Z7 (strictly speaking, this 
applies only when the limits of the x integration are fixed). 



(d) — Stationary value of U; stationary curve; fixed limits^*; 
conjugate points. 

When the form of y is such that vanishes independently of the 
value of ^y, the corresponding value of U may be called the stationary 
value, the value of y being called its stationary value, or more 
conveniently the stationary curve, since the expression for y in terms 
of X may be represented by a curve. 

The limits of the dependent variable are said to be given when the 
values of y, y, ... y^**"^^ are given for each limit of integration^ a?" 

r2 
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this is shortly expressed by saying that the limits are fixed." In 
this case we must have 0, 0, ... 0^""*^ zero at each limit, for otherwise 
and its fluxions would not vanish. 

When it is possible to draw between two points P and Q two con- 
secutive stationary carves having at F and Q the same values for y 
and its (n— 1) first fluxions, the two points may be called conjugate. 
In this sense a pair of kinetic foci are conjugate points. 

(e) — Sign of Substitution. 

Ui means (Ui — Ui). 

. 2. ^ Inmitations implied in using the expansion hij Taylor's Theorem. 

(a) The quantities 0, 0, ^^'•^ which appear in A?7must remain 
finite or zero for every value of x included in the integration. 

(6) The coefficients U^, Uqq, U^q, ... U;,,,, must similarly 

remain finite while y has any value between y and y-ha^. 

(c) Conditions (a) and (h) being satisfied, a can be and must be 
taken small enough to secure that the terms involving a' and higher 
powers do not afPect the sign of AIT". It is not, in general, necessary 
to take a indefinitely small, though it is always sufficient to do so. 

These are the only conditions in reference to the magnitude of ^y, 
or a0, a remark which seems called for in consequence of a criticism 
made by a competent mathematician, that the method on p. 259 is 
not admissible, since the variation selected is an infinitely small one 
of the second order, since A' = pr, while variations of the first order 
only are considered by the calculus of variations. But, in fact, the 
smaller is, the more certain we are that the third condition is 
fulfilled. 

The whole theory of the discrimination of maxima and minima 
solutions can be derived from considering the continuity of the varia- 
tion Ey, or a^, as involved in (a). 

3. Prop. I. — The function and all its fluxions up to and including 
0^**"^^ must be in every sense continuous, hut ^^"^ may he discontinuous in 
the sense of changing suddenly from one finite value to another. 

The first part of this is evident, because if say 0^""^^ become dis- 
continuous, ^^"^ would be infinite, contrary to (a), § 2. The second 
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part is evident when we consider the meaning of such a 
discontinuity in Thus, if > 



such a discontinuity wonld mean that we compare the straight line 
with an adjacent carve having a sudden change of direction. 

Prop. II. — When the range of integration is small and the ^Himits are 
fixed" § 1, the value of ^^"^ at any point is large compared to the value of 
(yf. any lower fluxion. 

Since the limits are fixed, the values of ^, ^, ... ^^"'^^ are zero at 
each limit, so that, at a point x, 



<p^''^dx. 



Hence, if /3 be the numerically greatest value of 0^"^ between x' and 
it follows that can never exceed («"— aj')/5, and therefore, by 

taking {x'—x) sufficiently small, the ratio of ^^""'^ to ^^"^ may be 
decreased indefinitely.* 

A similar argument shows that a fortiori the lower functions may 
be neglected in comparison with ^^"^ 

Corollary. — Hence in this case U is always a maximum or a minimum 
for fixed limits, according as Unn is negative or positive. 

For the most important term in ^Z7 is | U„n^^"^^dx, and its sign 

is always the same as that of Z7„„, dx being of course taken positively. 



* At first sight it might appear impossible that the statement in this proposition 
could he true, for we determine the stationary value of ^ hy the condition that 

BU or {tro<p+ Ui^ + &c. + I7;,<^C»)) dx 

shall vanish, so that the different terms must cancel one against the other, and ^C**) 
must he comparahle to &c. But this relates not to the magnitudes of the 

different values of <^f"), <^^'*-^), &c., hut to the magnitudes of integrals of these 
quantities multiplied hy functions Un, J7}n_i), &c., ^jbich, in the small range of »»- 

tegration, are nearly constant; hence j Z7'„<^t«)ifcc is nearly the same as Un^ <^(*»)<far, 

which vanishes, because ^f^-^} vanishes at each limit. In other words, <^(**) hai 
different signs in different parts of the integ^tion, and these parts mutually 
destroy each other, so far as terms of the order <^(") are concerned. But where ^f**) 

enters hy its square, as in | Unn<p^**^^dx, no such reduction occurs, and all the terms 
involving lower fluxions may he neglected in comparison with this term. 
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Prop. III. — A variation, beginning at Xi and ending at from a 
curve y= Ox to another y = ^ (a?) H-a^ (oj), is admissible, provided that 

1^9 0^**'^^ are zero at Xi and se^, the beginning and end of the vorus- 
tion. 

For evident] J we may suppose to be zero from x' to Xi and from 
to x", and to have a valae ^ satisfying the above conditions between 
Xi and 0^, and this satisfies the requirements of Taylor's Theorem (of 
coarse ^^"^ changes suddenly at x^ and a;,). 

Similarly we may use a variation made up of distinct curves, pro- 
vided that wherever two of the curves join, they have contact of the 
(n— 2)*^ order, i.e., that the values of y^***^^ are the same for both 
curves. 

4. Prop. IV. — The integral U cannot be a maximum unless Unndx 
remain negative throughout the whole range of the integration. 




Fig. 1. 



Writing tlie value of ^^U in the form 

2^U= a' j^' (l7oo^' + &c. + 2rr(„.,,^t-^)0<»)+ ^7;^0(»)') dx, 

let us suppose Uundx to be positive through a small part of thei 
integral, viz., from x^ to x^. Then, by taking an admissible variation 
<j>, which is zero except between those values of x, it follows, from 
Prop. II., that the only important term in the variation is 

a' I" U,,^9^*^ 'dx, 

and the sign of this is evidently the same as that of Z7„„£Za; ; which 
proves the proposition. 

CoROLLAET. — If U IB a, maximum and the stationary curve has a 
vertical tangent, as at A in the figure, the sign of Unn must change at 
that point, since the sign of dx evidently changes there. 



1892.] Researches in the Calculus of Variations. 



247 



Prop. V. — When the limits are fixed, and when Unndx is negative 
throughout the integration, the stationary value of U is a maximum, pro- 
vided x" is not beyond the point " conjugate** to x\ 

Snppose we take a variation which has the valne ^ between x' and 
X, and zero between X and x\ 0, 0, ... 0^**"^^ being of course zero at 
a and X. Then we have seen (Prop. II., Cor.) that, if X be very 
near to x\ S^U'is always a negative quantity of the order a' compared 
to the value of U when the limits are x and X, It is therefore 
evident that, as we remove X farther from x, the value of cannot 
become capable of a positive val ue until after X has passed through 
the point for which can vanish for a suitably chosen value of 
or a<p. 

Suppose PBQB to be the stationary curve, Q being the first point 
for which it is possible to draw a varied curve PHQ for which h^TJ is zero* 




Fig. 2. 



.Then it is easy to show that, TJ^^dx being always negative (so that 
for very close limits of integration the stationary curve is a true 
maximum) the varied curve PHQ must itself be stationary. For, if 
it were not stationary between two neighbouring points A and (7, 
suppose a stationary curve ABG to be drawn between those points, 
such that the variation PADCQ is an admissible one (Prop. IV.), 
i.e., ABG is to have contact of the (?i— 2)*^ order with PHQ at A 
and G. Then it would follow, from Prop. II., that the integral taken 
Along ABG would be greater than that taken along the original curve 
AHG, and therefore the integral along PABGQ would be greater 
than that along PHQ, which by hypothesis is equal to that along 
<PBQ, Hence ^^CT along PABGQ would be positive, and therefore Q 
could not be the first point for which, as we proceed from P, the variation 
ceases to be negative. Thus we see that PAHGQ must be everywhere 
stationary, so that Q is the point " conjugate " to P (§ 1). 

Hence it follows rigorously that 27 is a true maximum, provided the 
two conditions hold, first that 17„„ dx is negative, and second that, in 
passing along the curve, aj" is reached before the conjugate point. 
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Pkop. VI. — If Jinn changes sign between x and x \ or if the point 
conjugate to x' lies between x and x'\ then TJ is neither a maximum nor 
a minimum. 

The first part of this follows at once from Prop. IV. To show the 
second part, suppose that in Fig. 2 the integration extends from P 
to B (Q being, as before, the point conjugate to P), and let two points 
E and F be taken, one on the curve AHQ and the other on QB, 
Taking these points so close that any stationary curve joining them 
gives a true maximum, let the stationary curve EGF be drawn, 
having contact of the order (n—2) with PHQ and QB at E and F 
respectively; then by Prop. III. the variation PHFOFB is legitimate, 
and, since the integral aloug the portion EGF is greater than that 
along EQF, it follows that the integral taken along PEGFB is 
greater than that along FEQB, But the latter is equal to that taken 
along PBQB, since both integrals are equal from P to Q. Hence 
PBQR is not a maximum (and it is not a minimum, because the con- 
dition for a minimum, viz., that TJ^ndx be everywhere positive, is not 
fulfilled). 

If Unn should vanish without changing sign, we have a curioua 
case, for if we confine ourselves to a variation given in the immediate 
vicinity of the point for which [7„„ vanishes, the second variation 

loses its order ^because | [7„n^^**^*c7aj vanishes with a vanishing ?7„„j, 

and the third variation asserts itself, so that the total variation A 17 
may change sign for this restricted variation. But for any other 
variation [7 is a maximum. 



5. The equation which determines the conjugate point is well 
known. If 

y — /(^? ^2> ^8> ••• ^2h) 

be the general equation of the stationary curve, and if the partial 
differential coefficients of y with regard to Ci, Cg, ... C2» be written as 
2/i> 2/2> ••• 2/2n, the ly of a consecutive stationary curve y-k-^y is deter- 
mined by the equation 

<^l2/l + C^2//2+...+C'2»2/2H (2), 

where Oj, Cj, ... C^m are arbitrary constants ; whence, expressing that 
^Vi ••• ^y'*"^^ all vanish for x and £c", we obtain 2n linear equationa 
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in Oi, Oj, ... from which by elimination we obtain the deter- 
minant 



y'u 










.... ifL 












// 

• ••• y-in 






.... y^'-" 



= 0. 



.(3), 



an equation which gives x' in terms of x\ The least value of x\ or 
rather the value first reached in going from x along the curve, is the 
conjugate point. 

6. If there is more than one dependent variable, a similar method 
can be applied. Prop. II. applies to each variable, and therefore in 
Prop. IV. we have only to replace 

a^j]^V„„^^»^'daJ or j^V„„(a2/^"))'(ia, 

by an expression which, for the case of two variables y and z, whose 
n*^ and m*^ fluxions respectively appear, may be written in the form 

I""' {a(%("0* + 2A(ayt»0(^^'"0 +^ (^^^^ dx. 

Evidently the condition that this shall be always of the same sign is 
that a and h shall be of the same sign, and that ab>h^ (which really 
includes the first condition). If however ab = h^, the terms involving 
the highest fluxions of the variations can be made to vanish, and it 
may become necessary to examine the terms with lower fluxions. 
The problem then assumes a form dealt with in §10, as is easily 
seen by writing for in the of that paragraph its value 
— (fe&^*^+c^t<;^*') -7- a, and treating the problem as one of two variables. 

Props. Y. and VI. apply without material modification. 

Evidently the method is applicable whatever be the number of 
dependent variables. 

Part II. Isoperimetrical Problems, 

7, Here it is required to make JJ a maximum, subject to the condi«« 
tion that another integral F is to have a given value K. I use for F 
a notation exactly similar to that already adopted for If, 

According to the ordinary method we have, since AF=0, 
A[7 = Air+AAF= W-\-\W+^{m'\'\^V)'\'&c, 
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The stationary cnry« makes 
80 that, for it, 

^ { (^~+^^«>) 0' + &c. + (17„,+XF„h) ^("^'I (^aj + ^c., 

and, exactly as in Prop. IV., we see that {Unn + ^Vnn) dx must be 
negative throughout the integration if 17 is a maximum. For evi- 
dently the fact that the variations must satisfy the equation AV = 0, 
does not afEect the argument in Prop. II. 

The argument in Prop. Y. is unaffected, except that between x* 
and X we must of course give such variations that . 

for as Ajvdx = 

(because the variation is taken as zero between X and x"), we shall 
then, and only then, have 

vcZajH-^l vdx = 0, or a| vdx, 

that is AF, equal zero. 

Hence, in this case, we must define the " conjngate point " to « as 
the point to which a second stationary curve can be drawn, which 
shall give the same value to F as the original curve (for which there- 
fore the value of \ will in general be different), and which shall have 
the same values for t?, ... y^""^^ as the original curve at both the 
limiting points. Hence the equation which determines the conjugate 
point may be obtained as follows. 

Let y =/(», X, Cj, Cj, ... C2n) equation of the stationary 

curve, expressed in tei*ms of the arbitrary constants, and let 
F= F{xyx\ \, Ci, Cj, ... C2n) be the value of F for the stationary 
curve when the limits of integration are x^ and x". Then the value 
of 8y given in (2) § 6, must be increased by a term which we may 

write *s A ^ or . Ayx> and we shall have in addition the equation 
A F = 0, which may be written 

^ AF = A^,+ OlF,+ Oj,P,+ ...+O2n^2n = 0, 
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A, Oi, 0„ ... Ctn being, as in § 5, the variations 'of the arbitrary con- 
stants, and F^, F^^ <fec. being the partial differential coefficients of F 
with regard to them. Hence, eliminating, as in § 5, the variations 
of the constants, we obtain the equation 



y\y y2M 

yU ^2. fin, 

■Fu F„ J's,, 



= 0, 



which determines in terms of x\ for the case in which the integral 
jnst ceases to give a trae maximum. 

It is evident that the method maj be applied without any material 
modification when there are several integrals F, TF, <fcc. whose value 
is given, or again that § 6, in which there are supposed to be several 
dependent variables, can be modified so as to adapt itself to the case 
in which there are integrals F, TF, <fcc. involving those variables 
which have given values in the problem. 



Part III. Integrals with two or more Dependent Variables, connected hy 
Algebraic or Differential Equations, 

8. Let j '^d^j where is a function of y, y, ... y^*^\ sf*'\ 

and let the dependent variables y and z be connected by an equation 
■v = 0, V being a function similar to u, and containing the same 
£uxions. 

Since v = for all admissible values, we have also At; = ; and 
therefore A 17 may be written 

A17= f {^u+k^v)dx 

According to the usual method we determine y, z, and X, so that 
the first integral shall vanish, leaving the equation 

^U=:^^''(S'u+\Pv)dx. 
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Using a suffix at the left-hand to denote partial differentiation of u 
and V with regard to z and its fluxions, just as it has been nsed at 
the right-hand with regard to we may write, putting aO for 

and the expression for S^v will only differ by V taking the place of U. 

Now, exactly as in Prop. II., we see that wAen thq range of integra- 
tion 18 small, <f»^"^ is large with respect to ^^""^^ or lower fluxions of 0, 
and 6^*^ large with respect to d^*""^^ or lower fluxions of 0. Therefore 
it follows that when the range of integration is small, we may neglect 
in Pu all but the last three terms in.the above expression. 

Again, ^ and ^ are not independent, but are connected by the 
equation — 0, in which, if the range of integration be small, we 
may neglect all variations except ^^"^ and 6^"^, so that we obtain from 

= an equation which may be written 

which enables us to express 0^"^ in terms of ^^"^ and to write the im- 
{S^u -f \Pv) dx in the form 

^ {»F'(?7.„+XF.„) - 2.FF. («ir.+X,F„) + Vl^TJ+K^V)} ^dx. 

Hence we see, by reasoning exactly similar to that in Prop. FV., that 
U cannot be a maximum unless the term in the bracket is of opposite 
sign to dx throughout the integration. 

The proof in Props. V. and YI. applies without any modification. 

Thus the problem reduces t-o the well-known one of finding the 
sign of a quadratic expression subject to linear relations among the 
variables. 

9. When, however, the orders of the highest fluxions which appear 
in u and v are not identical, some care is required in ascertaining 
what the linear relation given by = becomes. Thus, suppose that» 
omitting all but the highest fluxions, we take 
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Here the highest fluxions in are lower than those of the corre- 
sponding variations in B^u, and we diiSerentiate antil one fluxion 
at least is common to the two. After one differentiation (neglecting 
all lower fluxions, by Prop. II.), we get, from dBv = 0, 

ay^*^-\-hZ'^cib = 0, 

so that z cannot be large compared to both y^*^ and w, wherefore 
(Prop. II.) it must be negligible compared to ^t/^*^ and Bw, which 
appear with it in B^u ; in other words, the linear relation among the 
highest fluxions in Pu in this case is = 0. That there is no linear 
relation between y^^^ and w is easily seen ; in fact, h = can only 
give rise to a single equation among the variations. Hence the con- 
ditions for a minimum are that Adx and Cdx shall both be positive. 

If 8v = had been a^y-^-bdz-^-c^w^O, then two difierentiations 
would have given us a^y^*^-\-b^z-\-cBw = 0, so that, unless ^z and Sid 
are large compared to Sy^*^ (in which case we write in the limit 
hSz+cSw = 0)j they must be negligible compared to Sy^^^ in S*u, 
Hence the linear relation now becomes bBz -h cBw = 0, and the condi- 
tions for a minimum are that Adx and {c^B-\'b^G)dx shall be positive. 

10. If av = had been a^^""^ + bU^^ + cM^^ = 0, then hz and hie 
cannot be comparable to hy^^^ in Pu, unless hy^^^ be negligible compared 
to h^^^ and M^' in hv = 0, i.e., unless bcz^^) + cM^^ = 0, in which case, 
integrating, b'z-\-cw = 0, the constant vanishing, because both variations 
are zero at limits, according to the supposition of the present paper. 
Hence we get the same conditions as before. 

Thus, in every case, if we retain in = only those fluxions which 
are highest as compa^'ed with the fluxions of the same variations in 
Pu, and then bring them to the same order by differentiation or 
integration (no constant being added), we obtain the linear relation 
which is to be used in connexion with c%* 



* The criteria given by M. Jordan in his Cours d* Analyse would, in all but the 
last example in the text, give no result at all, since the determinant equation for p 
{I = 0, Vol. III., p. 630) would vanish identically, and in the last example the only 
condition his method gives is A positive (since the other root of his determinant, 
p = 0, does not enter into the criteria). It is, however, obvious that A positive 
cannot be the only condition, for 5v = permits us to take 5y = through a finite 
range of integration, provided bhz + c^w s also, and if B and C were both nega- 
tive, it is obvious that Z7 could not be a minimum. Similar difficulties arise with 
Clebsch's criteria. 

The methods of Clebsch and Jordan depend wholly on analytical transformations^ 
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When there are more yariables or more equations of condition, a 
similar method is to be parsned. First ascertain what variations 
may be omitted from the final expression, and then ascertain what 
relations, if any, connect the magnitudes of those which f^e retain, 
and finally express the condition that shall not change sign. 
Evidently, too, the second condition, that which depends on the limits 
x' and a/' of the integration, is obtained by following the same rule as 
in the simpler case. 

11. In some cades in which the limits are really fixed, it is 
nevertheless convenient to select as the independent variable a 
quantity whose limiting values are neither fixed nor arbitrary, 
but dependent as well on the form assumed for the solution as on 
the fixed limits of the other variables. Hence, when this form is 
varied, the limits of integration are also varied, and it is easy to 
see that ^^tr does not then represent the whole of the part of AZ7 
which is quadratic in the variations. An example will best explain 
this. 

Example 1. — Problem of Least Action. 

Let p be the type of the generalized coordinates, and p that of their 
velocities, T being the kinetic energy, and T-^V=0 the form in 
which the equation of energy is written. Then 

Cr = j'"[T+X(T+F)](i^ 

is the integral which has to be examined. 

It is easily shown (see " Least Action " in Roiith's Bigid Dynamics) 
that the part of A 17 which is linear in the variations is zero if the coor- 



the possibility of which is not demonstrated except by such loose methods as that 
of showing that the number of variables is the same as that of the equations to be 
satisfied. This method, which is never safe without further justification, is 
specially unsuited to the discussion of problems of maxima and minima, because 
we know a priori that it must lead to erroneous results after the conjugate 
point " is reached, although that circumstance does not afPect the apparent 
possibility of solving the equations. Probably the fault in M. Jordan's demon- 
stration lies in this direction ; thus, if 

u = Ay\ + Bt/^^ + Cy\ + I>y\ and v = ayi + by^ + cy^ + dy^j 

it is impossible to solve his equations (4) of p. 506, because the five equations for five 
unknowns turn into three for two of the unknowns and two for the three remaining 
unknowns. Yet in this case the criteria he gives are correct, though the xeasoning 
undoubtedly fails. 
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dinates satisfy the equations of Dynamics, and if the value of\ he — |-. 
Hence, if the limits of t were fixed, Prop. IV. would apply imme- 
diately, because the highest vai^iations, typified by appear as a 
positive function in S^T, and the quantity dt, which multiplies 

S^Tf is essentially positive, being \dt. 

But, since the limits of the independent variable are not fixed, this 
reasoning is not Sufficient. In fact we have to find the sign of 



A17= 



(u-\-^u) dt^i udty 



where u = T+X (T+F) =|(r-F), 

since X = — ^. 

Hence, expanding, 

A17= ^udt'\']l^ (u+Au)Bt 

^i*^ (^U'\'^Pu)dt+\ uH + f8u^t (5). 

Taking first the part of this which is apparently linear in the varia- 
tions first, and reducing in the ordinary way, we obtain 

I If' jrp it" 

(i+x)^ai)+ nt 
if dp \t' 

+Sj^|_(l + X)- -+(l+X)-+X-p;,d^ ...(6), 

Here ^p' is not the complete change in the limiting value of p ; this 
complete change is 

A/ = V +p'^e + Yp'^t^ + 

If we substitute this value for Bp' in (6), with the similar value for 
Bp'\ we get (6) in a form containing terms linear in Ap and 
together with a term 

-|^(1+X)S(^ gjS*" (7). 

The linear terms in (6) vanish with stationary solution, so that the 
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only terms which remain over in (5) are the following, the terms in 
(7) being inclnded, 

\^udi^- luU-\ (1+\)S(^^)3<» (8), 

In finding the sign of (8), we cannot directly apply Prop, II., wnM 
the limUs of ^c. are not zero ; hut^ if we take Zt' zero, toe shaU have 
hp zerOi since then becomes eqnal to Zp\ Hence Prop. II. applies, 
and therefore in (8) we may, if the range of integration be shorty leave 
ont the Bp's in S^u in comparison with the Zps, and ^Pu may be 
regarded as an essentially positive function of the ^s, since it is 
derived from substituting Zp for p, &g, in T. Hence the first term 
in (8) is essentially positive. It remains to examine the terms 
depending on the limits. 

Remembering that the range of integration is small, we may write 

Pi 

where pi is the least value of p (which however differs little from the 
greatest), and 

where is the greatest value of Bp. Therefore Bt" is of the order 
(j>'—p)Bp^, and ^i"*, which is of the order (p^—pY Bp^, may be 

^^udt, which is of the order 

Pu{f-t') or Bhi(p''-p) or Bf(p"-p'), in which the. (p'-p) 
appears in the first order only. Hence we reject 

from (8). 

It» 
BuBl, At first sight it would appear to be of the same 
f 

order as j* ^^wd^, for | BuBt is of the order ^i^^^ or Bp{p"—p')Bpy 
the same as that found for the integral. But the equation 

a(T+F) = 0; 

taken with Prop. II., shows that for a small range of integration Bu 
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mast vanish, or at least be of the same order as SF, which contains 

It" 
SuU may also be neglected in 

comparison with J ^^*udt, which is therefore the only term to be 

retained in (8). Hence, for a short range of integration, the total 
variation of the integral is positive, and the stationary value is a true 
minimum. Props. Y. and YI. at once enable us to prove that, until 
the kinetic focus is reached, the action is a true minimum, while, after 
it is reached, the action is neither a minimum nor a maximum. 

Had it not been that the highest fluxions occurred in the same way 
both in the function to be integrated and in the equation of condition, 
we could not have reduced the problem to one in which w^ may con- 
sider the limits fixed, even when the range of integration is small. 
It will be shown in the paper on variable limits that in such cases 
we arrive analytically at the criterion in Prop. Y. and § 5, relating to 
the "conjugate point." 

12. There is a class of problems in which the quantity to be made 
a maximum or a minimum is taken as the independent variable 
and in this case the terms involving h outside the limits in the comr 
plete second variation of U may be neglected, just as in the case in 
which the limits are fixed. For example, consider the following well- 
known problem, which will also serve to illustrate the application of 
the principles of § 2. 

Example 2. — To draw between two points P and Q the shortest line of . 
given curvature.* 

Taking s as the independent variable, the integral to be made a 
minimum is f ds, and the limitation is that 

7" \d^)^\d^)^\d?) 

shall be constant, while, of course, 



♦ See Jellett, Calculus of Variations, pp. 194-202 ; Todhunter, His tort/ of Calculus 
of Variations, pp. 164-179 ; and Carll, Calculus of VaHations, p. 405. None of these 
discussions go to the root of th« matter, though the analytical work of obtaining 
the stationary solution is very fully given, especially by Mr. Todhunter. 

VOL. XXIII. — NO. 446. S 
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Hence, nsing tbe flaxional notation, tbe integral we have to make a 
minimmn is, according to the nsaal method, 

J Q 

the limits of a;, and z being given, bnt those of db^ y, and z being 
arbitrary. 

It is easily fonnd, and is shown in each of the works referred to, 
that the coefficients of the limiting valnes of ^ac, ^3?, and Iz will not 
vanish nnless the curve be plane; wherefore it would appear to 
follow that the solution must be the circular arc of the given radius 
which Joins P and Q, since, if the curve be both plane and of constant 
curvature, it must be a circle. 

If we apply the criterion of the foregoing pages, for fixed limits of 
X, y, z and ac, y, to this solution, we find that it gives a tme mini- 
mum, for it is easy to see that fi does not change sign. In fact, if 
x\ y'y z be taken as origin of coordinates, 

= ^(y''z-z-yy + {/'x-x''zy+(xy--y''x)\ 

where each of the quantities in the bracket vanishes at each limit of 
integration, but not between. Furthermore, when we come to examine 
the terms in AU depending on 8/ and we find, exactly as in the 
case of least action, that they arise from 

But in this case the stationary solution makes Bs^—Bs' vanish to the 
first order of small quantities, so that if Ss' be taken as zero, 
vanishes to the first order, and as well as may be 

neglected in considering the second variation. Hence the solution 
appears to be a true minimum for fixed limits of x, y, z, x, y, z, and it 
is worth pointing out that the argument which shows that the terms 
of the second order depending on the variation of the independent 
variable may be neglected, is generally applicable to all problems in 
which that variable is made a maximum or a minimum. 

But, if we endeavour to ascertain whether the circle is a true mini- 
mum when compared with other curves having different tangents at P 
and Q, that is, when the limits of y, and z are not fixed, we are 
unable to complete the solution on account of the impossibility of 
obtaining a general solution of the equations furnished by the 
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calculus. But, though unable to give a full account of the answer 
given by the calculus of variations to the question whether the circle 
is a minimum curve or not, we shall see presently, from geometrical 
considerations, what that answer must be. 

Take any curve G in space, and generate a tubular surface by the 
motion of a circle of small radius r, whose centre is on the curve (7, 
and whose plane is normal to the tangent to G. Then it is evident 
that we may trace on the surface so formed a line of any constant 
radius of curvature p, intermediate between r and the maximum 
radius of curvature of G, and that the curve so drawn will (or at least 
may) wind round the original curve. For instance, if (7 be a straight 
line, then the surface generated becomes a cylinder, and the line of 
constant radius of curvature p is a spiral, the interval h between 
whose threads is s/pr—r^. Now let us take r indefinitely small, still 
keeping p the same, and we find for h the expression = pr. Hence 
it follows at once that a curve of any given curvature p may he drawn 
indefinitely near to a straight line, or to a line of any curvature of 
greater radius, and it also follows from the expression for the length I 
of a single turn of the spiral, viz., 

that, in the limit, Z = ^, and therefore the length of the complete spiral 
is ultimately the same as Ijiat of the straight line with which it coincides; 
and evidently the same conclusion follows if the axis of the tubular 
surface be itself curved. Hence the condition that the curvature is 
to be constant, though introduced in order to restrict the length of 
the curve,, does not, in fact, put any restriction whatever on that 
length, and the answer to the question : " What is the shortest line of 
given curvature ? " is: There is no definite shortest line of given 
curvature, no line differing finitely in position from the straight line 
joining the points, which line, regarded as a helix of the proper pitch, 
must be looked upon as a line of the given curvature, and therefore 
as the solution. Probably, however, no one would set the problem, 
if the irrelevancy of the restriction were apprehended.* 



* The following note is suggested by one of the referees : — 

" The principle, of which the above example is a very apt illustration, that the 
existence of a least value of an integral does not carry with it the existence of a 
continuous path of integration which corresponds to that value, has been already 
emphasised by Weierstrass and others, in particular in connexion with questions of 

s 2 
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The problem, however, deserves careful consideration, because it 
illustrates two important principles which are often forgotten. The 
first is the caution necessary in applying the argument (so often used 
to avoid the trouble of applying the criteria for discriminating maxi- 
mum and minimum solutions) that, as we know there must be a 
minimum solution, and as the calculus of variations supplies only 
one stationary solution, that of the circle, we can conclude that the 
circle is the true minimum solution. We must be very certain that 
there is no other solution, definite, indefinite, or discontinuous, before 
we use this argument. In the present case, the result which led 
to the conclusion that the tangents at P and Q must lie in the same 
plane (whence it followed from the equation that the curve itself 
must be a plane curve tlu^oughout) might have been stated thus : S6 
long as the tangents are not in the same plane, the value of the 
integral can be diminished, — a form of expression with which our 
solution, which in the limit is a straight line, entirely accords. 

The second principle is brought to our notice when we discuss the 
sense in which the circle is a stationary solution. For here a diffi- 
culty meets us. Draw between P and Q a circle of radius p\ slightly 
greater than the given value p; the curve so formed is therefore 
shorter, by a quantity of the first order, than the stationary solution 
obtained. Now wind a helix around the p' circle, so as to have the 
required radius of curvature p, and consider a variation given to the 
current values of x, and z, belonging to the stationary curve, such 
that the varied curve shall everywhere coincide with the curve ob- 
tained by the winding of the helix round the circle p\ The curve so 
obtained is indefinitely near the stationary curve ; its radius of curva- 



determinacy in the theory of potentials and the theory of functions, \vhere the 
demonstration has heen habed on the priuciple of Dirichlet. 

•* Thus the volume integral of Dirichlet, 

certainly possesses a least value when it is suhject to given values of <f> at each 
point of the boundary ; but that least value may conceivably be approached 
asymptotically by making the slope of the function 4> increase more and more near 
a certain locus, so tha,t the actual least value belongs to a function which is discon- 
tinuous along that locus. 

** If the discontinuity entered in this way, the resrion of integration might be 
considered to be restricted so as to exclude it, and the difficulty might to that extent 
be got rid of. The example in the paper, however, gives a case in which the 
functional character of the solution breaks down over the whole range of the line of 
integration, and not merely in any particular part of it." 
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ture is everywhere of the correct value; and it is shorter, by a quantity 
of the ^rst order (i.e., the same order as the variations), than the 
supposed stationary curve, which would therefore seem not to be a 
stationary solution at all. Hence there is a difficulty to be ex- 
plained. 

The explanation is that the analytical statement of . the problem, 
taken in connexion with the limitations stated in § 2, implies, not only 
that the radius of curvature is to be unchanged by the variation, but 

also that the quantities ^ , y-j , ^ are to receive small changes only^ 

tto uo asi 

a limitation not hinted at in the verbal statement of the problem, and 
one which prevents our using the analytical method to compare the 
stationary curve with all possible consecutive curves of the same 
curvature. For instance, we cannot compare it with a curve whose 
projection on the plane of xy has points of inflexion where that of 
the stationary curve has none; for in that case the variations oE 
^> y> y (or some of them) must be finite, and the distinction in 
order of magnitude between the first and the second variation dis- 
appears. It does not appear possible to give an analytical statement 
of the problem (except perhaps by quaternions) which shall be free 
from this difficulty, though in all probability, if we could complete 
the analytical solution by finding the value of the integral for varied 
limits of i, we should then find analytically that the circle did 
not give a really stationary value to the integral. 
^ The solution here given must not be confounded with that 
suggested, on other grounds, by Mr. Todhunter in his History, 
which was that a plane curve, of the required radius of curvature, 
could be obtained by joining together arcs of circles of the required 
radius, the said arcs to touch each other and to have their convexities 
turned opposite ways. If the proposer of the problem is willing to 
accept such a solution as this, with its discontinuous changes of cur- 
vature from positive to negative values (evidenced by the existence 
of what, to the eye, appear as points of inflexion), well and good ; but 
if not, the solution is disposed of as soon as the proposer of the 
problem observes that there must be a number of curves of really 
constant curvature between the points, and that it is from among such 
curves (of the given radius of curvature) that he wants the shortest 
to be chosen. 
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Part IV. 



13. Dxscriminatxon of Maxima and Minima Values of Functions of 
one or more Integrals, as F{JJ, F, IT), where F, and W are Integrals 
of known form,. 

This is an interesting class of problem which seems to have been 
hardlj discussed at all, even in regard to the stationary solution. An 
example will serve to explain tbe theory : — 

Example 3. — A uniform chain, length undetermined, is hung from two 
fxed points (P and Q) ; determine its form and length so that the ratio 
of the length of the chain to the distance of its centre of mass from a given 
line equidistant from the points shall he a ma^miim or a minimum. 

Taking the given line as axis of x, and writing -fa, y^, and —a, y©, 
as the coordinates of P and Q, we have to make 




or 




~a 




a maximum or a minimum. For shortness, denote 





by if, and y v/l+y* dx hj M; then, evidently. 




where 




and 




Hence, to secure the vanishing of the first variation, we have 
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in which L and M, being the valaes of the integrals for the stationary 
solution, are constants whose values are to be ascertained. The solu- 
tion of (10) is obtained by integrating the ecjiLatioii ' > ^ . ^ \ 

which gives y = ^-\-±. (e'/'' + e-'/0 (11), 

in which c is a constant of integration, the other constant being zero 
owing to the symmetry of the curve. We can now easily calculate 
L and M. 

X=r ^/l-j-fdx= r i(e'/''+e-'/0^?« = c(e*»/'-6-/<')...(12), 
while for M we obtain the equation 

= 2M+ 4 (e^"- e-*"") +ea, 
from which, with (12), we obtain 

L 4(e«/*-e-^0 " 

Substituting this in the expression for y in (11), and putting a; = a 
and y = y^, we obtain an equation for c, 

2a 

It is evident that there is bat one real value of c which satisfies 
this equation, and that, if yo ^ positive, the value of c is negative, 
being, in fact, 



Turning now to (9), we observe that the second variation consists 
of two classes of terms, typified by PA and ^A^L or ^L^, which are 
both of the second order in the variations, and which, if the range of 
the integration were finite, would be of the same order of magnitude. j 
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But, by following the method of Prop. IV., and considering only a short 
range of integration (oj"— a?'), it is erident that, whereas is of the 
same order as {x'—x)(Jbyy, lAZL is of the order {x" -x'f (Sy)', and 
may therefore be neglected in comparison with or a quite 
unexpected advantage of taking a short range, of integration. Hence, 
with this restriction, the important part of the second variation is got 
from the terms involving ^y^ in 

and 18 TTi -T y — I 

Now, from (11), ^^-y = - -|- {^i^^e-'% 

and is always positive, since c is negative. Hence, so fur as this part 

of the criterion is concerned, the value of — is a minimum for the 
stationary solution. 

As to the second part of the criterion, it is evident that Props. V. 
and VI. apply to this class of problem, and, since it has been shown 
that there is but one value for c, it is evident that no second consecu- 
tive curve of the system can be drawn, anywhere between a = a and 
aj = — a, so as to intersect the stationary curve ; and therefore the 
solution is a true minimum.* 

14. It is not diflficult to see that if, in any problem involving f nnc- 

* In this case there is a solution which does not seem to he ohtainable from the 
equations supplied by the calculus of variations, at least when we take y and x as 
dfipendent and independent variables, li y^hQ positive, it appears evident that, by 
taking c an indefinitely small positive quantity, we get infinite values for L and M, 

while for ^ we get ^— +2^oj P^^^ some small positive quantity which 

diminishes indefinitely as L increases. ^This is evident from observing that, 
if L be infinite, the catenary becomes practically two parallel lines, and that 
is the distance of the centre of mass above the axis of ar. J Hence ^ has — J 

for a minimum value when the chain hangs in a catenary, and it approaches this 
value when the length is infinite ; and, evidently, if the form be altered from the 
catenary to another curve, the length being unchanged, the centre of mass is 

M 

brought nearer the axis. Hence ^ ~ ^ ^ ^'"^ minimum value of the fraction 

for all possible forms of the chain, and therefore —4 is a maximum value for the 
reciprocal which we are discussing. The value c = negative zero does not give a 
maximum or minimum unless = 0« 

It is only in the case of = ^ that the equations furnished by the calcolus of 
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tions of integrals, we impose the restriction that another integral is 
to be constant, or, more generally, is to be a given function of the 
limits, we do not introduce any additional theoretic diflficulty, 
although the actnal solution of the problem may transcend our 
power. Nor would there be any further theoretic difl&culty if there 
were more dependent variables, connected by equations of condition, 
except so far as this might prevent our treating the problem as oiae of 
"fixed limits." In many cases, such as Example 1 (least action) and 
Example 2 (line of shortest curvature), the difficulty which thus arises 
may be evaded, and, where that is not possible, we find (as mentioned 
at the end of § 9) that the criterion obtained includes that relative to 
the "conjugate point'* in Prop. V. and § 5. 



On an Operator that produces all the Covariants and Invariants 
of any System of Quanties, By W. B. Stoey, of Worcester, 

. Mass., U.S.A. Received 19th April, 1892. Read May 12th, 
1892. 

I assume a system of quantics of orders m, m', m", &c. respectively, 
in the n variables x, y, to be given thus : , 

&c., 

and call the literal coefficients ag^h^i^,,,, hg j,^i^,,,, c^.a,.-,..., Ac, freed from 
the numerical polynomial coefficients, simply the coefficients of the 



variations give hoth solutions satisfactorily, and this appears to he on account of 
the fact that we have no means of distinguishing between the length of the curve 
from Pto Q, and the length between the points where it cuts the axis of for the 
abHcisssB of the latter points, in terms of which the length is obtained, are also + a 
and —a if the length be infinite. Hence, whatever be the real value of yo> the work 
of the problem for an infinite chain gives the same result as if "were zero, and 
thus we always seem to obtain two infinite solutions, one a maximum and the other 
a minimum, while, in fact, the minimum is the only true infinite solution. 
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several qaantics. To any coefficient I give a weight relatively to each 
variable ; namely, the weight of any coefficient relatively to either 
variable is the sum of all its suffices excepting that suffix that corre- 
sponds to the variable in question; thus, the weight of Cg^h.i,... rela- 
tively to y is gr-h*-h... = wi''— fe. I suppose each variable to have 
the weight I relatively to itself, and the weight relatively to any 
other variable. The weight of any product of coefficients and 
variables relatively to any variable is, then, the aggregate weight of 
all the factors of the product relatively to the variable in qnestion. 
If the terms of any polynomial are all of the same weight relatively 
to each of the variables involved in the given quantics (but not 
necessarily of one and the same weight relatively to the several 
variables), the polynomial is isoharic. 

We have here to do only with holomorpbic functions that are 
homogeneous in the coefficients of each of the given quantics and 
homogeneous in the variables ; such functions I call simply homO' 
geneous functions of coefficients and variables. 

For convenience, I include covariants and invariants under the one 
name "covariants," defining a covariant to be a homogeneous function 
of the coefficients and variables that is simply multiplied by a power 
of the determinant of substitution when any linear transformation is 
imposed on the variables. 

I consider two classes of simple transformations, which I call, 
expansions and shears. 

An expansion relatively to either variable is a linear transformation 
by which that variable receives a constant multiplier, the modulus of 
the expansion, while all other variables remain unchanged. 

A shear relatively to any pair of variables (taken in a certain order) 
is a linear transformation by which the second of these variables 
receives as increment a constant multiple of the first, while all other 
variables remain unchanged. 

Thus the substitution of px for x is an expansion relatively to a?, 
and the substitution of x-{-\y for a? is a shear relatively to yx, 
I. It is easy to prove that every linear transformation can he com- 
pounded of expansions and shears, 

A covariant is, then, a homogeneous function that is not altered by 
any shear, and is simply multiplied by a power of the modulus of 
expansion in consequence of any expansion. 

It appears at once that a covariant of degrees j,j\f\ ... in the 
coefficients of the several quantics and of order ^ in the n variables is 
multiplied, in consequence of any linear transformation, by a power 
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of the defcerminant of substitution whose exponent is — (5m; — 5) ; 

n 

while any isobaric part of ifc, of weights Wg, w^, «;„ ... relatively to the 
several variables, is multiplied, in consequence of any expansion 
relatively to x, by a power of the modulus of expansion whose expo- 
nent is ^mj—w^ ; so that = ~ [(n— 1) %mj-\-S'\, and Wy, w^, ... 

have the same value as ; therefore a covariant is necessarily 

II. isobaric of one and the same weight relatively to all tlie several 
variables, 

A homogeneous function of coefficients and variables that is not 
altered by any shear relatively to yx shall be called a differentiant 
relatively to yx. The condition that ^ shall be a difEerentiant rela- 
tively to yx is that 

(1) ^.^=0, 

shall be satisfied identically, where the differential operator yx is 
defined by 

each summation extending to all admissible values of gr, A, and 
the several sums +&c. referring to the several quantics of the 
system.* 

A homogeneous function that is a differentiant relatively to every 
pair of variables of a given set may be called a complete differentiant 
relatively to the variables of that set. It appears, then, that every 
isobaric differentiant relatively to all the variables involved in the 

III. given system of quantics is a covariant of that system ; a/nd^ con^ 
versely, every covariant is an isobaric differentiant relatively to 

all the variables. 



(2) 



* The name differentiant " was employed "by Professor Sylvester in the case o£ 

hinary quantics {Phil. Mag,, 1878) ; and the operator yx was defined by Professor 
Cayley ("Memoire sur les hyper-d^terminants," Crelle*8 Jour,, Vol. xxx.), and 
represented by the symbols 2 {ybx}—y'bxi X, and □ for binary quantics in subse- 
quent papers. 
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The shea/r'SijmhoU yx, Ac, when applied to any liomogeneons 
function ^ of weightB w,, w^, w,, ... relatively to the several variables 
are combined or interchanged by these formulsB 



yx.xy' .(l> = xy' .yx.^ + a a + 1) .xy" . ^, 



(3) 



yx.xz ,^^xz ,yx .ip—a » xz »yz.^, 



yx,zy .<l>^zy .yx.ip-\-a,zy ,zx,ip, 

yx . zx , ^ zx ,yx , <l>j yx . yz , <l> = yz , yx . 

^yx , Z8 , ip = Z8 , yx , ip, 
where x, y, z, s are any four different variables. 

ly^ It is readily proved that a homogeneous Uoharic function 0, 
that is of one and the same weight relatively to the several variables 
Xy y, z, u, v of any set, is a complete differentiant relatively to the 
variables of this set, if only 



or 



fljy . ^ = 0, xz.ip = 0, ... , a;w . ^ = Q, art? . ^ = 0, 
ya? . ^ = 0, zx,i>^Of ,,,, ux . <p = 0, vx = 0.* 



The operator yx evidently increases by 1 the weight relatively to y, 
diminishes by 1 the weight relatively to x, and leaves unaltered the 
weights relatively to the other variables, as well as the degrees and 
order, of any homogeneous isobaric function to which it is applied. 

Let y, z, .,,,Uj v be any set of variables selected at pleasure from 
the variables involved in the given quantics, and let v be any one of 
the variables of this set. Let ^ be any homogeueous isobaric function 
of the coefficients of the given quantics, and of any or all of the 
variables involved in them, of weights Wj^ Wy, w;., w^y w„ relatively 
to x, y, Zy t*, v respectively. 

The operator 



XV ,yv ,zv ... uv ,vu ... vz\vy ,vx 



♦ See Salmon's Modern Higher Algebra, 4th ed., p. 136. I suppose this theorem 
is due to Professor Cayley, hut I cannot say where ho has proved it for more than 
two variables. 
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alters neither the weights relatively to the several variables, the 
degrees, nor the order of the function 0, when applied to it. This 
operator, it may be remarked, has two. alee," 

XV* . yv^ .zv* uv'y and vu" ... vz\ vy" . vx\ 

in either of which any two shear-symbols have only the letter v in 
common, and that occurs in the first place in both factors or in the 
second place in both ; by the fourth and fifth formulae of (3), any 
two factors of either " ala" are, then, commutative; i.e., the order of 
the variables x, y^z, u in the operator is immaterial. Multiplying 
this operator by a nnmerical factor 0.,^.^,.../, to be determined later, 
and taking the sam of the product for all integral but not negative 
values of a, /3, y, €, we find an operator 

(4) Q = S C^., fi^y, t'Xv* . y,if .zv* uv" ,,vu,* vz\ vy^ . vx*, 

in which we may neglect all terms excepting those for which 
0<a^t£?a,, 0</3^t£?y, O^y^w^f 0<€<w„, when it is applied to 0. 

By formulsB (3), we have 



(5) 



yx . XV* . yv^ . zo* ... uv" . vu" ... vz"* . vy^ . uaj* . 
= /3 . XV* . yv^ .zv",,, uv" . vu" ... vz* . vy^~^ . vx'^^ . 
.xo*'\yv'''*'^ ,zo^ uv" ,vu" v^ .vy^ .vx ,^ 
H-ajv* . ytf . zv* ... uv" . vw* ... vz' , v\f . vot . y« . 0, 



and analogous expressions for the results of applying jjic, mjj to 
the general term of Q . ^ ; and 



(6) \ 



vx .XV .yv .zv ... ux .vu ... vz .vy .v.c .<ft 



= a (w^—Wg+a-^- 1) . aju**" . yv .zv* uv" . vu" ... vz* . vy . vo;*.^ 
•^■(P.xv* . yv^'^ .zv* ... uv" . vu" ... vz* . vy^~^ . vx*^^ . ^ + &c. 
-h ft . XV* ,»:yv'^ .zv* ... uv" . vu" ... vz^ . vy^ . vx . y.r . -|- <tc. 
•\-xv* . yv^ .zv* ... uv" . vu" ... vz'* . vy^ . vx*^^ . 0, 
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where + &c. after any term represents an aggregate of terms formed 
from that term by interchanging y with z, u, and at the same 
time interchanging /3 with y, e, successively. 

If, then, yoj . = 0, zx ,<l> = 0, t*a: . = 0, 
we have 

where ^1%^,..... = 03 + l).O.. + 

and similar expressions for zx , Q . <p, ux . Q, ) and 

vaj . Q . 0^= Sili^^'y, ...,e • . yv'* . zv* ... . vu* ... . vy^ . vaj*"*"* . 0, 
where 

^ir;,....,. = (a + l)K-w;. + a + 2) a,i,,.,,...,e + (^ + l)«.a.,,,,,,,.,.. 
+ (y + l)^a..,.,,,, ...+... + (e + l)«.(7.„.„ , 

We shall, then, have 

2/a; . Q . = 0, ijoj . Q . = 0, t*aj. Q . = 0, vjj. Q. ^ =0, 
if (a + l).a^,.,„...... = (/3 + l).a.,.i,„..... = (7 + i).a.,„,,.„.,. 

= ...= (e + l).0.,^„ e+l, 

and 

(a+l){«;,-«^, + (a + 2) + (/Hl) + (y + l) + ...-h(e + l)}.0.^,,,.„..... 

i.e., if 
(7) 

^ a!/J!y!...6!(a + /3 + y + ...+e + «,-„-u,. + r)!' 

where v is the number of variables rr, y, u (without v). 
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Patting fV:t = Wy ^ Wu = w„ and (for convenience) 

^o,o,o.....o = 1, we obtain an operator 

(8) 

!{x, y, Zj v] 
= 5 ( — 1)" . .J, , ^' — —rr . aju* . yv^ . zv" ... uv' . vt*' ... i;^;'' . vy\ vx*, 
a! p!y! ...€!((r4-»')I 

(where o- is written for a+Z^ + y + ... +e in each term), which turns 
any homogeneous isobaric function <f>, of one and the same weight 
relatively to all the several variables Xj y, z, u, v for which 

yoj . = 0, zx ,(l> = 0, tuj . = 0, 

into a homogeneous isobaric function xj/, of the same weights, degrees, 
and order, for which 

yx.\l/ = Oy zx,\l/ = 0, twj.i/r = 0, vx.\p = Oi 

^ i.e., by Theorem TV., the operator [x, y, z, ; v], defined hy 
(8), turns any isobaric complete differentiant relatively to the 
variables x, y, z, u, of the same weight relatively to v as relatively to 
X, y, z, u, into an isobaric complete differentiant relatively to 
X, t/, z, v, of the same weights, degrees, and order, 

Now it is evident from (6) (on putting /3 = y = ... = € = 0, and 
writing y instead of v) or directly from (3) that 

yx . xy* . yx' . = a (Wy-~Wg-\-a + l) . xy^~^ . yx" . <t>-\-xy* . yx**^ . 0, 

and therefore, if is of one and the same weight relatively to x and y, 

yx . xy" . yx* . ^ = a (a -f 1) . xy*'^ . yx* . . ya?*** . 0, 

and ^x.{x;y].<l> = yx.^(-iy ^/^-^/^'^^^ , • » = Q> 

as Hilbert has proved.* 

Moreover, the operator [x, y, z, w; leaves any complete 
difEerentiant relatively to the variables aj, y, z, i*, v unaltered, 
since the result of operating upon any such complete differentiant 



* See Math. Annalcn^ Vol. xxxvi., p. 523. 
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with any term of [«, y, z, w; v] fov. which o, /3, y, € are not 
all vanishes identically, and the term of this operator for which 
a = /3 = y = ... = e = is I. 

Therefore, if we write 

(9) [0]i= h «; t?} {«, y, ss, ... ; %} ...{«, 2/; «} {aj; y} 

we have the theorem 

yi [^Ji w a covariant of the given system of quanties and of the same 
type as ^ (i.e., of the same weights, degrees, and order), pro- 
vided only that ^ is homogeneous and isoharic of one and the same weight 
relatively to all the several variables, is the most general covariant of this 
type if ^ is the most general homogeneous isoharic function of the type^ 
and is ^ itself if ^ is a covariant of the system. 

If the given quanties are homogeneons in each of several sets of 
variables subject to independent linear transformations, the operatoi;* 
[ ]i formed with the variables of any such ^et is commntative with 
that formed with the variables of any other such set, and the co- 
variants of tbe syatem are found by applying the product of the 
operators [ ], formed with the variables of all the several sets to 
functions that are homogeneous in the coefficients of each qnantic 
and in each set of variables, isoharic relatively to each variable of 
whatever set, and of one and the same weight relatively to the several 
variables of each set. 

There ia another operator that answers the same purpose as [ \ 
(perhaps identical with it in its effect upon the functions to which we 
apply it) that I designate by [ namely, if [using the notation of 
(8) and (9;] 

(10) 

^ {v; w, z, y^} 

/= 2 (—1)' —T-TTt — . ' . / r; • V'*'* • ^v"- zv' ,yv^ , aji?*, 

^ ^ ^ a!j3!y!...€!(o- + 0'- 

(11) [if\'={v]U,,,.,z,y,x} [te; ,,.,z,y,x} ...{z] y,x]{y', x}.<^. 
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Thursday, June 8th, 1892. 



Prof. GEBBNHILL, F.R.S., President, in the Chair. 

Messrs. G. T. Bennett, J. E. Campbell, and J. L. Hatton were 
admitted into the Society. 

Letters were read from Messrs. Poincare, Hertz, Mittag Leffler, 
Schwarz, and Beltrami, acknowledging receipt of letter informing 
them of their election as foreign members, and thanking the Society 
for the compliment paid them. 

Prof. Henrici exhibited a model of movable hyperboloids of one 
sheet. In 1873, he gave a student at University College the problem 
to construct a model of a hyperboloid of one sheet, by fixing three 
sticks anyhow, placing others so as to cut these, and tying them 
together wherever they met. He told the student that the system 
would soon become rigid, but was surprised that this was not the 
case. It was easy to see the reason of this fact, and thus he estab- 
lished the theorem : — If the two sets of generators of a hyperboloid 
be connected by articulated joints wherever they meet, then the 
system remains movable, the hyperboloid changing its shape. It was 
also soon found that each point moves during this deformation along 
the normal to the momentary position of the surface, and that there- 
fore the different positions of the surface constitute a system of 
confocal hyperboloids. He then made a model such that the genera- 
tors represented by sticks meet at points which lie on lines of curva- 
ture of the hyperboloid. These, therefore, describe confocal ellipsoids 
and hyperboloids of two sheets. In January, 1874, he exhibited this 
model at a meeting of the Mathematical Society. Soon afterwards a 
student made two copies of this model, and these were fastened 
together in such a manner that both could move together, remaining 
always confocal. It was this model which was now shown. The 
properties of the movable hyperboloid became more widely known 
through a question which Prof. Greenhill set in 1878 at the Mathe- 
matical Tripos Examination, and this led Prof, Cayley to give a 
solution of it in the Messenger of Mathematics. Since that time many 
French mathematicians have made further investigations of the 
property in question; Darboux and Mannheim in particular have 

VOL. XXIII. — ^NO. 447. T ^ 
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made beantifnl applications of the deformable hyperboloid to the 
motion of a gyratorj rigid body. 

The following further commnnications were made : — 

The Second Discriminant of the Ternary Qaantic x'u-\-yv-\-zwi 

Mr. J. B. Campbell. 
On the Reflection and Refraction of Light from a Magnetized 

Transparent Medium : Mr. A. 6. Basset. 
Note on Approximate Evolution : Prof. Lloyd Tanner. 
A Proof of the Exactness of Oayley's Number of Seminvariants 

of a Given Type : Mr. E. B. Elliott. 
Further Note on Automorphic Functions : Prof. W. Bumside. 

The following presents were received : — 

" Beiblatter zu den Annalen der Physik und Chemie," Band xvi., Stiick 5. 

"Journal of the Institute of Actuaries," No. clxv., April, 1892. 
Memoirs and Proceedings of the Manchester Literary and Philosophical 
Society," Vol. v., No. 1, 1891-2. 

" Nyt Tidsskrift for Mathematik," A. Tredje Aargang, No. 3. 

"Nyt Tidsskrift for Mathematik," B. Tredje Aargang, No. 2 ; Copenhagen^ 
1892. 

" Bulletin of the New York Mathematical Society," Vol. i.. No. 8 ; May, 1892. 
" Bulletin des Sciences Math6matiques," Tome xvi., Avril, 1892 ; Paris. 
" Atti della Reale Accademia dei Lincei — Rendiconti," Vol. i., Fasc. 6, 7, 8, 
1 Sem. ; Rome, 1892. 
•* Educational Times," June, 1892. 

"Journal fiir die reine und angewandte Mathexnatik," Band cix., Heft 4j 
Berlin, 1892. 

" A Treatise on the Mathematical Theory of Elasticity," A. E. H. Love, Vol. i., 
8vo ; Cambridge, 1892. From the Author. 

" On the Effects of Selection— An Actuarial Essay," Emory McClintock, Svo ; 
New York, 1892. From the Author. 

"Reprint of a Description of a Machine for Finding the Numerical Roots of 
Equations and tracing a variety of useful Curves," F. Bashforth, 8vo pamphlet; 
Cambridge, 1892. From the Author. 
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Note on the Algebraic Theory of Elliptic Transformation* By 
John Griffiths, M.A. Eeceived and read 10th December, 
1891. Received in revised form June 28th, 1892. 

In a former note, published in the Proceedings of the London 
Mathematical Society (Vol. xviii., pp. 377-88), it was proved bj the 
present writer that the transformations with regard to the functions 
can be easily deduced from an elementary formula, viz., if / is a 
function of x and A;, then 

^ = j^. 

dxdk dkdx 

I now propose to show that we can form the differential equation 
satisfied by the numerator and denominator of a transformation 

y Q (x, k) 
by means of the elementary theorem in qaestion. 

Section I. Elementary Theorem. 
j£ Mdy 

Ti«-_o nTclc^ d\ / i • 1 \ 

M ^ = -r-r^ -77 (w being a number), 
AA ale 

O = nW^ ^+AxO(x,k)^, Aa; = v/l-aj». l-A;V, 
dk dx 



i.e., Qy = M-'\'y(l-y'); 

This result is practically the same as that given in my former note 
(Vol. XVIII., p. 383), and depends upon the identity 

A — 
dxdk dkdx * 

T 2 
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By taking k) = A.|log— 

we arrive immediately, by means of this proposition, at the 8 trans- 
formation equation 

[M'^ (n-f «o), X} = Oe^'*''''0"(M) Q (sn u), 

where 0, /i, v are ^-functions. 

Assuming then that 

the equation (1) may be written in the form 
«^ (l+.'-2.V) I + { I - (f )' } - ^ f 
= af-'X'(l-2/') (2), 



Section 2. T^e Method of Squares. 

If P and Q be rational and integral functions of x and A;, the 
equation (2) of the previous section leads to what may be called the 
method of squares. 

In fact we have 

In a similar manner, by writing ^ for y, and taking 

\y 

0(x,k) =z Ax~ log - ^ 



in the formnlas of Section I., it follows that 
\ M dk / 
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For example, if n = 3, 

we find that al-GVal-W (l+A^) a,-3A;* = 0. 



Sbction 3. Differential Equation satisfied by P and Q. 

Taking = ^Aio^_J__. 

and writing f = Jf-'X' (1 -«/'), 

the results of Section I. are 

=«A^i-.')+.(2F^'-i-^)|+i-«^.i-^v|(|)-f2f. 

where X'» = 1-XS 

rfA; C Q ) dx 

We thus find ultimately that Q satisfies a differential equation of 

where x, =n1(? (l-x"), = a; (2A;V-1-A;»), aj, = l-aj». l-W, 

and X| is a ration al and integral function of degree 4 in x, also X,, 
JT, are rational and integral functions of x involving the differential 

coefficients ^,^,^,&o. 
ax dk dor 

If, then, Q is a rational and integral function of x of the form 



..(8). 
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which contains no sqaare factor, it follows from (4) that the expression 

aj, ^ + (a.j+2a%ci) ^ -{-2nhh'''^ involves the factor Q. 
dor dx dk 

In other words, we may take 

TT + + ^ +^nlck'' ^ = (a+/3;»5 + ya5*) Q (6), 

dx^ dx dk 

where aj, = l-ajM-A;»aj', x^ = x x^^nV (l-aj*), 

and a, /3, y are A;-fanctions. In general we have 

i3 = and y=-w(n-l)y. 

Section 4. Example of the result of Section 3. 

If P = &ia; + 68aj'H-...-l-&„aj», 

and Q = l4-asa5^+a4aj' + ...+a«a^+... a„_iaj""\ 

where n is an odd number, the differential equation (5) of the last 
section gives the following result, viz., 

(^+2)(^+l) a.^^ + ^nkk'^^- [2a^-^e^t {2n-t) V} a, 
+ (»-^+2)(n-^4-l) = 0, 
where 2a, = if-^V-ny + 

M dk 

It thus appears that, if a, were given, we could find a^, ag, a^.i. 
For example, if n is a square number and \ = A;, then a, = and 
ttfl, ..• are also known functions of A;. 

It is clear that in general we have a differential equation of a 
certain order to determine a,. 

For instance, if n = 3, so that 04 = 0, = 0, we have, by 
putting ^ = 2, = 1, 



^ 



dfc 

Similarly, if n = 5, so that ©8 = 0, ... there results a differential 
equation of the second order in k to determine a^. 
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The above differential equation connecting a^+2> a«-2 is also true 
when n is any number, and Q is an integral function of the form 

Q= l + aiaj+a,aj'-f-...+a»aJ% 

the general term being a«a;^ 

If Q be written 

and A;+~ = P, 

A; 

we have 

0+4)(^+3) a,^4 + 2nA;''~(a,^2)-{2aj-(^ + 2)(ti-^-2)j9}a,^2 

+ (n-0(w-<-l)a« = 0. 

For instance, if Q = 1 + <v/A; ajOJ + AkijOj', 

we have w = 2, ag = 0, 04 = 0, ... ; so that, when ^ = — 1, a_i = 0, 
we obtain 

Again, when t = 0, 4&'' ^ -2a!+2 = 0. 

dk 

It thus appears that = 1, aj = cA;"^ (1 + A;)* (where c is ar constant 
independent of A;) are solutions. 

Section 5. Dedttciion of the P FormulcB* 

The following is an example of a method by which the P formulsB 
may be derived from those for Q, 

Let Q = l + aia;+a2a^+...4-aiaj'+...+a„aj", 

P 

and suppose the transformation equation y to be such that y is 



* This section has been added at the suggestion of one of the referees. 




280 On the Algebraic Theory of Elliptic Transformation. [Dec. 10, 

chantred into — when i is written for x ; we then have 
Ay kx 

(1) (^+2)(^ + l) a,,2 + 2nfeP^ - {2a, ^^'-^ (2n-0 ^} «e 
+ («-< + 2)(w-^+l) A;«a,.2 = 0, 

(2) 2)(^+l)fe*..a+2nA;A;'>^-{2a,-M-»X'»-f ^«-^(2n-0^} ^ 
+ (n-^-f 2)(n-^+l) A;V2 = 0. 

In the particnlar example nnder consideration it can be proved 
without any difficulty that either of these f ormnlaB may be transformed 
into the other. 



For, if 
and also 



or 



we must have 



1 ^ \-hh,(kxr'-^,..+K(kxy* 
\y l4-ai(AxB)-H...+aH(Aj«)-"' 



and /Lc'Xik" = 1. 



Hence, from (2), it follows that 



(^+2)(^+l) ,jL¥^\,^,.^-¥2nhlP ^ (fik'a^.t) 



-{2a,-ir-"\'' + «'-^ (2w-0 k^}t^k*a^., 
4•(n-^ + 2)(7^-^ + l)A;^/xA^-X-*.2=0, 



or (n-f+2)(n-^ + l)an-«+2 + 2nA;A;'*'^^^' 



- 1^ 2a3-M- 



2^^ d 



+ (<+2)(/+l)A;'a...(-2=0; 
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where fc^A;** = 1, 

and, consequently, fi^h^* = » 

-nW 4log = nhV* 4t log (J^*-") = ^ +» («-2<) A:" 

dk dk A a/c 

It thns appears that (2) is transformed into 

(n-^+2)(n~^ + l) a,^,^, + 2nkk^^^l^' 

dk 

-{2aj+(n-0'-(»'-^') a„-,4-(^+2)(^ + l) ^X>*.2 = 0. 
Now, if we write t fop « — ^, this is 

(^ + 2)(^+l) o,+, + 2nA;A;'2 - {2a, + <'-^ (2n-0 A;^} a, 

•f (w— ^4-2)(n-^+l) A;*a,_2 = 0; 
in other words (2) can be transformed into (1). 



Further Note on Automorphic Functions.- By W. Burnside. 
Eeceived and read June 9th, 1892. 

I propose in the present paper to continue the consideration of 
certain groups, and the automorphic functions connected with them, 
with which I dealt shortly in a previous paper, published in the 
current volume of the Society's Proceedings, In that paper it was 
shown that, for symmetrical f nchsian groups of the first class, auto- 
morphic functions taking every value twice only in the generating (or 
any) polygon can always be found, and therefore that the algebraic 
equation connecting two different automorphic functions is in this 
case an equation of the hyperelliptic class. 

I shall here show how, when the group is given, to calculate the 
coefficients in the equation, incidentally expressing the two variables 
which the equation connects as uniform functions of a single para- 
meter. 
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Herr H. Weber, in a paper published in the Gottingen Nachrichteny 
18S6, with the title *' Ein Beitrag zu Poincar6's Theorie der 
Fuchs'schen Functionen," has already dealt with the problem of 
expressing the variables in a hjperelliptic equation as uniform 
functions of a parameter, and the mode of expression obtained iit 
this paper is not essentially different from M. H. Weber's ; still, 
though in this point possessing no novelty, the forms of the ex- 
pressions here obtained are both infinite series and infinite products, 
while M. Weber's functions are all expressed in the form of infinite 
products, and moreover the group on which the functions depend is 
simpler than (in fact is a sub-gjroup of) the group from which 
M. Weber starts. 

The latter group is defined as follows : — 

Take n circles with their centres lying on the real axis, and such 
that each one is outside all the others. Then n elliptic substitutions 
of period 2, with the n pairs of points where the circles meet the axis 
as their double points, are the generating substitutions of M. Weber's 
group. Any substitution of the group can therefore be represented 
by an even number of inversions at the system of n-f 1 circles formed 
by the n given circles and the axis of a?. The symmetrical fuchsian 
group whose substitutions are the equivalents of an even number of 
inversions at the n circles is immediately seen to be a self -conjugate 
sub-group of the former, and it is on this group that the functions 
involved really depend. 

After obtaining the equation connecting two independent auto- 
morphic functions, I go on to determine explicitly the relations 
between the integrals of the first species to which the equation gives 
rise, and the ^-functions of the corresponding group. 

In the second paragraph, applying directly the definition which 
Prof. Klein gives in dealing with Abelian functions of a new element 
which he has introduced into the theory, I have shown how to express 
any automorphic function as the product of a number of factors 
which bear the same relation to it that a linear factor bears to a 
rational function. 

Lastly, the relations between a symmetrical fuchsian group and 
its simplest sub-group (which is also symmetrical), as well as those 
between the functions connected with the two groups, are investigated; 
and, in the particular case when the hyperelliptic integrals reduce to 
elliptic by a quadratic substitution, the form of the generating 
Ipolygon is determined. 
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1. On the Algebraic Equation connecting Two Independent Automorphic 

Functionff. 

I suppose for the present that tlie symmetrical f uchsian gronp is 
defined by n+l circles Gq, Ci, (7j ... G„, each outside all the others 
and with their centres on the axis of x. If Op be taken also to repre- 
sent an inversion with respect to the p^"^ circle, the n fundamental 
substitutions of the group may be written 

Sp = OpGo (p = 1, 2, ... n). 

If a, /3 are the double points of Sp, and d,-, Pi the homologues of a, (i 
with respect to any substitution of the group, it was shown in my 
former paper that 




the summation extending to all different pairs of points ai, ft. 

If a<, Pi are the homologues of a, /3 for the substitution 8i, and 
«i» A, for the substitution G^SiGo, which is dearly also a substitution 
of the group, then, since Gq changes a into /3, and S< changes /3 into 
ft, it follows that and pi are inverse points with respect to (7o, as 
also are ft and a< ; hence, pairing the substitutions in this way, 

z — a 0— p Iz—ai z^pj z—aj z^PiJ 

Now, if P, Q are inverse points on a diameter MN of a circle, it 
may be easily verified that 

where the integration is taken along the semicircle from M to 

Hence, if a^, be the points where Gq meets the real axis, the above 
form of (2, eTp), taken in conjunction with the previous result that 
the integral is always a finite quantity, gives 

d (z, Jp) dz = (2m +1) Ti, 
where m is an integer, the integration being conducted along the 
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circle 0^ ; and therefore 



exp (6o)-*p (ao)] = - 1, 



where 8p is any one of the fandamental snbstitations. 

If, instead of taking for the generating polygon the region external 
to ••• Om and to their inverses in Oq, there be taken the region 

external to 0^, Oj, ... ... On and to their inverses in 0<, the 

gronp remains the same, while C7< takes the place of 0^ in the previous 
investigation, and the snbstitutions 



most be regarded as the fandamental snbstitutions. Expressed in 
terms of the former fundamental substitutions, these are 



If, then, ttif bi are the points where Ci meets the real axis, and J is the 
homologue of infinity for any one of the n substitutions just written, 



m again being an integer. Now it has been proved before that 



OpOi (p = 0, 1, ... t-f 1, ... n) 



8t\ 8,8t' ... 8,.,8t\ 8,,,8r' ... s„s^^ 




Hence, if i, 



and 




while 




Hence, finally. 



exp (a.)] =-1, 

exp [0, (hi) -0, (a.) ] = 1, q^i- 



It will be convenient to use the abbreviation Zi for 



With 
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this notation it was shown in the previous paper that 

Xa,b M-Xa^b W = <t>p W-iPp (a), 

ind now, if for a, h in this formula a^, Jq, o^, h^, &c. be successivelj 
written, there results 

expxoo, hoM = - exp ^ (z), p = l,2 ... n, 

and exp Xa,, = exp Xa^^ (5?), p = 1, 2 ... t -1, t+1 ... n, 

exp Xa,. 6, (^.) = - exp Xa,, 6, (^)- 

Hence exp 2x^^^ (z) is an automorphic function, and, since in the 
generating polygon it has a single double infinity at 5,- and a single 
•double zero at a^, its square root exp x^^ ^. {z) is the analogue of a 
hyperelliptic function. 

Also the above formulas show that 

is unaltered by the fundamental substitutions, and hence this also is 
an automorphic function. 

I return now to functions in the form of infinite series, and, to 
simplify the analysis as far as possible, I suppose the circle 0^ to be the 
axis of 2/, which, as I have shown, involves no real loss of generality. 

Then, as shown on pp. 76, 77 of my former paper, 

«« = {z) — {z) -f constant 

is an automorphic function which takes every value twice in the 
generating polygon. It will first be proved directly that between 
any two such functions a lineo-linear equation holds. 

Replacing {z) and {z) by the forms given on p. 68, and 
omitting a constant term, which if necessary can be replaced in the 
result, 

. jr„ = (a, z) — (-a, z) 
= O(a,2;)+0(a, -z). 

Hence 

ij Lai — z ai+zJLOi—z bi-^zj 

On resolving the product of the two brackets into partial fractions. 
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the terra depending on is 

i J Ui — z LOj — a< + a,- J 

= a (y'"+^'>" [e(6,a,)+e(6, -aO] 

= S <y'°-^^«^"' [0(6,a)+e(6, -a)] 

i Oj— « L ^ ' ^ J 

= 0(a,a)[e(6, o)+e(&,-a)]. 

Hence 

= [e (6, o) + (6, -a) ] +«t [e (a, 6) +e (a, -6) ] , 

a;. [0(6, a)+e(b, -a)] 

or ajft = '-p ^ . 

x.-[e(a, b) + d(a,-b)] 

Now a,, = 2S <y'°ty"' . 

SO that Xa has a double zero at 2; = oo , and, taking account of this, the 
above relation between x„ and Xf, is what would have been obtained 
by assuming the one a linear function of the other from other con- 
siderations, and determining the constants from the zero and 
infinities. 

The two infinities of are in general distinct, since, if a is in the 
generating polygon, —a is generally a different point also in the 
generating polygon. But, of the two circles Op and (7^, only one can 
be reckoned as belonging to the generating polygon, and hence, if a 
coincides with one of the points a, or 6„ the two separate infinities of 
Xa coalesce into one double infinity. From this it follows that 
^b l%. differ from exp 2x^.^ ^. {z) by a constant factor. 

Since 0^ is here taken for the axis of ?/, and are and 00 • 

Now, when a diminishes without limit, 



= Lt.2 



f—l— L_ + _l_ i_\ 



1892.] Automorphic Functions. 287 

..dtWor. .= .[(^)'-(M±|)"] 

is an automorphic function taking eveiy value twice, with a double 
infinity at the origin and a double zero at infinity ; and if the value 
of the argument is expressed by writing x (2?), it follows that 

exp 2x„o(^) = Cx, 

where C, C are constants. 

Finally, then, the two linearly-independent automorphic functions 
, X and y, where 

y = expnx^^,j/^), 
are connected by the equation 

1 x—x {hi) 

where the constants are directly calculable by using particular valuea 
of z in the series 



It is not without interest How to verify directly that the n indepen- 
dent hyperelliptic integrals of the first kind connected with the last 
equation are identical with n linearly independent ^-functions of the 
group. 

The integrals may be written 

f dx 



J [x-'x(bi)]y 
and it is therefore to be shown ..that 



(i = 1.2...w), 



dx 



[x-x(hi)]y dz 
can be expressed in the form 



Yc<0 (z,Ji), 
i-i 
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For this purpose it is necessary to determine the zeros and infinities 
of 

dz 

Now, if a, 6 are any oae of the pairs of points a^, 6,-, then 
and therefore 

= [«-a,(a)][x-«,W]S(r,.+aO-{^^-^}. 

When = a, x—x (a), considered as a function of 0, has a double zero; 

and therefore ^ has single zeros at the points a, h. 
dz 

dz i zl 

it has a triple infinity at z =0, and this is its only independent 

dx 

infinity ; and, since a? itself has a double zero at infinity, — must have 

dz 

a triple zero there. This enumeration is complete, for it was shown, 
pp. 78, 79 of my former paper, that the number of zeros of any 
function of the form# 

in the generating polygon exceeded that of the infinities by 2n, and 

while — has a single triple infinity it has also been shown to have a 

dz 

triple zero and 2n simple zeros at the points Oj, hi ... a„, 6„. 
Considered as a function of z, 

1 

[x-x(hi)'\y 

[x^x (bQ] ... [x^x (h.O][x^x (b,,,)] ... [x-x (6h)] 
V aj [_x-x (aj] [aj-a? (61)] ... (U] 



or 



has simple infinities at a, ... a„, hi and oo , simple zeros at hi ... bi,u 
hi^i ... fen) and finally a triple zero at 0. 
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Hence 



1 



dx 



has no infinity, and doable zeros at the 



points \ ... 6<.i, 6j+i ... &„, QO, that is to say the equivalent of 2w 
simple zeros in the generating polygon ; moreover, as already shown, 
it is of the form 

It therefore only remains to be shown that the constants G can be 
80 chosen that 

s G,e («, 

which necessarily has a double zero at infinity, shall have n— \ other 
double zeros at the points fej, 6j ... ... fe„. 

This is immediately obvious ; for, if 6 {z^ J) has a zero at Zq in the 
generating polygon, it necessarily has a second at —Zq. Now if z^ 
approaches one of the points b, a homologue of —Zq will also approach 
b, and in the limit the two zeros will coincide and form a double 
zero. Hence, if the n— 1 ratios of the constants are so determined 
that the expression in question vanishes at &i, &c., it will necessarily 
have double zeros at these points. 



Finally, then, 
1 dx 



= const. X 



e(z,j,\ d(z,j,), e(z,j,) 

/,) 

^ + ^ (&<+l, Jn) 

/l), .0(b,,J,,) 



Corresponding relations can obviously be obtained between the 
integrals of the second and third species and the corresponding 
js-functions. 



2. On the Prime Factors of an Automorjphic Function. 

In his recent memoirs on hyper-elliptic and Abelian functions. 
Prof. F. Klein has introduced, as a new element, an expression to 
which he gives the name " Primform.^' . 

VOL. XXIII. — NO. 448. u 
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He defines it as follows. Let w^, w^, Wm be the n everywhere 
finite integrals connected with a given equation of deficiency n (or 
on a given 2n -f 1-ply connected Riemann'g sarface),. and let 
011 0ji 0n be n finite (i.e., not infinitesimal) quantities such that 

01 02 0n 

Then, if di»> is the common value of these fractions, and if J^'y is any 
integral of the third kind on the surface, the " Primform " O (a;, y) is 
defined bj the equation 

^ («> y) = Lt.rf,.o,dy.o ^diD^dtOy exp (--P^,''^'''"^''*'), 

a;, ^ denoting any two points on the Riemann's surface. 

O (a;, 2/) vanishes only when the point x coincides with the point 
and does not become infinite for any position of the points. 

It is the exact analogue for the multiply-connected surface of the 
form 

«l2/8-«22/l 

for a simply-connected surface, where a^/ajj is any function of position 
on such a simply connected surface, which takes every value once 
only; and just as any uniform function on the simply-connected 
surface can be expressed in the form 

y.v' «i2/2—«22/i' 

so any uniform function on the multiply -connected surface can be 
expressed in the form 

y, y O (X, y) ' 

In his memoir of the theory of Abelian functions {Math, Ann.^ 
Vol. XXXVI.), Prof. Klein refers to a paper by Herr Schottky in 
Crelle^s Journal, Vol. ci., where a precisely similar expression is 
introduced in connexion with the theory of automorphic functions. 
From the point of view taken by Herr Schottky, the close parallel 
that exists between the fa notions he deals with and the analogous 
functions of position on a Riemann's surface, are lost sight of. 

I propose then, here, to take Prof. Klein's definition, and from that 
directly to construct and investigate some of the properties of the 
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functions (and forms) on the 0-plane that are equivalent to his 
Primformen and the derivable prime-functions on the surface. 
It has been shown, p. 69 of my former paper, that the function 



x..(-.y) = 2iog(j=:f)fcg 



is the equivalent on the 0-plane of the integral of the third kind on 
the Biemann*s surface. 

If the suffix refer to all substitutions except the identical one, 
this may be Written 

or, since Xa.5 (2^, y)=- Xb,a {z, y\ 

{z^h){y-a) exp { -x^« v)} = (^-«)(2/-2^) ngfg^Jfg. 

If now a approaches y, and h approaches z, the right-hand side 
remains finite, and also in the limit becomes a perfect square, for it 
may be at once verified that ^ * m : t /1 f /o 5 

{zi—y)(yi-z) _ (z.i—y)(y.i-ss) ^ 
(Zi-z)(yi-y) (z.i'^z){y_i-y)* 

Hence the limiting form of the previous equation is 

Lt.„., N/(.-6)(a-y)exp{-x»..(^,2/)} = (z-y) II^=^^i=^ , 

where now, of each pair of inverse substitutions 8 and 8~^, only 
one is to be taken in the infinite product. 

If now zjz^ and y-Jy^ be written for z and y, and the equation be 
multiplied all through by y^z^, the left-hand side becomes 

I^t-*»-o \/ (^idz^-z^dz^Xy^dyT^-y^dy^) exp { -x».d..y*dy 2/)}» 

which agrees exactly with the expression used by Prof. Klein to 
define his Primform, The Primform on the ;y-plane may then be 
written 

•where («y)=«,y,-«,y„ j 

V 2 
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and the prime-f anction will be derived from this by dividing by z^. 
It is to be remembered that in forming the infinite product, 8 and 8'^ 
are not to be regarded as distinct substitutions. It is evidently 
immaterial for the present purposes whether the form or the function 
is dealt with, and a symbol Cl(z,y) will be taken for the function. 

It is clear that O {z, y) has a single zero in each polygon, namely 
the homologue of y in that polygon ; and that its only infinity is at 
infinity ; also if z and y are interchanged the function changes sign. 

To determine the relation between O (zp, y) and O {z, y) it is 
necessary to return to the equation defining the function. This gives 



-y) exp {-x*„.«(^P» y)} 



-y) exp{~XM(«» y)} 
Now, from p. 69 of the former paper, 

Xb,a y)-Xb,a («, y) = (6), 

and Xb,a(fs,y) = Xz,v(^>^)' 

Hence exp {xb,a y) -X^^, « fe> y) ] 

= exp {Xb,a{z, y) - Xfc.a fe, y) } 

^ ><e^P{X.„y(^«)-X,,,y(^,«)} 

= exp {0, (6) - 0^ (a) + 0, (2;,) -0, (y) j . 

Also, ?£:Z^ = ^ ^ ; 

and therefore, writing a = y and h =. z, 
n (z, y) 



= (r,z+a,)-' exp {0,(z)-0, (y)+ 



If Zp be written for z in the product 



1 Q^Z.XrY 



the function is reproduced multiplied by the factor 

m _ 

expS [0p(aJr)-^p (yr)J, 
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and if for n of the aj's and t/'s suitably chosen homolognes are written, 
this multiplier will become 

exp {2 [^(»r)-^p(yr)]+Sn,a^}, 

the quantities being any arbitrarily assigned positive or negative 
integers ; but when the x'a and y*B are the zeros and infinities of an 
automorphic function (p. 70 of the former paper) the integers can 
be chosen so that the multipliers become 

exp [2wp7ri] or unity. 

Hence any automorphic function can be expressed as a product of 
prime-functions in the form 

3. On certain Sub-groups of the Symmetrical Oroup. 

If to the generating polygon of a symmetrical group be added the 
polygon into which it is transformed by one of the fundamental sub- 
stitutions, say Sp, the new figare so formed is bounded by 4w— 2 
circles, 2m,— -1 of which are the inverses of the other 2n — 1 with 
respect to Op, and which will therefore serve as the generating 
polygon of a new symmetric group. Moreover this new group is 
clearly a sub-group of the original one. Thus, with the notation of 
§ 7 of my former paper, the fundamental substitutions of the new 
group are 

2i = C{Gjn = CaCp, 2« = C^nO>, 

= OiGp, Sau+i = GnGpy 

S,»+p being the identical substitution. 

Now the substitutions of the original group are 

S, = G{G, (or G,G,) S^ = G'^G, (or Oo^), 

so that Si = S^S^ Sp = S'p, S„ = SnSp, 

S,i + 1 = S{^Sp, S2n + 1 = Sn^Sp, 

It is also clear that the substitutions of the original group are all 
given without repetition by the forms S and S/S'p, where S representd 
the totality of the substitutions of the original group. 
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Using now accents to distinguish functions formed with the sub- 
stitutions of the sub-group, it follows that 

= &{z,z,) + b' (z,8^z,), 

and e (z, J,) = e (z, z,) - e (z, 8,z,) 

= e'(z, z,)-8'(z, S,8,z,)'\-e^ (z, 8^Zo)-d' (z, 8,z,) 

= 8' (z,r,)^e'(z,r^^,_Oi 

while 0(z,J,) = e'(z,j;). 

Hence for the sub-group n linearly independent 6' (z, J') functions 
are identical with the n 6^-f unctions of the original group ; and this 
will involve certain simple relations between the corresponding 
quasi-periods of the 0' functions. 

If now the original group is also fuchsian, so also is the sub-group. 
Suppose then that 

x=f(z) 

is an unchanged function for the sub-group, that takes every value 
twice in its generating polygon. Then 

f(z)+f(8,z) and f(z)f{S,z) 

are unchanged functions for the original group, which take every 
value twice in its generating polygon, and therefore, x being the 
already used function for the original group, x is the root of a quad- 
ratic equation whose roots are linear in a? ; or .u is a rational function 
of the second degree of x\ 

These considerations may be applied to a particular case of some 
interest, as follows. Suppose that for a symmetric fuchsian group 
derived from two fundamental substitutions (and leading therefore to 
hyperelliptic integrals of the first order), the three circles Oq, Oj, (7, 
are symmetrical with respect to a fourth circle (7, which must there- 
fore cut one of them, say Oi, at right angles. The group is then a 
sub-group of that formed by an even number of inversions at the 
circles (7, Oq, and Oi, and the two fundamental substitutions of this 
- <yroup being one hyperbolic and the other elliptic (of period two), the 
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corresponding algebraic equation is of deficiency 1, and the corre- 
sponding integrals elliptic. Hence the hyperelliptic integrals to 
which the group in question leads, are those which can be formed by 
a quadratic substitution from elliptic integrals. But these are of 
known form, and hence in this particular case a definite relation is 
obtained, without further calculation, between the nature of the 
group and the nature of the algebraic equation to which it leads. 
As a further verification, it may be very easily shown in this case, 
from the relation 

proved on the last page, that 

^12 ~ i^v 

which relation between the periods of the hyperelliptic integral 
involves the possibility of expressing it in terms of elliptic integrals 
by a quadratic substitution. 



Note on Approximate Evolution, By H. W. Lloyd Tanner, 
M.A., F.R.A.S. Received Jane 6th, 1892. Read June 
9th, 1892. 

In a paper published in the Proceedings of the Society (Vol. xviii., 
pp. 171-178), Professor Hill has pointed out that the rule 
(Todhunter*s Algebra, Art. 246) for contracting the process of 
finding the square and cube roots of a number, is incorrect in some 
cases. It is desirable to have a practical test for distinguishing the 
cases in which the rule is available from those in which it fails. 
Such a test is obtained by a slight modification of Todhunter's 
discussion (lac, cit.)^ which enables us also to state two limits between 
which the required root must lie. 



Square Boot, 

It is convenient to take the decimal point in N, the number whose 
square root is to be found, so that the integral part of \/N may itfH 
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sist of 2n + l figures. Of these the first n + 1 are supposed to have 
been fonnd, giving an approximate value, a, of the root. If x be the 
rest of the root, we have 

and, putting q= — a*) / 2a, 

Hence, providing that ^ > — , 

2a 

0;+^ > q > x; 

or, what is the same thing, 

q > X > q— ^. 
Now, from the meanings of a, ar, 

a ^ lO'^", a; < 10" ; 

therefore ^ < - ~ , 

2a 2 

and we may take J as a value of 3. It follows that 

q > X > 5—1. 

Hence it is clear that, if q and q—^ have the same integral part, 
this is also the integral part of x. If, on the other hand, there be an 
integer between q and q—^, it is the nearest integer to x, but the 
integral part of x is not determined. 

Since q > x, q^/2a > x*/2a. We may therefore take ^ = ^/2ay a 
value which will usually, but not always, be less than the value 
assigned above. Hence 

?>«>3-£- 
The limits for thus obtained, 

a + q >yN > a + q—^, 
are the first two, or three, terms of the expansion of {a?-\'2aqy. 

Cube Boot. 

Suppose l/N to have 2n + 2 figures in its integral part, of which 
w-l-2 have been determined, giving an approximate value a of the 
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root. Then, writing q for a')/3a^ and putting 

we have q ^ x+ h 77-5 » 

therefore q > x > q — S, 

Now a >10*«+\ »< 10-; 

aj» ^ 1 . 1 1 



therefore 



3a« 10 3 • 10«*^ 

10^ 3 '10»' 
so that we may take 5 = 'lOOS. 

Hence, if the decimal part of q be less than 'lOOS, we cannot tell 
the integral part of a, but the nearest integer to x is known, being 
the integral part of q. 

If the decimal part of q lie between '6003 and '6 we cannot tell the 
nearest integer to x, but the integral part of x is the same as the 
integral part of q. 

In all other cases we can tell both the greatest integer in x and its 
nearest integer. 

The limits found for yN, viz. a + q and a + 3 — ^, become respec- 
tively the first two and the first three terms of the expansion of 
(a^-^-Sqa^y by the binomial theorem, if q^/a be put for ^. This is a 
proper value for ^ ; for, since 

q > x-\-x^/a 
q^a > a;Va+2ajVa'+i»Va» 

a Sa' 



298 Mr. B. B. BlUofct on CayUy's Number of [June 9, 



A Proof of the Exactness of Gayley^s Number of Seminvariants of 
a given Type. By B. B. Elliott. Received and read June 
9th, 1892. 

1. The general gradient, or rational integral homogeneons isobaric 
function, of order % and weight to in the n quantities a^, Oj, a,, ... a«, 
is a sum of arbitrary multiples of (w ; t, n) products, where (w ; n) 
denotes the number of partitions of w into i or fewer numbers, none 
exceeding n. 



Let us use the common notation O for the differential operator 
aai aa^ aa^ dan 



The result of operating with O on our supposed gradient of type 
i, n is a gradient of type w — \^ t, n, i.e., a sum of multiples of all 
or some of (m?— 1 ; i, li) products. The vanishing of this, in case all 
the (w— 1; 1, n) products occur, and have linearly independent 
coefficients, requires the satisfaction of {w—\\ i^n) conditions in the 
coefficients of the original gradient. In such a case then the number 
of linearly independent seminvariants — gradients annihilated by O — 
of type n is the difference (w? ; i, n) — (w— 1 ; n). 

Should this difference be negative, the (w— 1 ; i, n) coefficients in 
the derived gradient of type w;— 1, t, » cannot of course be all inde- 
pendent, being definite linear functions of a smaller number of 
original coefficients. If, however, the difference is zero or positive, 
it is not a priori clear whether all must be independent or not. Were 
there r linear relations connecting them, the number of linearly 
independent seminvariants of type t, n would be 

(w;; t, w) — (w7— 1; t, n)+r, 

provided this be zero or positive, and not {w ; t, n) — 1 ; i, n), 

The well-known facts are that, if in < 2ty, the number of linearly 
independent seminvariants of type i, n is exactly 

(w?; t, w) — (w?-l; i, n), 



and that if on the other hand in < 2wj there are no seminvariants of 
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the type. These facts, stated much earlier by Cayley, were first 
demonstrated by Sylvester (Phil. Mag., 1878), whose proof is reprinted 
in revised form in his '* Lectures on Reciprocants " (American Journal, 
Vol. IX., Lecture 11). 

Sylvester has also shown in the course of a second proof (Lecture 
27) that, when in — 210 = — 1 in the general gradient of type w, i, », 
no linear relation connects the coefficients in O^, so that in this case 
also, as well as when in—lw 4^ 0, the number (w ; t, w)— (ty — 1 ; i, n) 
of seminvariants is exact. There is no inconsistency with the general 
result in this, for the case is one in which (w ; t, n) = (w—\ ; % n). 

In the present paper, no attempt is made to improve on Sylvester's 
proof of the part of the theorem which asserts that when 
in—2w < there are no seminvariants of type w, i, n; nor is his 
quite simple demonstration of the fact reproduced. What is aimed 
at is so to use his fundamental lemmas as to obtain the other part of 
the theorem with no less facility, and thus to obviate the profound 
piece of reasoning by which he has established it. 

In fact, that, if in^2w 4^ (or indeed ^ —1), the number of 
seminvariants of type w, i, n is precisely (w? ; i, n) — {w — \\ t, n), 
must follow if it can be shown that, when in—^w 4^ — 1, the result 
of operating with O on the most general gradient of type n is 
the production of the most general gradient of type tt;— 1, i, w; and 
this must be the case if every gradient of type w — \^ i, n, and in 
particular every separate product of that type, can be obtained by 
operating with O on some gradient or other of type w, i, n. Now 
that this is so will be found immediately to underlie Sylvester's 
lemmas. 

For convenience, I will use w + 1 instead of w. 
2. Besides O take, as usual, the companion operator 
= naj-^ +(n— 1) a^^ +(w— S)^,-^ + ...+a„ 



da^ doi da^ da^^i 

its designation being Sylvester's. 

What will be proved is that tt, any gradient of type t, n, is the 
result of operating with O on the gradient of type w -|- 1, i, w, 



^o- 



1 i^2#^ . 1 /^r\i 



nl 2(,+l) ■ 2.3(,+l)(,+2) 

1 

2.3.4(,-|-l)(i, + 2)(,+3) 

where ti denotes in— 2m, and is supposed positive. 
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Corresponding to the characteristics i, w, rj in w, we have i, w— 1, 
17 + 2 in Qu, and i, + 1; — 2 in Ou, and consequently w—r+s—ty 
17 + 2 (r— 5+0 in il'O'Q^u, 

Now Cayley and Sylvester have both used the readily proved 
identity 

(no— On)tt = riu, 

and Sylvester has based his method of dealing with the present 
question on the more general equivalence 

which is obtained by noticing that 

(©•oo^-'-O'+^oo^— ^) u = 0' (no- 00) O'— * u 

= 0* (i7-2r+2s+2) 0"'-^u 

= (fy-2r+25+2) O'-^tt, 

and summing from « = to « = r— 1. 

Now take in succession 1, 2, 3, 4, ... for r, and operate, not always 
on w, whose type is w, i, n, but in succession on u, ilu, O'u, i^u, 
remembering that the rj characteristics of these gradients are respec- 
tively 17, 17 + 2, »;+ 4, 17 + 6, We thus find 

(no - on) u = riu, 
(no'-O'n) nw = 2 (17+1) onu, 
(no» - o»o) n^t* = 3 (17 + 2) o*Q\ 

&c. &c. ; 

that is to say, 

rju-\-OQiu = QiOu, 

2 (17+1) ociu+o^n^u = no*nM, 
3 (17+2) o^n^i^^ oww = noww, 

&c. &c. 

After a time these equalities become mere identities of zeros, for 
Q*^*^ u, at any rate, if no earlier Qi*'u, vanishes, since its weight would 
be — 1, an impossibility for any gradient or rational integral func- 
tion. 
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The deduction is immediate, by addition of suitable multiples, 
alternately positive and negative, of the above equivalent pairs of 
gradients, that 

- 7 " 1 ^"-^ 2.3(,-Hi)(,+2) } 

the series being continued till its terms vanish, as must be the case 
from the (w-\-2)^ onwards at any rate. 

Thus a gradient of type w + 1, i, n, equal to il'^u, where u is any 
gradient of type w, % n, has been found, provided rj or 2m; is posi- 
tive. As should be the case, there is failure to find any such gradient 
if rj be zero or negative. 

If, then, in—2w > 0, ^2, operating on the most general gradient of 
type + iy n, can produce nothing less general than the most 
general gradient of type w, t, n. In this, replace w hj w—1, and we 
deduce that, if in—2w 4^ — 1, the result of operating with Q on the 
most general gradient of type ty, i, n is the most general gradient of 
type 10 — 1, t, n. Consequently, if in^2w *t — I, the number of linearly 
independent seminvariants of order i, weight and extent n or less, 
is exactly (w\ t, n) — (w?— I ; i, w), and no greater number. 

3. Our aim is now achieved ; but it may not be out of place to 
append a few remarks in connexion with the method and the 
theorem. 

It occurs, for instance, to consider what theorem replaces that of 
the determination of the form of O'^w when t) or in—^w is zero for u. 
The answer clearly is that 

" { ^- r-2 ^"+rk ^'-172^3^4 } 

annihilates u. Now we need not stop here, for i2 can annihilate no 
gradient of weight w-\-l for which m— 2(«;-|-l) is negative, as is 
here the case. Consequently 

{ ^- o ^'"+1:^3 1:2^3^4 - } « = 0. 

u being any gradient for which in—^w = 0. 
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If in— is negative (= — ly'say), we are in like manner led to 
two theorems : that 

° { 20;b) 2.3(,--l)(V-2) 

•-^ 2.3...,V-1)(.'-2)...1 ^"-'I" 



= -vu+ ^- , \ - — O'^Qr^u, 

2.3 ... ly (ly — l)(v -2) ... 1 



and that 



I l(,y'+2) 



1.2(t/+2)(,,' + 3)'' ... j^-U. 



Of these two the first has apparently trifling interest. The second 
tells ns that 12 annihilates a gradient for which in^2iv is negative, 
which must accordingly itself vanish. Thus 

l.{ri'+2y ^1.2(i,' + 2)(i,' + 3)^ " 

is an annihilator of any gradient for which 2w' (= — ig 
negative. 

4. Returning to the case of i? > 0, other expressions for O^'t*, not in 
general terminating, and consequently probably of little use, may be 
written down. For instance, since 

i?oo+(on)2 = 00. on, 
17 (00)^+ (oo)' = ^o(on)^ 

&c., &c,, 
the operation being always on t*, we get 

i,M = no J 1- ^ on-h -^(on)2--i-(on)»+... 1 1*, 

the remainder after the r^^ term on the right being 

(-i)'^(oa)-. 
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Should u then be such that for any value of r this vanishes, we 
should have the expression for Q>~^u, 

5. The application of § 2 obtained, by putting 
a„ =a,x'' + nh,a^'' + n (n-l) 5^3^"-^^ ... + 6„ = say, 

1 dJ'v 



an^2 = aoaj'»-2+ (n-2) 6ia!»-'+ ... + 6„.2 = 



n(n—l) c^aj*' 



^ =^03^ + ^1 -,,(n-l)...2 5^' 

— _ 1 dry 

""''^ ~w(n-l)...2.1 cZic"' 

deserves to be more widely appreciated than is perhaps the case. 
With this substitution, we have 



and 



and our conclusion, involved in the Cay ley- Sylvester theorem itself, 
and not brought to light only by the present method, is that, if n be 
any product, of degree w in x, of i functions chosen from among v, a 
quantic in x of degree n, and its successive differential coefficients, or 
any linear function of such products, then, provided {n-2w > 0, 

fudx IB a, rational integral function of Vy~, ... > 'with the addi- 
ax daf* 

tion of an arbitrary constant. It is, of course, clear that 1 1« c2a; can 

be expressed in terms of v and its derived functions, but it is a fact 
hard to prove from first principles that it can be expressed inte; 
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in terms of them. We should expect a negative power of tto or 

— to occur as a factor of the integral, and we have indirectly the 
cue'* 

conclusion that, were {w-\-\\ i, n) < (w; t, n), such must in fact be 
the case. A succession of integrations by parts of course gives such 
a form. Thus, returning to the O notation, 



tto 2a; \2aJ / 



2 .3 4 

a series which must terminate. 

6. Provided in—2w > 0, we have found an expression for 0"^u 
rational and integral in Aq, a^, a^, ... a^, though it is not for a moment 
asserted that, knowing the fact that there is such an expression, 
there is no easier method for us to obtain the expression than by use 
of the formula. When iw— 2m; j(> 0, we can use our knowledge to be 

sure that there is an expression for il'^u or ^udx which has a^^ for 

a factor to a much lower power than that obtained by the integra- 
tion-by-parts formula of the end of the last article, viz., to the r^ 

power, where r is 1 or the number next greater than — , according 

li- 
as in— 2w7 = or —r\. For, on this supposition, we see that 



has n or m—r[, in the one case or the other, for its i\ characteristic, 
which is accordingly positive. Whence O"^ is rational and 

integral (= say), and consequently 

[Note. September 9th, 1892. — Since communicating this paper I 
have noticed that the identity of § 2 may be given the more elegant 
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Applications of a Theory of Permutations in Circular Procession 



to the Theory of Numbers. By Major P. A. MacMahon. 
Received, and read, Thursday, May 12th, 1892. 

1. In the Comptes Eendua of the French Academy, 11th April, 1892, 
there appeared a note by M. E. Jablonshi, presented by M. 0. Jordan, 
on the subject of permutations in circular procession. 

Also, in the Appendix to his " Theorie des Nombres," t. 1, M. E. 
Lucas gives a short investigation, which he attributes to M. Moreau. 

Both investigators reach the same result, which, in a slightly 
different notation, may be stated as follows : — 

Let there be n things, of which a are of one kind, j3 of a second, 
y of a third, and so forth, 

a+^ + y+... =?i; 
let ^be the greatest common factor of the numbers a, /3, y, and 



denote respectively the numbers of permutations of the n things in 
linear and in circular procession, so that 



write 




further, let 



XP(a, /3, y, ...) 



and 



CP (a, /3, y, ...) 



^^^^ ->= a!^ry!... ' 



and CfP(a, /3, y ...) 

is the number whose expression is sought. 



If d bo any divisor of including N itself and unity, and ^ {d) the 
totieut of d (Sylvester's nomenclature for ihe numbers of integers 
prime to and not superior to c2), the result is 



nGP{Na\NI5\Ny\...) = ^<l>(d)LP[^a\ ^ fi\ f y'—)' 



VOL. xxiir. — NO. 449. 



X 
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otherwise written 

m 



nCPiNa', m, Ny',...) = 5^(d) 



(f"1!(f''-)!(f^')!-' 



This theorem iavolves results of interest and importance in the pare 
theory of numbers. 

If n be prime, N is unity, and 

nOP(a,(),y, ■■■) = ^, ! ... ' 

and this is also true whenever, n being composite, a, /3, 7, ... possess 
no common factor greater than unity. Hence 

Theorem, — The multinomial coefficient 

n! 



a!^! y! ... 



is divisible by w, provided that the numbers a, /5, y, .... constitute a 
prime assemblage. 

The usual statement and proof in treatises is in reference to the 
divisibility by n, when n is prime, of every coefficient of the multi- 
nomial expansion except those attached to powers of single letters. 
The theorem above is more general and shows the nature of the 
quotient. 

Next suppose ^ = n = a = ^a' ; 

we find nCF {n) = 20 (d), 

and manifestly CP (n) = 1 ; 

therefore 2 (d) = n, 

where d is any divisor of n, including n itself and unity ; the well- 
known tht'oiem due to Gauss. 

The complete theorem may be viewed as a generalization of that of 
Gauss. Tiie expression 

20 (d) lAi 

gives, for every partition of n, a linear function of the totients of the 
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divisors of » which is divisible by «. Moredver the quotient is 

CP (Na', NI3', Ny', ...). 
It m&j be noted that, when ^ is a prime, 

and then (a'/3'y' ...) is any partition of . 

2. Tlie next problem is with reference to the permntations of p 
different objects, n at a time, when repetitions of objects are per- 
missible. 

The number of line permntations may be denoted by BLP (p, n), 
and the number of circular permutations by BGP (p, n). 
The value of BLP (p, n) is known to be p'\ 

In a circular permutation there are n objects which may be all 
similar, or they may be of one, two, &c p different kinds. 

A permutation which involves objects of one kind, a, of a second, 
oj of a third, &c., may be said to be of type 

(«i«2 ... 

where oj+ajH- ... H-ap = n, 

and 1, 2, ... orp — 1 of the quantities a may be zero. 

In order to place in evidence the existence of equalities amongst 
the quantities a, it is convenient to consider the general type 

«! «2 "S •••)> 

where '^1 + ^^ + 1:^+ ... = p, 

and «fiai + k-2a3 + »:8a3+... = n. 

We have to find the number of different combinations of objects 
which come under a given type. 

Were the type (a,, Oj, ... Op), with the quantities a all different, the 
number of different combinations would be clearly jp!. 

Hence, for the general type, the number of different combinations 
of the objects must be 

X 2 
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Ex, gr,f if a permntation involves n— 2 objects of one kind, one of a 
second, and one of a third, the type is 

(«-2,l',0'-'), 

and tlie number of different combinations of this type is 

£l . 

l!a!(p-3)! 

Denote by CP (a[', a^, oj|', ...) the nnmber of circular permutations 
of a set of objects of the type 

(a,"a;-«;'...); 

then BOP (p, n) = S , f , CP (a]' a;* a^..). 

But nGP (u- a- a- ...) = 2^ (d) LP [ [f)" (jj-)" (^J )-... ] , 

by the previous theorem, d denoting a divisor of the highest common 
factor of the numbers a. 

We can now express BCP (p, n) as a linear function of the ex- 
pressions LP. We find that the coefficient of —9 (d) is 

and this series is manifestly the value of 

BLP{p,^), 
arrived at by snmniation in regard to types. Hence 
BCP (2>. ») = i 2^ (d) BLP (p, -J ) , 

or BCP (p, n) = 1 2^> (d) p"", 

n 

the summation having reference to every divisor d of the number «. 

Theorem. — The number of circular permutations of p different 
objects n together, repetitions permissible, is equal to 
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where (d) represents the totient of d, and the snmmation is for all 
divisors d of the number n. 

We have here another extension of Gauss's theorem concerning 
totients. Corresponding to every integer jj, we have a linear function 
of the number (d), d a divisor of n, which is divisible by n, and the 
theorem shows the nature of the quotient. 

Theorem, — If n and p be any positive integers, and d a divisor of 

«, the sum 2«Wi>"" = 0mod», 

and the quotient is equal to the number of circular permutations of 
p different things n together, repetitions permitted. 
Gauss's theorem is given by p equal to unity. 

The theorem is also a generalization of Fermat's theorem concern- 
ing the divisibility of jp""^ — 1 by w, when n is a prime and p prime 
to n. 

For, since S <l> (d) p"'** = mod «, 

if n be prime, (n— 1) ^ = mod », 

or jp**"*— 1=0 mod n, 

Hp he prime to », and 

— (p'"'-l)=-BGP(p,n)-], 
n p 

showing the connexion between the quotient in Fermat's theorem and 
the number BGP (jj, n). 

The usual extension of Fermat's theorem asserts the congruence 
p*(^-l=0 mod j\r, 

when p is prime to N, 

To deduce this from the general formula, suppose N to involve the 
prime m to the power /x, and put 

N=:N'm\ 

Consider the permutations in circular procession of p'^^^^ objects m'^ 
together, repetitions allowed. 

By the formula established above 

= jp*^^)-'*+ (m-1) p^c^)-"'' + ... + (w'*-m''-0 ^♦(^^ 
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or BGF {j>*^^\ w"} 

where tlie number of terms on the dexter is -f-1. 

Giving fi successive integer values, we establish the congruence 
j3*(JO_i = o mod m", 
and thence jp* — 1 = mod N. 

To find the quotient of jp*^^— 1 by m", write 

^*^^^^ = P, 

so that R^ = P+P^i+P'»^j+... +P'»''"'^^, 

and hence , = p-"*""^ (jb^-.2?^_j), 



or 



Let now ^ = m^^m^- , . . m^, 

then — — ^hi^H^ ••• "^M*' 

leading to -^^^^ = (^Mi^M2 - •»/..)"■ -N"-"-'"". 

giving the complete quotient. 

Ex.gr., N=lh, m, = 3, = 5, /u, = /<j = 1, « = 2, 
5;x. = i/iCP (4, 5)-l = J-,- (4' + 4^)-l = 
5^, = iV^CP(16, 3)-l = J-(l0» + 2. 16)-1 = 85; ■ 
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therefore (-^Mi^/^a)* ^'^ = -7-^ = 17, 

V 15 

whicli is right. 

3. To extend Fermat's theorem in another direction, expand the 
right-hand side of the formula 

according to powers of the prime factors of n. 

It is convenient to adopt a symbolic notation by which 

As a simple case, put n = niim^m^, and we have 

jp"*''"»*"» + (mi— 1) p"*»"** + (m2— l)p"'*'"-+(m8— 1) p*"'"*' 
+ (mi-l)(m,-l)^>'»-+(m3-l)(m,-I)p-'-h(m3--l)(mi--l)p-- 
-f (wj— l)(m3— l)(m5— 1) j5 = mod m^m^vm' 
p being prime to n, a rearrangement gives 

(-pM-l) (jpC"»»]-l) (/'»3i__i) 
+ nii (/"''''-l)(/'»^^-l) + /»a - IX/""^ - 1) 
+m8(2>t"'*^-l)(/'"»^-l) 

-f ma ^8 (pt'"*^ - 1) -h mgmi (p^ ""^ - 1) + ^ (p^'"^^ - 1) 
+w?im2Tn3 = mod m^m^m^. 

Now, by Format's theorem, 

j^M^-l = mod 

and, taking n the product of two primes, a formula similar to the 
above shows the cougruenco 

(pC«.i_l)(^M_i) = mod w^m^. 
Hence the congruence 

(p[-,J-.i)(pM_i)(pL»M_i) = mod m^m^m.,, 

whicli is equivalent to 

= mod miviim^. 
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To generalize this congmence write 

... <') = l^t*"?"'] ...^["'J''"'] (pM-1), 

according to the law of the totient formnla 

(mf>mj^ ... mJ^O = mf^"^ ^-1) m^^'^ (m,-l) ... mj*'-^ (w.-l). 

The above-established congruence is then written 
(TWiiWjmg) = mod wi,mjmj. 
We can establish the congmence 

*p (mj'^mj^ ... mj**) = mod mt^^m^ ... 
2> being prime to m^* wi^ ... mj^. 

If m^^m^ „, m^' and mj'm*2...m** be conjugate divisors of 
m^^ ... mj*', we may write 

where 

^ (mf'm^^ ... m«') = K'-^'-^Cm^- m^"') ... K'-<'->) ; 
therefore 2^ (m^> ... * s *"•■'= mod n. 

On the left-hand side, expansion of 

shows that the whole coefficient of 

p*- I 2 « J — 1 2 « -I — p*- 1 2 — ... 

-fpL 1 2 12 3 , J-h... 

... J 

which is 

(pH']_^K-'])(pK']_^['»rM) ... (^K']_^K-^J), 

that is, (mj' m*^ . . . -wif ') . 
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Hence SmJ^^ m^^ ... m^'%(m\^ m** ... mj') = mod n ; 
or, more briefly, 

2(2^, =0 mod 71, 

which is simply another form of the congruence 
2^>0i)jp**^*' = mod n. 

The congruence ^d^p {^-^^ =0 ^od n 

may be written (ri) + Xd^p ^ = mod ti, 

wherein the summation sign 2' has reference to every divisor of n 
excluding unity. 

Assuming the truth of the coDgrnence 

♦.(^)=0„od5, 
for every divisor e2 of which exceeds unity, manifestly 

2'cZ*,(-^)=0mod7i, 
and hence ^p {n) = mod n ; 

therefore by induction universally 

{n) = mod n ; 

or, otherwise, ^p {m^^ ... mj**) = mod t??}*^ ... tnj** ; 

and, since (tti^w^ ... w^*') contains a factor p-«7(mim2 ...#».) -1^ 
have finally 

pl-Nlim.m^ ... (^jt, ^J'.^ = Q mod mf» ... m^/ . 

Hx, gr., Take w = tjiJt/Ij, 

or 2?^-"*^' p'"*'^"*-^ + = mod mi m^ 

or ^'».''"a-'".'_pm.».m.«_^«..>m,-m.«^l = Q mod m\m^. 
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The following presents to the Library were received during tlie 
recess : — 

" Imperial University of Japan," the Calendars for 1890-91, and 1891-92. 
" Proceedings of the Royal Society,'' Vol. l., No. 307 ; Vol. li., 308-313. 
"Journal of the Institute of Actuaries," Vol. xxx., Pt. ii., No. 166; July, 1892. 
Ueibl&tter zu den Annalen der Physik and Chemie," Band xvi., Stiicke 6, 
7, 8, 9. 

♦* Sitzungsberichte der Physikalisch-Medicinischen Societat in Erlangen," 24 
Heft; 1892. 

" Royal Irish Academy — Proceedings," Vol. ix., No. 2; <* Transactions," Vol. 
XXIX., Parts 18, 19. 

** Atti del Reale Institute Veneto di Scienze, Lettere, ed Arti," Tomo xxxviii., 
Serie 7, Tomo ii., Dispensa 10, and Tomo l., Serie 7, Tomo iii., Dispense 1, 2, 
and 3. 

Jahrbuch iiber die Fortschritte der Mathematik," Band xxi., Heft 2 ; 1892. 

''Berichte iiber die Verhandlungen der Kdniglich Sachsischen Gesellschaf t der 
Wissenschaften zu Leipzig," 1892, i. and ii. 

** Archives Neerlandai^e8 des Sciences Exactes et Naturelles," Tomo xxv., 6"® 
Livraison, et Tome xxvi., 1«' and 2™° Livraisons. 

Jornal de Sciencias Mathematicas e Astronomicas," Vol. x., No. 6. 

**Rendiconti del Circolo Matematicodi Palermo," Tomo vi., Fasc. 3, 4. 

"Bulletin des Sciences Mathematiques," Tome xvi., Mai-Sep., 1892; and 
" Table des Matidres et Noms d'Auteurs." 

"Bulletin de la Societe Mathematique de France," Tome xx., Nos. 3, 4. 

" New York Mathematical Society," Vol. i., Nos. 9, 10 ; 1892. 

"New York IMathematical Society— List of Members, Constitution, and Bye- 
Laws;" June, 1892. 

" Transactions of the Canadian Institute," Vol. ii.. Part ii.. No. 4 ; Toronto. 

"Annual Archaeological Report of Canadian Institute" (Session 1891); 
Toronto. 

"Journal of the College of Science, Imperial University, Japan," Vol. v.. 
Parts 1 and 2; 1892. 

" Sitzungsberichto der KOniglich-Preussischen Akademie der Wissenschaften 
zu Berlin,*' 1892, 1-25. 

"Atti della Reale Accademia dei Lincei — Rondiconti," Vol. i., Fasc. 9-12, 
1 Semestre ; Fasc. 1-5, 2 Semestre. 

" Rendiconto dell' Adunanza Solenne del 5 Guigno, 1892, onorata della Presenza 
di S. M. il Re," Roma, 1892. 

"Acta Mathematica," xvi., 1-3, 

"Annals of Mathematics," Vol. vi.. No. 6; May, 1892. 

" Annales de la Faculte des Sciences de Toulouse," Tome vi., Fasc. 2; Paris, 
1892. 

" Annali di Matematica," Tomo xx., Fasc. 1 ; Milano, 1892. 
"Annales de I'Ecole Polytechnique de Delft," Tome vii., Livr. 2, 3; Leide, 
1892. 

" Rendiconti dell' Accademia delle Scienze Fisicho c Mutematiche di Napoli," 
Vol. VI., Serie 6, Fasc. 6 ; 1892. 
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Joomal ftlr die reine und angewandte Mathematik," Band ex., Heft I, 2. 
"Educational Times," July-October, 1892. 

** Vierteljahrsdirift der Naturforschenden Gesellschaft in Ziirich," xxxvii., 
Heft 1, 2 ; 1892. 

D*Ocagne (M.)* — Sur la Construction de la Parabole Osculatrice en un point 
d,*une Courbe donn6e **Sur la Correlation entre les Syst^mes de Coordonnees 
ponctuelles et les Systfemes de Coordonnees tangentielles ; " " Sur nne Courbe 
definie par la Loi de sa Rectification;*' Determination du Kayon de Courbure en 
Coordonnees parall^les ponctuelles:*' 8vo pamphlets. " Sur 1' Application des 
Coordonnees Farall^les k la Demonstration d'un Theor^me de Cbasles relatif aux 
Surfaces Algebriques "Sur la Liaison entre les Expressions du Rayon de 
Courbure en Coordonnees Ponctuelles et en Coordonnees Tangentielles:" pamphlets 
R. 8vo. 

Lemoine (Emile). — *' Trois Th^or^mes sur la Geometrie du Triangle;" 4to 
pamphlet. "Sur une Transformation relative a la Geom6trie du Triangle;" 
"Sur les Transformations systematiques des Formules relatives au Triangle — 
Transformation Continue ;" " Etude sur une nouvelle Transformation dite Trans- 
formation Continue 8vo pamphlets. 

Papers of the Mathematical Tripos," May, 1892. 

Marchand (Joseph). — " Sur la Rectification des Arcs des Courbes dites Lima90ns 
de Pascal," Svo pamphlet. 

Graf (Dr. J. H.)— " Das Leben nnd Wirken des Physikers nnd Astronomen 
Johann Jakob Huber (1733-1798)," 8vo; Bern, 1892. 

Fleming (S.). — "An Appeal to the Canadian Institute on the Rectification of 
Parliament," R. 8vo j Toronto, 1892. 

" Report of the Superintendent of the U. S. Naval Observatory, for the year 
ending June 30, 1891 ;" Washington, 1891. 

Merriman (M.). — "Final Formulas for the Algebraic Solution of Quartic Equa- 
tions," pamphlet, 8vo ; New York, 1892. 

" Bollettino delle Pubblicazione Italiane," Nos. 156-162. 

Hankel (W. G.), and Lindenberg (H.). — " Elektrische Untersuchungen ;" 
pamphlet. 

Bocher (Maxime). — "On some Applications of Bessel's Functions with Pure 
Imaginary Index," 4to pamphlet. 

"Temi di Premio, proclamati dal Reale Instituto Yeneto, nella Bolenne 
adunanza del 29 Maggio, 1892 ;" Venezia, 1892. 

" The Benefactors of the Toronto University," 8vo; Toronto, 1892. 

" Smithsonian Report," 1887-1890, 8vo ; Washington. 

Greenhill (A. G.).—** Applications of Elliptic Functions," Svo; London, 1892. 
Nixon (R. C. J.).— "Elementary Plane Trigonometry," 8vo; Oxford, 1892. 
Miller (W. J. C.).—" Mathematical Questions and Solutions," Vol. Lvn., Svo; 
London, 1892. 

Schwarz (H. A.).—" Mathematische Abhandlungen," 2 Vols., R. 8vo ; Berlin, 
1890. 
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The following is tbo list of mathemafcical books bequeathed by the 
lata Dr. Thomas Archer Hirst, F.R.S., Ac, to the President and 
Council, for the time being, of the Society* ; — 

Steiner, J.—" Geometrische Gostalten." Berlin, 1832. 

Zenthen, H. G. — **GrundriB8 einer Elementar - Geometrischen Kegel- 
Bchnittslehre." Leipzig, 1882. 

Geiaer, C. F.— ** Synthetische Geometrie." Leipzig, 1869. 

Weber, H. — Bernhard Eiemann's Mathematische Werke." Leipzig, 1876. 

Burg, A. — ** (compendium der hoheren Matheraatik." Vienna, 1836. 

Lobatschewsky, N. I.—** Theorie des ParallMes." Paris, 1866. 

Staudt, K. G. C— " Geometrie der Lage." Niimberg, 1847. 

Mabius, A. F.— " Barycentrische Calcul." Leipzig, 1827. 

Cremona, Dr. L. — Geometrische Theorie der Ebenen Curven, von Maximilian 
Curtze." Greisswald, 1866. 

Minding, F.— " Litegraltafeln." Berlin, 1849. 
" Simpson, T. — "Essays on Mixed Mathematics." London, 1740. 

Simpson, T. — " Treatise on Fluxions.*' London, 1737. 

Todhunter, I. — ** Spherical Trigonometry.'* Cambridge, 1859. 

Joachimsthal, F.— ** Geometrie Elementaire." Berlin, 1862. 

Boole, G. — " Differential Equations." London, 1865. 

Todhunter, I. — ** Mensuration for Beginners." London, 1869. 

Todhunter, T. — ** Algebra." Second edition. London, 1860. 

De Morgan, A. — Arithmetic." Fifth edition. London, 1846. 

Hayward, R. B. — " Solid Geometry." London, 1890. 

Boole, G.— ** Calculus of Finite Differences," London, 1860. 

Boole, G. — ** Differential Equations." Second edition. London, 186*5. 

Todhunter, L—** Differential Calculus." Fourth edition. London, 1864. 

Todhunter, I.—** Integral Calculus." Third edition. London, 1868. 

Todhunter, L — ** Theory of Equations." Second edition. London, 1867. 

Salmon, Dr. G,— " Conic Sections." • Fifth edition. London, 1869. 

Wright, R. P.— "Plane Geometry." London, 1868. 

Poinsot, L. — "Siemens de Statique." Ninth edition. Paris, 1848. 

Cremona. — * * Geometrical Memoirs.' ' 1861-1870. 

Poinsot, M. — ** Theorie des Nombros." Paris, 1846. 

Newton, I. — "Principia." Vols, i., ii., in. 1760. 

Hiilsse, Dr. J. A.—** Mathematische Tafoln." Leipzig, 1849. 

Schroter, Dr. H. — *' Theorie der Ebenen Kurven." Leipzig, 1888. 

Hesse, Dr. O. — * • Analy tische Geometrie des Eaumes." Leipzig, 1861. 

Caporali, E. — ** Momorie di Geomotria." Naples, 1888. 

Steiner, J. — " Synthetische Geometrie." Leipzig, 1867. ^- One volume 

Geiser, Dr. C. F.— '* Theorie der Kegelschnitte." Leipzig, 1867. i 
Jonqui^res, E. de. — "Melanges de Geometric Pure." Paris, 1856. 
Poinsot, L. — " Rotation des Corps." Paris, 1852. 



* The list has been verified and the volumes placed in the Society's Library by 
Mr. Ralph Holmes, B.A. 
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Cremona, L.— " Corso di Statioa grafica," 1868. 

Cremona, L. — " Elementi di Geometria Projettiva." Rome, 1873. 

Oayley.— " Geometrical Memoirs." 1859-1871 . 

Cayley.— Quantics." 18.H-1874. 

Cremona and others. — ** Geometrical Memoirs.'* Vols. i. and n. 
Mannheim and others. — " Geometrical Memoirs." 

Poinsot and others, — " Mathematical Memoirs." Vols, i., n., iii., it.* v., ti., tii. 
Ganss, C. F. — ** Mathematical Treatises.'* 

Monge, G. — ** G^om^trie Descriptive." Par M. Brisson. Edition IV. Paris, 
1820. 

Halphen, G. H.— " Travaux Mathematiqnes." Paris, 1885. 
Gauss, C. F. — "Eecherohes Arithm6tiqnes." Traduites par Poullet-Delisle. 
Paris, 1807. 

Knmmer, E. E.— " Strahlensysteme." Berlin, 1867. 

Jacobi, C. G. J,—** Functionum Elliptioarnm." 1829. 

Cremona, L., and Beltrami, E. — ** Collectanea Mathematica." Naples, 1881. 

Carnot, L. N. M. — ** Memoire sur la th^orie des Transversales." Paris, 1806. 

Chasles, M.— Histoire des Sciences." 1867-1869. 

Chasles, M. — ** Traite des Sections Coniques." Paris, 1866. 

Chasles, M. — ** Traits de Geom^trie superieure." Paris, 1852. 

Chasles, M. — ** Traits de Geometrie superieure." Second edition. Paris, 1880. 

Msbius, A. F.— " Analytischen Spharik." 

Chasles, M.— ** Porismes d'Euclide." Paris, 1860. 

Chasles, M.—" Geometrical Memoirs." 1853-1871. 

Chasles, M. — " Geometrie Superieure." Paiis, 1846. 

Chasles, M.— ** Cours d' Astronomie et de Geodesic." &ole Polytechnique, 1850. 
Chasles, M. — Cours de Machines." Ecole Polytechnique, 1848. 
Fiedler, Dr. W. — " Geometrie der Lage." Leipzig, 1876. 
Steiner, J.—" Gesammelte Werke." Vols, i., ii. Berlin, 1881. 
Pliicker, Dr. J. — " Analytisch-Geometrische Entwicklungen. 1828. 
Pliicker, Dr. J. — ** Geometrie des Eaumes." Vols, i., ii. Leipzig, 1868. 
Pliicker, Dr. J. — "Geometrie des Raijmes." Diisseldorf, 1846. 
Pliicker, Dr. J. — ** Analytische Geometrie." Berlin, 1835. 
Pliicker, Dr. J. — ** Theorie der Algebraischen Curven." Bonn, 1839. 
SchrSter, Dr. H. — *' Theorie der Oberflachen zweiter Ordnung." Leipzig, 1880. 
Mobius.— " tiber die Symmetric der Krystalle." Leipzig, 1846-1865. 
Sturm, Dr. R.— ** Flachen dritter Ordnung." Leipzig, 1867. 
Joachimsthal, F. — ** Elemente der Analytischen Geometrie." Berlin, 1863. 
Stegmann, Dr. F. L.— *' Lehrbuch des Variationsrechnung." 1854. 
Hesse, Dr. Otto. — ** Analytischen Geometrie." Leipzig, 1865. 
Reye, Dr. T. — ** Geometrie der Lage." Vols, i., ii., iit. Hanover, 1866, 
1877, 1880. 

Bruhns, Dr. — " Manual of Logarithms." Leipz:g, 1870. 

Proceedings of the London Mathematical Society." Vols, i.-xviii. 
** Mathematische Annalen." Vols, i.-xxxvii. 
** Crelle's Journal." Vols, xix., xxx., xxxii., xxxix., xliv.-cvii. 
Monge, G. — ** Application de 1* Analyse a la Geometric." Fifth edition^ Bgt 
M. Liouville. Paris, 1850. 
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Jacobi, C. G. J. — ** Mathematical Treatises." 

Baltzer, Dr. R. — " Theorie der Determinanten/' Leipzig, 1857. 

Foinsot, M. — " Kecherches sur 1' Analyse des Sections Angulaires." Paris, 1825. 

Oayley. — "Collected Mathematical Papers.*' Vols, i., ii., m., iv. Cambridge. 

Lagrange. — ** Lemons sur le Calcul des Fonctions." Paris, 1806. 

De Morgan. — Trigonometry and Double AJgebra.*' London, 1849. 

Salmon. — ** Higher Plane Curves.*' Second edition. 

Salmon.—" Lessons on Higher Algebra." Third edition. 

Salmon. — " Geometry of Three Dimensions.*' Third edition. 

Camot, L. N. M.— " Geom^trie de Position." Paris, 1803. 

Schubert, Dr. H. — ** Kalkul der Abzahlenden Geometrie." Leipzig, 1879. 

Poncelet, J. V.—" Projections des Figures." Paris, 1822. 

Cremona, Dr. L. — ** Teoria Geometrica." Bologna, 1862. 

Dupin, Ch. — ** Developpements de Geometrie." Paris, 1813. 

MacLaurin, C— ** Geometria Organica." London, 1720. 

Lagrange, J. L. — ** M^canique Analytique." Vols, i., ii. Paris, 1815. 

Euler, L.— ** Lineas Curvas." Geneva, 1744. 

Cramer, G. — ** Lignes Courbes." Geneva, 1750. 

Chasles, M. — " Aper9U Historique des Methodes en G^om^trie." Paris, 1875. 
Chaales, M. — ** Rapport sur les Progr^s de la G^metrie." Paris, 1870. 
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